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Todn rdi rac 1la moét linh vuc cua toan hoc nghién cdu cdc déi tugng rdi rac. Ching
ta s€ st dung cong cu cla toan rdi rac khi phai dém cac doi tuong, khi nghién ci: guan
hé gilta cdc tap roi rac, khi phan tich cdc qud trinh hitu han. Mét trong nhiing nguyén
nhan chl y&u 1am nang tdm quan trong cua todn rdi rac 1a viéc cat gilr va xir ly thong tin
trén mdy tinh ban chat la cdc qud trinh r&i rac. Cudn sidch ndy nhim giéi thiéu céc kién
thitc co ban trong ba linh vuc ¢6 nhiéu ting dung cla todn roi rac 1a: 1y thuyét t6 hop, ly
thuyét d6 thi va ham dai s6 16gic. Ngi dung cudn sach duoc trinh bay thanh ba phan.

Phan I trinh bay cdc van dé cla [y thuyét t6 hgp xoay quanh 4 bai todn co ban: Bai
todn dém, Bai todn t6n tai, Bai toan liét ké va Bai todn t6i vu t6 hop. Noi dung clia phin
1 khong nhitng gitip nang cao tu duy todn. ma con lam quen vdi tu duy thuét todn trong
viéc gidi quyét cdc van dé thuc t&, dong thai cling rén luyén k¥ thuat lap trinh gidi cdc
bai todn 6 hop.

Phéan I dé cap dén ly thuyét do thi - mot cdu tric réi rac tim duge nhimg tng dung
rong rdi trong nhiéu linh vuc cia khoa hoc k¥ thuat va doi song. Trong phdn nay sau
phan gidi thiéu cdc khdi niém co ban, cdc bai todn ing dung quan trong cua ly thuyét
d6 thi nhu Bai todn cay khung nho nhat, Bai toan duomg di ngan nh4t, Bai todn ludng
cuc dai trong mang... va nhitng thuat todn dé giai quyét chiing da dugc trinh bay chi tiét
cung v&i viéc phan tich va hudng dan cai dat chuong trinh trén mdy tinh.

Phan III lién quan dén |y thuy&t ham dai s6 logic la co s& dé nim bét nhitng van dé
phurc tap cla ky thuat mdy tinh. Sau phan trinh bay cdc khai niém co ban, phan nay di
sau vao van dé t6i thiéu hod cac ham dai s6 logic vi mo ta mot s6 thuat todn quan trong
dé gidi quyét van dé dat ra nhu thuat todn Quine - McCluskey, Black - Poreski.

Cédc van dé duge trinh bay trong cuén sach déu duge minh hoa trén nhiéu thi du, cac
thuat todn dugc mo ta trén ngdn ngit PASCAL mo phong thuan tién cho viéc cai dat cac
chuong trinh thuc hién thuat todn trén mdy tinh, trong dé nhiéu thuat todn chon loc da
duogc cai dat trén ngon ngit PASCAL.
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Chiong 1. Md dau
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MO PAU

1.1. Sc lugc vé t6 hap

Té hop nhu 1a mot linh vuc cha todn hoc roi rac, xudt hién vao ddu thé ky 17. Trong mot
thoi gian dai, dudng nhu té hop nim ngodi gudng mdy phat trién ciia todn hoc ciing nhu
tng dung ctia né. Tinh thé bit dau doi khiic khi xudt hién cic mdy tinh va ciing vdi né
|2 su phét trién clia todn hitu han. Hién nay 1y thuyét té hop dugc ap dung trong nhiéu
linh vuc khic nhau: ly thuyét s6, hinh hoc hitu han, biéu dién nhém, dai s6 khong giao
hodn, qud trinh ngau nhién, théng ké xdc suat, quy hoach thuc nghiém, ...

1.1.1. Cac bai toan tong quat

T6 hop dung cham dén nhiéu van dé khéc nhau cla todn hoc, do d6 khé ¢6 thé dinh

nghia né mot céch hinh thic. N6i chung, 1y thuyét t6 hop gén lién véi viée nghién ciu

phan bo cdc phan tir vao cdc tap hgp. Thong thudng, cdc phén tif nay 1a hitu han va viéc

phan b6 chiing phai thod man nhitng diéu kién nhét dinh nao ddy, tuy theo yéu cau cla

bai todn can nghién cttu. Mdi cach phan bo nhu thé dugc goi 1a mot cdu hinh 6 hop.
Trong céc tai liéu vé t6 hop, thudng gap cdc dang bai todn dudi day:

a) Bai todn dém: day la cdc bai todn nhidm tra 101 cau hoi "c6 bao nhiéu cdu hinh
thoa man diéu kién da néu ?". Phuong phap dém thudng dua vao mot s6 nguyén ly co
ban va mot s6 két qua dém cac cau hinh don gian. Bai todn dém duge dp dung mot
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cdch ¢6 hiéu qua vio nhiing cong viéc mang tinh chat danh gid nhu tinh xdc sudt cla
mot su Kién, tinh do phdc tap cia mot thuat todn, ...

b) Bai todn liér ké: bai todn nay quan tam dén tat ca cdu hinh ¢6 thé cé duoc, vi thé
101 giai cha né can dugc bi€u dién dudi dang thuat todn "vét can” tat ca cdc cau hinh.
Loi giai trong ting trudng hop cu thé s& dugc mdy tinh dién tlr giai quyét theo thuat
todn da néu. Bai todn liét ké dugc 1am "nén" cho nhiéu bai todn khac. Hién nay, mét s¢
bai todn dém, t6i uu, ton tai van chua c6 cdch nao giai, ngoai cich giai liet ké. Néu
trude day, cdch giai liét ké con mang nang tinh 1y thuyét, thi bay gid né ngay cang kha
thi nh& su phét trién nhanh chéng clia mdy tinh dién .

c) Bai toan to1 wu: khdc vGi bai bai toan liét ke, bai todn 16i uu chi quan tam dén
mot cdu hinh "t6t nhat" theo mot nghia nao ddy. Day 1a bai todn ¢d nhiéu ing dung
trong thuc tién vi ly thuyét t6 hop di déng gép mot phan dang ké trong viéc xay dung
dugce nhitng thuat todn hitu hiéu.

d) Bai todn tén tai: néu nhu trong cac bai todn trén, viéc tén tai cac cau hinh 12 hién
nhién thi trong bai todn nay, vin dé "cé hay khong c6” c&u hinh con 1a diéu nghi van.
Céc bai todn loai nay thuong bi ket trong tinh huéng nan giai: khong chi ra duge cdu
hinh nao nhung ciing khéng khéang dinh duoc [a ching khong tén tai. Lich st toan hoc
thudng dé lai nhitng bai todn khé trong linh vuc nay va viéc ¢6 gang giai quyét ching
da thuc ddy khong it su phat trién cla nhiéu nganh toan hoc.

1.1.2. Vai nét vé lich sir

C6 thé néi tu duy vé t6 hop ra doi tir rdt sém. Vao thoi nha Chu, ngudi ta da biét dén cac
hinh vé ¢6 lién quan dén nhitng hinh vuéng thdn bi. Thdi ¢ Hy lap, nha triét hoc
Kxenokrat, song & thé ky thit 4 truéc cong nguyén, da biét cich tinh s6 cac tir khdc
nhau, lap tir mét bang chit cdi cho trude. Nha todn hoc Pitagor va cdc hoc tro cua 6ng da
tim ra dugc nhiéu con $6 c¢6 céc tinh chat dac biét, chang han s6 36 khong nhiing 1a
tong cla 4 s6 chdn va 4 s6 1& ddu tién ma con 1a tdng lap phuong ciia 3 s& tu nhién diu
tién, Mot dinh Iy noi ti€ng cha trudng phéi ndy 1a dinh ly vé do dai cdc canh clia mét
tam gidc vuong, va tu dé ho da tim ra cdc s6 ma binh phuong ciia mot s6 nay bing téng
binh phuong cua hai s¢ khac. Viéc tim ra dugc cdc s0 nhu vdy, doi hoi phai cé mot
nghé thuat t6 hop nhat dinh. Tuy nhién, c6 thé néi ring, 1y thuyét t6 hop duoc hinh
thanh nhu mét nganh todn hoc méi, vio quing thé ky 17 bang mot loat cic cong trinh
nghién citu nghiém tic cta cdc nha todn hoc xudt sic nhu Pascal, Fermat, Leibnitz,
Euler, ... Mac du vay, trong suét hai th€ ky rudi, vai trd quan trong trong viéc nghién
ctru th€ gidi tu nhién van thudc vé cdc nganh todn hoc c¢é dién nhu todn giai tich, cic
phép tinh vi tich phéan, phuong trinh vi phéan, phuong trinh todn ly...
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Trong thoi gian hién nay, méi tuong quan giita todn hoc hitu han va toan hoc ¢é
dién dd cé nhiéu thay ddi, dac biét tir khi mdy tinh dién ti ra d&i va phat trién. Nhiéu
bai todn noi tiéng da duogc gidi trén mdy tinh bing nhimg thuat todn cla todn hitu han.
Cdc Iinh vuc triru tugng cua todn hoc nhu dai s6 logic, ngdon ngir hinh thic, ... da tré
thanh khoa hoc ing dung dé xay dung cdc ngon ngit 1ap trinh cho mdy tinh. Trong thoi
dai phat trién cla toan hoc hitu han, vai trd cta ly thuyét 16 hop ciing khdc xua. Tu [inh
vuc nghién cttu cdc trd choi tiéu khién, hay phan tich gidi ma céc bdc thu c6, t6 hop da
chuyén sang linh vuc todn émg dung vai su phét trién manh mé.

1.2. Nhic lai ly thuyét tap hop

1.2.1. Cac khai niém va ky hiéu

Trong gido trinh nay, tap hop duoc Ky hiéu bing nhing chir cdi Ién A, B,..., X, Y, ... cdn
nhitng phén tr duoc ky hiéu bing cdc chit cdi nho @, b, ..., x, v,... D€ chi x 1a phdn tir clia
X, ta Vi€t x € X, trai lai ta viét x ¢ X. Né€u mdi phan tlr cha A ciing la nhitng phan tir ciia
B thitandi Alatiap conclaBvavietAc B. NeuAC B vaBcC A thi A va B la hai tap
hop bang nhau va viét A = B.

S6 céc phan tir clia tap hop A sé& duoc ky hiéu 1a N(A) hoac|A|. Mot tap gém n
phan t&r dugc goi 1a mot n-tap, Cac tap hop 6 thé xem nhu 1a nhimg tap con clia mot tap
hop vii tru X. Tap réng 1a tap hgp khong ¢ phan tr ndo, né duge xem nhu tap con cia
moi tap hop.

1.2.2. Cac phép toan tap hop

Céac phép toan cho trén tap hagp la:
e Phan bui clia A trong X, ky hiéu A , 13 tap cdc phan tir ciia X khong thuéc vio A:
A={xeX: xgA).
e Hop cla A va B, ky hiéu 4 U B, la tap cic phan tr hoac thudc vao A hodc thudc
vao B hoac thudc vao ca hai tap A vi B:
AUB={x: xe€ A hoaicxe B }.
o Giao cua A va B, ky hiéu A B, la tap cac phan tir dong thdi thude vao ca hai
tap A va B:
ANB={x xeA vaxeB).
e Hiéu cua tap A va B, ky hiéu la A\ B (hoac A - B):
A\B={x: xeA vaxgB}.
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Cdc tap hop, cing véi cdc phép todn trén nd, lap nén mot dai sO, goi la dai s tdp
hop. Dudi day 1a mot vai tinh chat cta céic phép todn tap hop:

o kéthop
(AuB)UC=Au(BU()
(ANBYNC=AN(BNC)

e giao hodn
AUuB=BUA
ANB=BnA

e phanbo
AU(BNC)=(AUBYN(AUC)
AN(BUC)=(ANR) J(ANC)

e (d6ingau)

o]

AU

AN

o

m
()

| ol

o]

1.2.3. Cac tinh chat cho trén tap hop

Mai tap con cia mot tap hop dugc tuong iing voi tinh chat (con duogc goi 1a ménh dé)
xdc dinh né trén tap hop da cho. Vi tuong tng nay, cac phép todn tap hgp dugc chuyén
sang cdac phép toan ménh dé:

e phiidinh A, ky hiéu 4 (hay NOT A) tuong tng v6i phan bi A

e tuyéncla A va B, ky hiéu 4v B (hay A or B) tuong ing v6i AU B

e hdicia A vaB, kyhiéu A & B (hay A and B) tuong ing véi AN B
C4c ménh dé, cling v6i cdc phép toan trén nd, 1ap nén mot dai s6, goi 14 dai s6 ménh dé
(con goi 1a dai s6'légic). Nhu thé, dai s6 ménh dé va dai s6 tap hop 12 hai dai s6 dang
cdu v6i nhau. Tuy tinh hudng, mot bai toan cé thé phét biéu bing ngén ngi clia dai s
tap hop hoic bang ngon ngir clia dai s6 ménh dé.

1.2.4. Tich Pécac cua cac tap hop
Ngoai cdc phép todn cia dai s6 tdp hop, ngudi ta con dinh nghia m6t phép todn cho
phép ghép hai tap hgp dé duge mét tap hop méi, d6 1 tich Décac
AxB = {(a,b) | ac A, beB).
Tich bBécac dugc mé rong tu nhién cho trudng hop nhiéu tap hop:
A XAy x . x A= ((a, a4y, a) | g, €A, i=1,2,., k).
Ngudi ta ciing dung ky hiéu luy thira dé biéu dién tich Décac clia cing mot tap hop:
A= AxAx .. xA (k 1an).
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Thi du:
R biéu dién cdc diém trén dudng thang,
R’ biéu dién cdc diém trén mat phing.
R biéu dién cdc diém trong khong gian.

1.2.5. Quan hé tuong duong va phan hoach

Trong nhiéu van dé, nguoi ta can quan tim dén mot quan hé nao dé giita hai phan tr ctia
iap hop dang xét. Mot quan hé hal ngdi K trén tap hiu han phén tr X duge dinh nghia
nhu 12 tap con R(X) cua tich Dé ciac XxX. Ngudi ta quan tam dén cdc tinh chat sau day
ctia mot quan hé trén tap X:

e d6i xing (a c6 quan hé vai b kéo theo b cé quan hé vai a),

e phan xa (moi phdn tr ¢6 quan hé véi chinh nd),

e truyén Ung (néu a ¢ quan hé véi b va b ¢6 quan hé vdi ¢ thi ¢ cé quan hé véi

c).

Thi du: Xét X= {1, 2, 3, 4}. Ta xdc dinh mdi quan hé p giita cac phan ta cla X nhu

sau: Giastr a, b € X, ta néi a c6 quan hé (p) doi véi b néu a chia hét cho b. Khi dé
AX)={(2.1),3. D, &1, @Dl cXxX

Dé thay p c¢6 tinh chat phan xa (vi 16 rang la a chia hét cho «), truyén tmg (vi a chia hét
cho b va b chia hét cho ¢ kéo theo a chia hét cho ¢), nhung khong cé tinh chat phan xa
(vi a chia hét cho b khong nhat thiét kéo theo b chia hét cho a).

C6 nhiéu kiéu quan hé, nhung quan hé dugc quan tam nhiéu nhat 1a quan hé ruong
duwong. Mot quan hé duge goi 1a tuong duong néu né thod man ca 3 tinh chat: doi xtng,
phan xa va truyén tng. Mot quan hé tuong duong trén tap hop dang xét s€ chia tap hop
d6 thanh cdc 16p (goi 1a cic Iop niong duong) sao cho hai phan tir thuoc cling mot 16p
la ¢6 quan hé véi nhau va hai phan t@r khédc 16p la khong cé quan hé vai nhau. Cac lop
twong duong cé tinh chit phu kin tap hop da cho (tde [a mot phan tir bat ky phai thudc
vao mot 16p nao d6) va roi nhau (timg cap giao vdi nhau bang roéng). Ngudi ta goi mot
ho cdc tap con khdc rong clia mot tap hop cé tinh chat vira néu 1a mot phdn hoach cla
tap hop do. Tu day suy ra mot quan hé tuong duong trén moét tap hgp sé xac dinh mot
phan hoach trén tap dé va ngugc lai, mdt phan hoach bat ky trén tap hgp da cho sé
tuong tng v4i mot quan hé tuong duong trén né.

Thi du: Gia sir xét tap m (m > 1) s6 nguyén duong N,, = {1, 2, ..., m}. Gia su k 1a s6
nguyén duong, k < m. Ta ndi hai s6 nguyén duong a, b € N,, 1a cé quan hé vdi nhau va
ky hiéu 1a @ «<»b néu nhu a va b c6 cung s du khi chia cho k (ky hiéu la ¢ = b (mod k)).
Nhu vay,
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a «>h < a=b(mod k).

Dé dang kiém tra dugc ring moi quan hé “>” vira xac dinh trén tap N,, 1a méi quan hé
tuong duong. Goi

A=lae N, a=i(modk)},i=0,1,.., k1.
Khi dé dé dang kiém tra dugc ring
k)
ANA=D,i+j va N, =(]4,.
i=0

Diéu d6 c6 nghia 1a cic tap N, N, ..., N,, tao thanh mot phan hoach cia tap N,
Truong hop riéng khi k=2, tap N,. duoc phan hoach thanh hai tap: tap cdc s6 chan (N,)
va tap cdc s6 e (N,).

1.3. Mot sd nguyén ly co ban

1.3.1. Nguyén ly cong

Néu A va B la hai tdp hop roi nhau thi
N(A U B) = N(A) + N(B).
Nguy2n ly cong dugc md rong cho nhiéu tap con rdi nhau:
Néu {A,, A,, ..., A} la mot phdan hoach cia tdp hop X thi
N(X) = N(A) + N(A,)) + ... + N(A)).
Mot trudong hop riéng hay diing cia nguyén ly cong:
Néu A la mét tinh chdt cho trén tdp X thi N(A) = N(X) - N(A).

Thi du 1. Mot doan van doéng vién gém 2 moén béan sing va boi duge cir di thi ddu &
nudc ngoai. Nam cé 10 ngudi. S6 van dong vién thi ban sing (ké ca nam va ni) 1a 14.
S6 nit van dong vién thi boi bang s6 nam van dong vién thi ban sting. Hoi toan doan cé
bao nhiéu ngudi?

Giai: Chia doan thanh 2 16p: nam va nit. L6p nit lai dugc chia 2: thi ban sting va thi boi.
Thay s6 nif thi boi bang s6 nam thi ban sing (2 s6 nay bang nhau theo ddu bai), ta duge
sO nit bing tong s6 dau tha thi bén sting. Tix d6, theo nguyén 1y céng, toan doan c6 10 +
14 = 24 nguai.
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Thi du 2. Trong mét dot phé bién dé tai t6t nghiép, Ban cha nhiém Khoa céng b6 danh
sdch cdc dé tai bao gém 80 dé tai vé chi dé "xay dung hé thong tin quan ly", 10 dé tai
vé chit dé "thiét k€ phdn mém day hoc" va 10 dé tai vé chi dé "Hé chuyen gia". Hoi
mot sinh vién ¢é bao nhiéu kha nang lua chon dé tai?

Giai: Sinh vién c6 thé lya chon dé tai theo chi dé thit nhat bai 80 cich, theo chil dé thi
hai bdi 10 céch, theo chi dé thi ba bai 10 cdch. Vay t4t ca c6 100 céch lya chon.

Thi du 3. Hoi riing gid tri clia k sé 1a bao nhiéu sau khi doan chuong trinh PASCAL sau
dugc thuc hién?

nl:=10;

n2:=20;

n3:=30;

k:=0;

for il:=1 to nl do k:=k+I;

for i2:=1 to n2 do k:=k+l;

for i3:=1 to n3 do k:=k+l;

Giai: D4u tién gi4 tri cla k dugc gdn bing 0. C6 3 vong lap for doc 1ap. Sau méi ldn lap
cla mdi moét trong 3 vong for, gid tri cha k tang 1&n 1. Vong for thi nhat 14p 10 l4n,
vong for thit hai 1ap 20 14n, vong for thit ba 1ap 30 ldn. Vay, két thic 3 vong 14p for gid
tri clia k sé 1a 10+20+30= 60.

1.3.2. Nguyén Iy nhan
Néu méi thanh phdn a; ciia bo cé thit ty k thanh phdn (a,, ay, ..., ;) ¢6 n; khd ndng chon
(i=1,2,..., k), thi s0 bo s€ duoc tao ra la tich s& cua cdc kha ndng ndy nn,... n,.
Mot hé qua truc ti€p cta nguyeén 1y nhan;
N(A, x A, x ... xA) = N(A) N(A,) ... N(A),
V6 A, A,, ..., A, |2 nhilmg t&p hop nao do, ndi riéng:
N@YH = N@AY .
Thi du 1. Tir Ha n6i dén Hué c¢6 3 cdch di: mdy bay, 6 t6, tau hoa. Tir Hué€ dén Sai gon

¢6 4 céch di: may bay, 6 16, tau hoa, tau thuy. Hoi tir Ha n6i dén Sai gon (qua Hué) cé
bao nhiéu cich di?

Giai: MBSi céch di tir Ha noi dén Sai gon (qua Hu€) duge xem gém 2 chang: Ha noi -
Hué va Hu€ - Sai gon. Tir d6, theo nguyén 1y nhan, s6 cich di tir Ha noi dén Sai gon la
3 x4 =12 céch.



Phdn 1. Ly thuyét 16 hop

Thi du 2. Hoi rdng gid tri cia k s& 14 bao nhiéu sau khi doan chuong trinh PASCAL sau
duogc thuc hién?

nl:=10;
n2:=20;
n3:=30;
k:=0;
for il:=1 to nl do
. for i2:=1 to n2 do
for 13:=1 to n3 do k:=k+l;

Giai: DAu tién gid trj cia k duge gén bing 0. C6 3 vong lap for 16ng nhau. Sau méi 4n
lap cua vong for, gid tri cha k tang 1én 1. Vong for thir nhat 1ap 10 14n, vong for thit hai
lap 20 lan, vong for thit ba lap 30 l1an. Vay, theo nguyén 1y nhan, két thuc 3 vong lap for
16ng nhau, gia tri cua k s& 1a 10 x 20 x 30 = 6000.

Thi du 3. C6 bao nhiéu tén bién trong PASCAL do dai 10 chi chita hai chit cédi A, B, bt
ddu bdi AAA hoic ABA?

Giai: Tap cdc tén bién can dém dugc phan hoach thanh hai tap: mot tap gédm céc bién
bat ddu boi AAA, cOn tap kia gdm cdc tén bi&n bit ddu boi ABA. Méi tén bién do dai 8
bat ddu bdi AAA c6 thé xay dung nhu sau: chon ky tu thit 4, tha 5, ..., thd 10. Méi mot
trong 7 ky tu con lai nay c6 2 kha nang chon (hoac chon A, hodc chon B), nén theo
nguyén ly nhan cé

2x2x2x2x%x2x2x2=2"=128

tén bién bit ddu boi AAA. Lap luén tuong tu ta cling dém dugc 128 tén biéh bat ddu bai
ABA. Vi viy, theo nguyén 1y cong, cé tat ca 128 + 128 = 256 tén bién d6 dai 10 chi
chtra hai chir A, B hoac bat ddu boi AAA hodc bat ddu bdi ABA.

Trong viéc gii cdc bai todn dém cu thé, néu nhu dém tryc tiép s cau hinh 1a kho,
ta ¢6 thé phan hoach tap cdc cdu hinh cdn dém ra thanh cic tap con sao cho viéc dém
cdc phén ti cha cdc tap con nay la don gidn hon. Khi dé sir dung nguyén 1y cong dé
dé€m s6 cdu hinh dit ra.

Néu chiing ta can dém cac c4u hinh c6 thé x4y dung theo ting budc, thi khi dé co
thé st dung nguyén ly nhan.

N6i chung, diéu quan trong khi giai mot bai todn dém 1a phai xdc dinh duoc can sit
dung nguyén 1y nao (16ng quét hon, 12 cong cu nao) dé giai bai toan va didu d6 doi hoi
tu duy clia nguoi giai.
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Chuong 1. Mo dau

1.4. Cac cau hinh t6 hdp don gian

Dudi day trinh bay mot s6 cdu hinh t6 hop don gian, nhitng cau hinh nay thuong dugc
lam co s¢ cho phép dém.

1.4.1. Chinh hop lap

Dinh nghia. Mot ciimh hop lap chdp k cia n phan ' la 1igr Lo ¢6 thi e gém k tharvh
phdn Idy tir n phdn & da cho. Cdce ihanh phdn cd thé duge ldp lai

Nhu thé, mot chinh hop lap chap & cla n ¢6 thé xem nhu mot phin tir cla tich
Décac A* véi A 1a tap dd cho. Theo nguyén 1y nhan, s& tat ca cdc chinh hop lap chap

cha n s& 1a i,
Thidu 1. Tinh s6 ham tir mét k-1dp vao mot n-tap.

Giai: Bi€u dién mdi ham bing mot bo k thanh phan, trong d6 thanh phan thi i 1a anh
ctia phén tir i (1 <i < k). Méi thanh phan duge 1ay tir mét trong n gia tri. Tu dé nhan
duoc s6 can tim 1A »'.

Thi du 2. Tinh s6 diy nhi phan do dai ».

Giai: Mobi ddy nhi phan do dai n la mot bo gom » thanh phan, trong d6 méi thanh phan
chi nhan mot trong hai gid tri (1 hoac 0). Tir d6 suy ra s6 cdc day nhi phan dé dai n 1a
2",

Thi du 3. Tinh s6 tap con clia mot »-tap.

Giai: Gia slt n-tapdacho la X = { x,, xp,..., v, }. Bi€u dién mdi tap con A cta tap da cho
X biang mot day nhi phan do dai n:

b=(b, by ... b,

trong d6 b, = 1 néuphanta x, € A va b, = 0 trong trudng hop nguge lai (i = 1, 2,...,
n). Tu dé nhan duoc s6 tap con Ja 2",

1.4.2. Chinh hop khong lap

Dinh nghia. M¢r chinh hop khéng lap chdp k cua n phan nt la mét b ¢6 thir tw gom k
thanh phan Idy tr n phan ne da cho. Cdc thanh phan khéng duoce 1dp lai.

11



Phdn 1. Ly thuyét t6 hop

Dé xay dung mot chinh hop khong lap, ta xay dung dan tir thanh phan dau tién.
Thanh phdn nay cé n kha nang chon. Méi thanh phén tiép theo, sé kha nang chon giam
di 1 so v&i thanh phan ding trude.Tir d6, theo nguyén ly nhan, s6 chinh hgp khong lap
chap k cia n s& [a n(n-1)...(n-k+1). D€ 16n tai cdu hinh, c4n phai thod man k < n.

Thi du. Tinh s& don 4nh tir mot k-tap vao mot n-tap.

Giai: Biéu di€n mbi don 4nh béng bo anh cla tap ngudn nhu trong thi du i muc trén.
Chu ¥ rang cdc anh khong dugc lap lai, ta nhan dugc s6 cén tim la n(n-1)...(n-k+1).

1.4.3. Hoan vi

Pinh nghia. Ta goi mot hodn vi ciia n phdn tit la m¢t cdch xép thit ty cde phan 1 dé.
M6t hodn vi cia n phin tr dugc xem nhu mot trudng hop riéng clia chinh hop
khong lap khi k = n. Do d6 s6 hodn victan phdntrla 1.2 ... n=n!

Cé thé déng nhat mot hodn vi ctia # phén tr v6i mot song dnh clia mot tdp n phan
t 1én chinh né. Mét song dnh nhu vay con dugc goi 1a mot phép thé. Cic phép thé cé
nhiéu tinh chat thd vi va viéc nghién ctiu né da déng gép mot phin quan trong trong
toan hoc.

Thi du 1. 6 ngudi ding xé&p thanh mo6t hang ngang dé chup anh. Hoi c6 thé bé tri bao
nhiéu kiéu?

Giai: Mai ki€u anh 12 mét hodn vi clia 6 ngudi. T d6 nhan duge s6 kié€u dnh cé thé b6
tri 12 6! =720.

Thi du 2. Cin b6 tri viéc thuc hién »n chuong trinh trén mot mdy vi tinh. Hoi c6 bao
nhiéu cidch?

Giai: Pédnh s6 cdc chuong trinh béi 1, 2,..., n. Mbi cdch b4 tri viéc thuc hién cic chuong
trinh trén méy cé thé biéu dién béi mot hodn vi cha 1, 2, ..., n. T d6 suy ra s6 cich b6
tri cdn tim 1a n!

1.4.4. T6 hop

Dinh nghia. Mo 16 hop chdp k cia n phdn tr la mot by khong k€ thir iy gém k thanh
phdn khdc nhau Idy tix n phdn ti dd cho. NGi cdch khdc, ta cé thé coi mot 16 hop chdp k
cua n phdn nt la mot 1dp con k phan ik cua né.
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Chuong 1. Mo ddau

Viéc dém céc t8 hop ¢6 khé khan hon chiit it so vdi cdc cdu hinh d3 trinh bay, tuy
nhién cdch d€m dudi day cho biét cidch van dung cdc nguyén ly cing véi cac két qua
dém da biét trong viéc dém mot cu hinh mdi.

Xét tap hop tat ca céc chinh hgp khong lap chap & ctia n phén t&. Chia chiing thanh
nhimg 16p sao cho hai chinh hgp thuéc cling mot 18p chi khdc nhau vé thit ty. RS rang
cac 16p nay 1a mot phan hoach trén tap dang xét va mdi 16p nhu thé 12 tuong ing voi
mot t6 hop chép k cla n. S6 chinh hop trong mbi 16p 1a bang nhau va bang 4! (s6 hodn
vi). S8 c4c 18p 12 bing s6 t8 hop chap & cla n. Theo nguvén 1y cong, tich cla k! védi s6
nay 1a bang s6 cdc chinh hgp khong lap chap & ctia n, nghia 12 bang n(n-1)...(n-k+1}. T
d6 nhén duoc s6 t6 hgp chap k clian la

n(n=1)(n=-2)..(n—k +1) n!

k! Py )

S6 t6 hop nay gap khé nhiéu trong toan hoc, né thudng duge ky hieu béi C; va duoc
goi 12 hé s6't6 hop.

Khi nhén xét rang, gid tri cia phép chia trong (1) 1a mot s6 nguyén, ta nhan dugc
mot két qua 1y thd trong s6 hoc: tich cua k s6 ty nhién lién tiép bao gid ciing chia hét
cho k!.

Thi du 1. C6 n d6i béng thi ddu vong tron. Hoi phai t6 chifc bao nhiéu tran dau?

Giai: Ct 2 doi thi c6 mot tran, Tir d6 suy ra so tran ddu sé bang s& cach chon 2 doi tir n
doi, nghia 12 bang
L -1

Go= y

Thi du 2. Hoi ¢6 bao nhiéu giao diém cilia cac dudng chéo cia mot da gidc 16i 11 (n = 4)
dinh ndm & trong da gidc, néu biét ring khong c6 ba dudng chéo nio déng quy tai diém
O trong da giac?

Giai: Ct 4 dinh cla da gidc thi ¢c6 mot giao diém clia hai dudong chéo ndm trong da
gidc. Tir d6 suy ra sd giao diém cdn dém 1a
n(n—1)}n—-2)n-23)

24 '

Cr =

Dud6i day 1a mét vai tinh chat clia cdc hé s6 t6 hop:
a) Déi ximg

c. = o (2)
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Phdn 1. Ly thuyét 16 hop

b) Diéu kién dau

G, = G =1 (3)
c) Coéng thirc dé qui

Ci = CI+C. n>k>0 (4)

Cic cong thic (2), (3) duge suy truc tiép tir dinh nghia t6 hop, con cong thitc (4) c6 thé
duge chitng minh tur (1).

Tir (3) va (4), ta c6 thé tinh tat ca cdc hé s t6 hogp chi bing phép cong. Cic hé s6
nay duoc tinh va viét 1an lugt theo ting dong (mbi dong ing véi mot gid tri n=0, 1, ...),
trén moéi dong chiing dugce tinh va viét 1dn lugt theo timg <6t (mdi cOt tng vdi mot gid
irik =0, 1, .., n)theo bang tam gidc dudi day:

Co

Bang nay duoc goi 1a tam gidc Pascal.

Duéi day la tam gidc Pascal kich thudc 8:

1
] 1
1 2 1
] 3 3 1
1 4 6 4 1
1 5 10 10 S ]
1 6 I5 20 15 6 I
1 7 21 35 35 21 7 1
] 8 28 56 70 56 28 8 ]

Cdc hé s6 6 hgp ¢é lien quan chat ché véi viéc khai trién luy thira cia mot nhi thie.
That vay, trong tich

(x+ 1Y =(x+y)x+y)..(x+y)

heé s6 clia »* y"* s&1a s6 cdch chon & nhan tif (x + y) ma tir d6 ta 1ay ra x va dong thoi
trong n-k nhan tr con lai ta 1ay ra y, nghia 1a
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Chuong 1. Mo dau

. . " -1
(x+p)'=Chrx"+Chox" 'y +..+Cy'x ¥y +Cry" (5)

- z Ck xn—k y‘\'
k=0
Cong thic (5) cdn duoc goi la khai trién nhi thitc Newron va cdc hé s6 té hop con duge
goi la cic h¢ sé nhi thuic.

Chang han, can ctt vio dong cudi clia tam gidc Pascal kich thudc 8 (di tinh & trén), ta
rhén dirge:

(x+ y® = X+ 8¢y + 28:%7 + 56y + 700"y + 5607y + 28 + 8xy” +
Thong thuong, cong thitc (5) duoc gap dudi dang da thitc mot an:
(x+D)"=Chx"+Cox""'+..+Ci'x +C (6)

Rat nhiéu ding thic vé hé s6 té hop dugc suy tir (6). Chang han, trong (6) chon x =1 ta
dugc:

Cg +C,‘,+...+Cg4l +C: — 2n (7)

tirc 14 nhan duoc két qua di biét (thi du 3, muc 1.4.1): s6 cac tap con cia mot n-tap
bing 2", con néu chon x = -1 ta duoc:
Co —Cit .t (=D'Cy = 0 (8)

tire 1a 6 cdc tap con chin (c6 s6 phdn tir 1a s6 chan) bang ciic s6 tap con 1é va bang 2"

Nhiéu tinh chit clia hé s6 t6 hop c6 thé thu duoc tir (6) bing cach 14y dao ham hoic
tich phan theo x hai vé€ cla dang thic nay mot s6 hiru han 18n, sau dé gan cho x nhitng
gid tri cu thé. Chang han, cong thitc sau day thu diroc bang cach 14y dao ham hai vé
theo x va sau dé trong dang thic thu dugc dat x = |

n-1 _ 0 1 n-1
n2" =nC, +(n-1)C, + ... +C,

Con cong thirc sau day thu duoc bang cédch ldy tich phéan hai vé€ theo x va sau dé trong
g y g p
dang thitc thu duoc dat x = I:
(n+12™ =(n+1)C) +nC! +..+C".
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Phdn 1. Ly thuyét t6 hop

Bai tap

1. Cho biét trong céc hé thic dudi day hé thitc nao 1a ding hé thic nao 12 sai
a)ACANB
by CcdnByuC
)AVBcANB
dANBUAd)=ANB
e) (A v BN4 N B)=A\B
2. Ky hiéu Z 13 tap cic s6 nguyén. Xét hai tp con cua Z:
A={xeZ :x=4p-1 v6i mdtp € Z nao d6}
B={ye Z :y=4¢-5v6imot g € Z nao dd}.
Chimg minh rang A = B.
3. Xét hai tap
={neZ:n<0}) vaA ={neZ:n>0}
Hoi A, A, c6 tao thanh phan hoach clia Z hay khéng? Néu ding hay giai thich cau tra
151, néu sai hdly dua ra phan hoach diing cua Z.

4.Cho A= {0, 1,2, 3,4} vaxdc dinh quan hé R trén A bdi:

R=1{(0,0),(2,1),(0,3), (1, 1),(3,0,(1,4),(4,1),2,2),(2,4), 3, 3),
4,4),(1,2),(4,2) }.
Chi ra ring quan hé R 12 quan hé twong duong hay khong? Néu cau tra 1o 1a khing dinh
hay dua ra phan hoach cla A thanh céc 16p twong duong theo quan hé R di cho.

5. Xét cdc tap véi cdc phén ti 1a cc s6 nguyén:

Ao = {..,-10,-5,0,5, 10, 15, 20, 25, ...};
A= {..,-9,-4,1,6,11,16,21,26, ...};
Ay = {.,-8,-3,2,7,12,17,22,27, ..};
A= {.. 723813182328 N

{.. 3

.
2

Aq = -1,4,9, 14, 19, 24, 29, .

a) Chi ra rang cdc tAp Ay, A,, A,, A, va A, tao thanh phan hoach cta tap s6 nguyén

b) Chi ra quan hé s tuong tng v6i phan hoach nay.

16






Chuong 2. Bai todn dém

BAI TOAN DEM

2.1. Gidi thiéu bai toan

Mot trong nhitng van dé dau tién cla viéc nghién cttu t6 hgp 12 dém xem c6 bao nhiéu
c4u hinh 16 hgp c6 thé dugc tao ra vai nhimg quy tac di néu? Nhitng bai todn nhu vay
duoc goi la bai todn dém 16 hop. Thong thudng, 15i giai cha bai todn dém phu thuoc vio
mot s6 gid tri tham s6 ban ddu va ngudi ta c§ géng biéu dién su phu thudc nay bing
nhiing céng thiic todn hoc. N6i chung, dé dém cdc cau hinh da cho, ngudi ta tim cdch
dua vé céc c4u hinh quen thudc bing cdch thiét [ap mot tuong quan 1-1 giita chiing.
Nhiéu khi mét bai todn dém duge phan thanh nhitng bai todn dém nho hon bang cdch
chia viéc dém thanh timg 16p dé 4p dung nguyén 1y cong hodc phén tich cau hinh cin
dém nhu 1a viec ghép mot s cau hinh khdc dé dp dung nguyén 1y nhan. Du6i day la
mot s6 thi du don gian nhim minh hoa mot s& ky thuat dém.

Thi du 1. C6 bao nhiéu cidch xép 5 nguoi dimg thanh mot hang ngang sao cho A khong
dimg canh B ?

Giai: D€ dém s6 cdch xép ndy, ta dém phin con lai: s6 cich xép ma A ding canh B.
Xem A v2 B nhu mot chd, ta c6 4! = 24 cdch x€p. S6 nay cdn duoc nhan 2 vi A cé thé
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Phdn 1. Ly thuyét t6 hop

ding bén trdi cling nhu bén phai B. Nhu vay o6 tat ca 48 cach x€p A ding canh B. Toan
bo ¢ 5! = 120 cach xép. T dé nhan duge s6 cach xép ma A *..0ng ding canh B 1a 120
- 48 =72 céch. .

Thi du 2. Mot dot phat hanh x3 s6 v6i cac s6 vé gom 2 phén: phdn ddu gém 2 chif cdi
lay tir A dén Z (26 phan t&) va phan sau gém 4 chit s 1y tir 0 dén 9 (10 phan ti7). Hoi
xdc sudt dé tring gidi doc dac 1a bao nhiéu ?

Giai: Trudc hét ta dém s vé duoc phat hanh. Mbi vé gébm 2 phan: phan chif va phan
s6. Phan chir c6 26° kha nang, phan s6 ¢6 10° kha nang. Theo nguyén 1y nhan, s6 vé
duoc phdt hanh la 26° x 10° = 6 760 000. Tir d6 nhan dugc xdc suat dé tring giai doc
dac la

1/6760000 = 1,48 x10”’

Thi du 3. Cho mét ludi gébm cédc 6 vudng. Cic nit duge ddnh 6 tir 0 dén # theo chiéu
tr trdi sang phai va tir O dén m theo chiéu tir dudi 1én trén (xem hinh vé&). Hoi cé bao
nhiéu dudng di khdc nhau tr ndt (0, 0) dén nat (72, m) n€u chi cho phép di trén canh céc
6 vuong theo chiéu sang phai hoac lén trén ?

(0, m) (n, m)

0, 0) (n, 0)

Giai: Mot dudng di nhu thé duge xem gém n+m doan (mdi doan la mdt canh 6 vuong).
Tai moéi doan chi duoc chon mot trong 2 gid tri: di [én (ma ta ma 1a 1) hay sang phai
(ma ta mi 12 0). S6 doan di l1én diing bang m va s6 doan sang phai diing bang ». Bai todn
dan vé viéc tim xem c6 bao nhiéu ddy nhi phan do dai n + m trong d6 ¢ ding m thanh
phén biang 1. Day ciing chinh 1a s6 tdp con m phan tir cha mot tap n + m phan tir, vi thé

sd dudng di cdn dém bang C).,, .

Thi du 4. Thuat todn "ndi bot" dung dé xé&p tang dan day a; (i = 1,2,..., n) dugc mo ta
bang doan chuong trinh PASCAL dudi day:

Fori:=2tondo
For j := ndownto i do
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Chuweomg 2. Bai todn dém

Ifafj-1] > alj] then Swap(alj-1]. alj]:
Hay dém xem phai lam bao nhiéu phép so sdnh ?

Giai: Ta chia s6 phép so sanh thanh cdc 1Gp theo vong lap  (/ di tir 2 dén n). V& mbi i
xdc dinh, phai thuc hién n-i+/ phép so sanh. Tir d6 nhan duoc, theo nguyén 1V cong, s6
cic phép so sdnh la:

, ‘ nin—1)
\f7—1)+(”—2/+ et = T

A
)
e

Co6 thé 1y luan gon hon: thudt todn "noi bot” viét trong doan chuong trinh di cho

phéi so sdnh tdt ¢a cdc cap phan tir khdc nhau. Tir d6 nhan dugc s6 phép so sanh la
5 n(n—1)
=

Mot dac tinh clia céc bai todn dém t6 hgp Ia s& cdu hinh tang rat nhanh khi so gid
tri tham gia vdo viéc tao nén cdu hinh d6 tang. Diéu nay thuong din dén cdc con s6
khong 16 mac db cdc con s tham gia ban ddu khong 16n. Hién tugng nay thuong duogc
goi 12 su bang né t6 hgp va chinh né 1a nguyén nhan 1am cho cédc thuat todn dua vao
viéc duyét toan bo trd nén khong kha thi. Thi du duéi day cho thdy rang, di qui cdch
tao c&u hinh c6 vé rat han ché nhung s6 cau hinh duoc tao. hod ra lai rat 16n.

Thi du 5. Ngén ngit PASCAL chuin qui dinh dat tén bién khong qua 8 ky tu. Cic ky tu
trong tén bién chi dugc phép la cdc chit cdi (tir A dén Z) hoac cdc chir s6 (tir 0 d&€n 9) va
phai bat diu bang chi cdi. Hoi ¢6 thé dinh nghia bao nhiéu bién khéc nhau ?

Giai: Ta phan cdc bién thanh cdc 16p: 1-ky tu, 2-ky tu, ... S0 cdc bién thudc 16p 4-ky tu,
theo nguyén Iy nhan, bang 26 x 36" (k = 1. 2, ..., 8). Tir d6, theo nguyén 1y cOng, ta

nhan duoc s6 cac bién khac nhau la:
26.(1 + 36 +36°+ ...+ 367) = 2095681 645 538.

2.2. Nguyén ly bu trur

Mot s6 bai todn dém phic tap hon, duge dua vao nguyén Iy t6ng qudt cla nguyén ly
cong. N&éu khong cé gia thiét gi vé su roi nhau giira 2 tap A va B thi

N(AUB) = N(A)+ N(B)- N(ANB). (1)
Cong thirc (1) duoc md rong cho trudng hop nhiéu tap nhu sau.

Dinh ly. Gid sit A, A,, ..., A,, la cac tdp hitu han. Khi dé
NAV AU 4,) = Ni=Nat o+ (DN, 2)
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Phdn 1. Ly thuyét 16 hop

trong dé N, la téng phdn it ctia tdt cd cdc giao cda k tdp ldy tr m tdp dd cho (néi riéng
N,=NA) + ... + N(A,), N, = N(A, "4, .. A,)).
Chitng minh. Chii y ring, s6 cdc giao cla k tap ldy ty m tap béng C}, , k=1,2, .., m.
Dé chiing minh céng thic (1), ta s& tinh xem mdi phén tr chatap A, U A, U ... UA,
duge dém bao nhiéu lan trong v€ phai cla né. Xét mot phan trtuy y a € A, U A, U . ..
U A,,. Gia sir a 1a phan t cta k tap trong s6 m tap da cho. Khi d6 a duge dém & v€ phai
cta cong thitc (1)
C,—-C}+C)—..+(=D""C}
lan. Do
C-C;+C; —...+(-"'C}
=1-[1- C,+C}=C}+..+(=1)'C; 1=1-0-1)=1,
suy ra mbi phdn tt ¢ € A, U A, v ... U A, dugc tinh ddng 1 1dn O v€ phai cua cong
thitc (1), diéu dé di ching minh tinh ding dan cha cong thic (1).

Bay git ta dong nhat tap A, véi tinh chat A, cho trén mot tdp X nao dé va dém xem
c6 bao nhiéu phin tir cia X khong thod man bat cir mot tinh chit A, nao ca.

Goi N 1a s6 cdn dém, N 1a s6 phan tir ca X, ta cé:

N=N-N(AUAU..4)=N-N+Ny— ...+ (=1)"N,, (3)

trong dé N, 1a téng cdc phén tir cia X thoa man & tinh chat 14y tr m tinh chét da cho.

Coéng thitc (3) dugc goi la nguyén Iy bi trir. N6 cho phép tinh N qua cidc N, trong
truong hop cac sd nay dé tinh todn hon.

Ta s& xét mot s thi du minh hoa cho viéc sit dung nguyeén 1y ba trir dé giai cdc bai
todn dém.

Thi du 1. Hoi trong tap X= {1, 2, ..., 10000} c6 bao nhiéu sd khong chia hét cho bat ci
sd ndo trong cac s6 3, 4, 7?

Giai. Goi
A, =[x e X:xchiahétchoi},i=3,4,7.
Khi d6 A; U A, U A, la tap cdc sd trong X chia hét cho it nhat mot trong 3 s6 3, 4, 7,
suy ra theo cong thitc (3), s6 lugng cac sé cdn dém sé la
N(X)- N(A;UA,UA;)=N,-N, + N,
Tacéd
N, = N(A;y) + N(A,) + N(A))
= [10000/3] + [10000/4] + [10000/7]
= 3333 + 2500 + 1428 =7261,
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Chuong 2. Bai toan dém

N, = N(A; " A) + N(A,NA) + NA, A Ay)
= [10000/(3x4)] + [10000/(3x7)] + [10000/(4x7)]
=833 + 476 + 357 = 1666,

N, = N(A; M A, A;) = [10000/(3x4x7) ] = 119,

& day ky hiéu [ - ] dé chi s6 nguyén 16n nhat khéng vugt qué .
Tir d6 s6 lugng cdc s6 can dém 1a 10000 - 7261 + 1666 - 119 = 4286.

Thi du 2. C6 bao nhiéu xau nhi phan do dai 10 hodc l1a bat ddu bai 00 hodc 1a két thic
bai 117

Giai. Dé thdy 1 s6 x4u nhi phan dé dai 10 bat ddu bai 00 12 2° = 256 va s6 x4u nhi phan
do dai 10 ket thic bai 11 1a 2° = 256. Ngoai ra, s6 xau nhi phan do dai 10 bat ddu boi
00 va két thic bai 11 1a 2° = 64. Theo cong thifc (1) suy ra s6 x4au nhi phan hoac bét ddu
boi 00 hoac két thic bdi 11 la

256 + 256 - 64 = 448,

Két thic muc ndy, ta xét bai todn c6 dién dudi day trong ly thuyét xdc sudt:

Bai toan bé thu. C6 n 14 thu va »n phong bi ghi sin dia chi. Bo ngdu nhién cdc 14 thu
viio cdc phong bi. Hai xdc sudt dé xdy ra khéng mot 14 thu nao bo diing dia chi la bao
nhiéu?

Giai: C6 tat ca n! cdch bo thu. Van dé con lai 1a dém s6 cdch bo thu sao cho khong ¢6
|4 thu nao ding dia chi. Goi X la tap hop tat ca céc cach bo thu va A, la tinh chat 14 thu
thit £ bd ding dia chi. Khi dé theo cong thic (3) ta cé:

N=N-N+Ni—.t+(=I)'N,
trong d6 N 1a s6 cdn tim, N = n!, con N, |2 s6 tat ca céc cdch bo thu sao cho c6 k 14
thu ding dia chi. Nhan xét ring, N, 1a t6ng theo moi cdch 14y & 14 thu tir # 14, v6i mbi
céch ldy k 14 thu, c6 (n-k)! cdch bo dé & 14 nay ding dia chi, ta nhan dugc:

n
Ny = C,I:(”"’k)! = F
va
— 1 1 (-1)"
N = ”!(]_ﬁ+§]—"'+ n!)

T d6 xéc sudt can tim la
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Phdn 1. Ly thuyét 16 hop

Mot diéu 1y thi 1a xdc suit ndy dan dén e’ (nghia 14 con 16n hon 1/3) khi n khd
I6n. S6 N trong bai todn trén dugc goi la s6 mdt thir ne va duge Ky hiéu 1a D,.. Duéi day
la mot vai gia tri ca D,, cho ta thdy D, tang nhanh thé& nao so vdi n:

n |213{4] 5 6 7 8 9 10 11
D 1 1219 44 1265 | 1854 | 14833 | 133496 1 1324961 | 4390741

2.3. Quy vé cac bai toan don gian

Mot trong nhiing phuong phdp dém 1a quy bai todn dang xét vé nhiing bai todn don gian
hon. Diéu nay khong phai lic nao ciing dé vi né thudng doi hdi mot su phan tich sau
sdc cdu hinh cdn dém. Thi du dudi day trinh bay mot bai todn ndi tiéng cua Lucas
(1891). qua dé riit ra dugc nhiéu diéu bd ich rong nghé thuat dém.

Bai toan xép khach cua Lucas. Cé mot ban tron, xung quanh ¢6 2n ghé. Can sip ché
cho n ¢dp vg chdng sao cho cdc ong ngdi xen ké cdc ba va khong ¢6 cap vg chéng nao
ngdi canh nhau. Hoi cd tat ca bao nhiéu cich xép ?

Giai: Goi s6 phai tim 1a M,. X&p cho c4c ba trude (¢t mot ghé x&p thi mot ghé dé trong
danh cho cdc 6ng). S6 cach xép cho cédc ba 1a 2n!. Goi s6 cdch x€p cdc dng Ung véi mot
cdch x&p cdc ba la U, ta dugce s6 cach xép la

M, =2n'xU,.
Van dé con lai 1a dé€m so U,

Ddnh s6 cdc ba (di xé€p) tir | dén n, ddnh s8 cdc Ong tuong ing vdi cdc ba (Ong / 1a
chéng ba i), sau d6 dénh s6 cdc ghé€ tréng theo nguyén tac: ghé s6 i nam gita ba i va ba
i+1 (dé tién trinh bay, cic phép cong chi s6 trong phin nay déu dugc hiéu 1a thyc hién
vong tron, nghia 14 n+1 = 1). Méi cdch xép céc 6ng dugc biéu dién bang mot phép thé
@ tréntap {1, 2, ..., n} v6i quy uéc (i) = j c6 nghia la ghe i dugc x€p cho 6ng j. Theo
dau bai, ¢ phai thod man

i) =i va i) #i+1. (*
Nhu vay U, 1a s0 tat ca cdc phép th€ ¢ thoa méan diéu kién (*). Trong todn hoc, U, duoc
g0i la s6' phdn bo.

Xét tap hop tat ca cidc phép thé ¢ cha {1,2, ..., n}. Trén tip nay, goi P, 1a tinh chat
@) = i va O, 1a tinh chat ¢(i) = i+1. Dat P
(twong Ung vdi 2n tinh chat P):

U =N = nl-N +N,-..

]

= (), va ta dugc, theo nguyén 1y b tru

n+i
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Chuong 2. Bai todan dém

trong dé N, 12 tong s0 tat ca cac phép thé thod min k tinh chat, lay tir 2» tinh chat dang
xét.

Chd ¢ rang, khong thé xay ra dong thai thoa min P, vi Q, hoac dong thdi thod man
P, , va Q,, do do trong cic cach 14y ra £ tinh chat tlr 2» tinh chét dang xét, can thém vao
diéu kién: cic P, va Q; hoac P,,, va O, khong dugc dong thoi ¢6 mat. Goi s6 cdc cich
nay 13 g(2n, k) (néi riéng g(2n, k) = 0 khi k > n). V& mai cich 1y ra k tinh chat nhu
vay (k < n), ta cd (n-k)! phép thé thod man ching. Tl dé nhan duge N, = g(2n, k).(n-k)!
va

U =un!-g@2n, 1).(n-1) = g@n, 2).(1-2)! - .+ (-1)" ¢(Zn, n) .
Bay gi& con phai tinh cdc hé s6 ¢(2n, k), k =1,2, ..., n.

Xép 2n tinh chdt dang xét trén mot vong tron theo tht e P, O, Py, O,, ..., P,, O,
ta thdy ring g(2n, k) chinh 1a s cich lay ra & phén tl trong 2n phan tit x€p thanh vong
tron sao cho khong ¢6 2 phén tir nao ké nhau cung duoc lay ra.

Pé tinh g(2n, k) ta giai 2 bai todn con sau day:

Bai toan 1. C6 bao nhiéu cich ldy ra £ phan tir trong # phin tir x€p trén dudng thang
sao cho khong ¢6 2 phan tir ké nhau cung dugc 18y ra ?

Giai: Khi 14y ra & phan tl, ta con n1-k phan t. Giita #-k phan tr nay ¢6 n-k+1 khoang
trong (k€ ca 2 dau). Mébi cdch ldy ra k khoang tlr cdc khodng nay, s€ tuong tng v&i mot

cdch chon k phan tr thod man yéu cau da néu. Vay s6 cich cin tim 12 Ci_;.,.
Bai toan 2. Giong nhu bai todn 1, nhung véi # phan tu x¢p trén vong tron.

Giai: C8 dinh phan tlt ¢ trong » phén tir. Chia cic cich ldy thanh 2 16p:

1. Cédc cdch ma a dugc chon, khi dé 2 phén tir ké « s¢ khong duge chon va ta phai
1&y k-1 phan tir tir 1-3 phan tir con lai. Cac phan tif nay duoc xem nhu trén dudmg théng.
Theo bai todn 1, s& cich thuoc 16p nay 1a Ci2l_).

2. Cac cdch ma a khong dugc chon, khi d6 bo a di, ta dua vé bai todn 18y k£ phan tir
tir n-/ phén ti xép trén dudng thang. Theo bai todn 1, s6 cich thudc 16p nay 1a Chy .

Viy, theo nguyén ly cong, s6 cich cén tim 1a

n

Cilii+ Cok = ek
n—k
Tir két qua ctia bai toan 2, ta nhan duoc
P 2n
g(znv ) - 2’7"]( C2n~i<

va $0 phan bd U, dugc tinh biang

2n Ch (=)l + 2n
2n -1 2e- A8 2n-=2

2
U, = nl— Cra(n=2)1— .+ (—1)"—;2'1@,
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Phdn 1. Ly thuyét t6 hop

(Touchard J. 1934 France).

Dudi day 12 mét vai gid tri cha U,, mot l4n nita minh hoa hién tugng bung né t6

hop:

[\
(9%
N
Wh
(@)
~3
@]
O

H h 10
U, 1o tj2]13] 8 | 579 4738 | 43387 | 439792

2.4. Céng thuc truy hoi

Thoéng thuong, ngudi ta quan tdm dén nhiing bai todn dém, trong dé két qua dém piu
thuoc vao mot tham sd tai ddu vao (ma ta ky hiéu la n), thi duciacsé D, U,, ... Viéc
biéu dién két qua nay, nhu mot ham cla n, bing moét s6 hiru han cdc phép todn, khong
phai la don gian. Ngudi ta nhan thdy rang, trong nhiéu trudng hop, viéc tim ki€m mot
cong thic truc tiép giita két qua d€m va gid tri n 12 rdt khé khan (hoic khong thé dugc),
trong khi d6, céng thic lién hé gilra két qua d€m ng véi n va cdc két qua dé€m ing vdi
cdc gid tri n bé hon lai don gian va dé tim. Nh¢ cong thitc nay va mot vai gid tri ban
ddu, ta c6 thé tinh moi gi4 tri con lai khac. Cong thic dé goi 1a cong thic truy hdi hay
cong thitc dé quy. Do tinh k& thira, cong thifc truy héi rat thich hop véi viéc 1ap trinh
trén mdy tinh. N6 cho phép gidm déng ké do phiic tap ciing nhu gia ting dé 6n dinh cla
qua trinh tinh todn.

2.4.1. Cac thi du minh hoa

Trudc tién ching ta xét mot s6 thi du minh hoa viéc x4y dung cong thic truy héi dé giai
cdc bai todn dém.

Thi du 1. Tinh s6 mét thi ty D,.

Giai: Danh s6 thu va phong bi tir 1 dén n (thu i glfi ddng dia chi néu bo vao phong bi ).
Mot cdch bo thu duge déng nhdt vdi hodn vi (a, ..., a,) cha {1, 2, ..., n}. MOt mit thi ty
duogc dinh nghia 12 mot hoan vi (a, ..., a,) sao cho a; #i v6i moi i. Thanh phéan a, cé
thé nhan n-1 gid tri ngodi 1. Vi méi gid tri k (k # 1) cla a,, xét 2 trudng hop:

1. a, = 1, khi d6 cdc thanh phan con lai dugc x4c dinh nhu mét m4t tha ty cha n-2
phén t{, tic 14 s6 cdc mat thi tu thudc loai nay bing D, ,.

2. a, # 1, khi d6 cdc thanh phdn tir 2 d€n n dugc xac dinh nhu mot mat thi tu cla
n-1 phén tir (xem gid tri 1 nhu 12 gid tri k), tdc 1a s6 mét thit ty thudc loai nay bang D

Tu d6 nhan dugce coéng thic

D,=(n-1)YD,,+D,,), n23.

-l
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Chutong 2. Bai 1odn dém

Céc gid tri ban ddu dé dang dugc tim truc tiép: D, =0, D, = 1.
Moi gid tri con lai duoc tim don gian nho luft ke thira:
Dy,=@-1)o+1) = 2

D,=@-D(1+2) = 9
D, ={(5-1)2+9) = 44
D, = (6-1)9+44) = 265

D, =(7-1)(265+44) = 1854
D. =(8-1)(1854+265) = 14R833

Dé cong thirc truy héi ding ca d6i v6i 7 = 2, ta xem nhu Dy = 1.
C4 thé nhan duoc céng thic truc ti€p qua cong thire truy héi. That vay, tir

Du = (n - l)(Du-2+Dn~l)

suy ra
Dn - ”Dn~l = -(Du-l - (” ‘I)Dn»E)'
baa V,=D,-nD,, tacé
D”-HD,,_l = Vn = -Vn-l = e = (~l)”'lvl = (-1)"
hay
& Dn-l _ (—l)"
nt (-1t a
Cong cac hé thuc trén, véin =/, 2, ..., ta duoc
D, 1o ="
— = -t -+
n! 2 n!
S : e b (1)
va nhan lai cong thuc da biét: D, = nl(l- p + 5T + —~'—).
U n

Thi du 2. Trén mat phang, k& » dudng thang sao cho khong cé 2 dudng ndo song song
va 3 duong nao dong quy. Hoi mat phang duoc chia thanh may phéin ?

Giai: Goi s6 phan mat phiang dugc chia bdi n dudng thang 1a S,. Gia sir dd ké n-1 dudng
thing. Bay gid ké thém dudng thing thir 2 thi s6 phin dugc thém s& bing s6 giao diém
dugc thém cong vé6i 1. S6 giao diém duoc thém la s6 giao diém ma dudng thang vira ké
cat n-1 dudng thing cii, nghia Ia bing n-1. Tir d6 nhan dugc cong thic truy héi

S,=8,,+n nzl,
véi gid tri ban ddu S, = 1. Tir cong thitc nay, dé dang tinh moi gid tricta §,,n=1, 2, ...
S =1+1 =2
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Phdn 1. Ly thuyét t6 hop

S,=4+3 =7
S,=7+4 =11
S,=11+5 =16
Sy =16+6 = 22
S, =22+7 = 29

Peé tim cong thifc tryc ti€p, ta cong cac hé thic S, =S, + & v6ik = 1,2, ..., n. Sau

khi khir cac s6 hang gidng nhau & hai vé, ta nhan dugc:
n(n+1 ‘+p+2
S, = Se+1+2+...+n = 1+ ( )=”
2 2

Cong thidc truy hé1 dugec ma rong mot cach tu nhién cho trudng hop cé nhiéu tham
$3. Khi d6é can mot ho cdc gid tri ban dau (ma ching thuong dugc goi la cdc gia tri
bién). Viéc ti€p cén cac hé s6 td hop nhu trinh bay dudi day 1a mét thi du {im mot cong
thdc nhur vay.

Thi du 3. Tinh hé s6 16 hop C* .

Giai: Chon phan tir ¢6 dinh a trong n phén tit dang xét. Chia s¢ cdch chon tap con k
phén tir cla tap nay thanh 2 16p: chita @ va khéng chita a. Néu a duge chon thi ta phai
b8 xung k-1 phén tir tir n-1 phéan ti con lai, tir d6 16p chita a gébm CiZ) cach. Néu a
khong dugce chon thi ta phai chon & phén tr tir n-1 phan tir con lai, tir d6 16p khong chira
a gébm C}_, cach. Theo nguyén ly cong, ta dugc cong thirc truy hoi:

C. = Co+Chy
vOi cdc gia tri bién duoc suy truc tiép tir dinh nghia:
Ch = Ch = 1.

R& rang viéc 1ap trinh theo cong thirc truy héi (xem tam gidc Pascal) 1a hiéu qua hon
nhiéu so vdi viéc lap trinh theo cong thiic truc tiép.

Phuong phdp tim céng thic truc tiép tir cong thic truy hoi trinh bay trong cdc thi du 1-3
duoc goi 1a phuwong phdp khit. Khong phai lic nao ciing dé dang khir duge cong thie
truy héi dé dua dugc vé cong thirc truc ti€p. Tuy nhién, trong mot s trudng hop dac biét
ta ¢6 thé dua ra phuong phdp téng quat d€ giai cong thitc truy héi (tic 12 tim céng thic
truc ti€p cho s6 hang tong qudt cia ddy s6 thod man cong thitc di cho).

Thi du 4. (Bai todn thidp Ha noi). Tro choi thap Ha noéi duge trinh bay nhu sau: “Cé 3
coc a, b, ¢. Trén coc a c6 mot chong gom n cdi dia duong kinh giam dan wr dudi lén
trén. Can phdi chuyén chéng dia tr coc a sang coc ¢ tudn thi qui tdc: méi ldn chi
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Chitong 2. Bai wodn deém

chuyén | dia va chi duoc xép dia ¢6 diomg kinh nho hon lén trén dia 6 duong kinh lon
hon. Trong qud trinh chuyén dugc phép diing coc b lam coc trung gian”. Bai toén dat ra
la: Tim s6 14n di chuyén dia ft nhit cin thuc hién dé thuc hién xong nhiém vu dit ra
trong tro choi thap Ha néi.
Giai: Goi h, 12 s6 14n di chuyén dia it nhat cin thuc hién dé giai xong bai todn thap Ha
noi. Ta xay dung cong thic dé qui dé tinh i,. RS rang:
h =1
Gia st n>2. Viéc di chuyén dia gom cée budc:
(1) Chuyén n-1 dia tir coc a dén coc b sir dung coc ¢ lam trung gian. Budc nay duoc
thuc hién nho gia thiét quy nap.
(ii) Chuyén 1 dia (dia v6i duong kinh 16n nhat) tlr coc a dén coc c.
(ili) Chuyén n-1 dia tit coc b dén coc ¢ (sit dung coc @ lam trung gian). Budc nay
dugc thuc hién nho gia thiét quy nap.
Budc (i) va (ii) doi hoi gidi bai todn thap Ha noi véi n-1 dia, vi vay s6 lan di chuyén dia
it nhat can thuc hién trong hai budc nay la 24, . Do dé ta c6 cong thirc dé qui sau:

hy=h_+1,n>2.

a-1
Sit dung cong thic dé qui va diéu kién déu vira tim duge déi véi h, ta ¢6 thé dé dang
ching minh bang qui nap la

h,=2"-1,n>1.

2.4.2. Giai cong thitc truy hoi tuyén tinh thuan nhat hé s6 hang
Xét cong thirc truy hoi tuyén tinh thuan nhat hé s6 hang bac 4.
a,=C, + Cyl, s+t i, 4, (1)

trong d6 ¢, ¢,,..., ¢, 1a céc hdng s6, ¢, = 0.

Ta céan tim cong thitc truc ti€p cho s6 hang a, cla day s6 {«,} thod man cong thic
(1) (d@y s6 nhu vay s& goi la nghiém cha cong thdc truy héi da cho). RS rang, day so
{a,} thod man cong thic (1) sé duoc xac dinh duy nhat, néu nhu nd phai thoa man &
diéu kién dau sau:

ay=Cya, =C,, ....a. =C.,, (2)

trong d6 C,, C,, ..., C,, 1a cdc hidng s6. Ta tim nghiém dudi dang
a, =r" (3)
trong d6 r 1a hing s6. Day s6 {a,} xdc dinh theo cong thic (3) s& thod man (1) néu r la
nghiém cua phuong trinh:
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Phdn 1. Ly thuyét 16 hop

M Ll
I

=c " o, o+ o
hay la
Ao Mo, At o = 0. (4)
Phuong trinh (4) duoc goi 13 phuong trinh dac trung cla cong thitc (1), va nghiém cla
né dugc goi la nghiém dic trung. Chung ta s& xét cach sit dung nghiém dac trung dé
xdy dung cong thiic nghiém dudi dang hién. Trudc hét ching ta xét truong hop riéng,
khi k = 2. Sau d6 cdc két qua s& dugc phdt biéu cho trudng hon *6ng quat.

Dinh Iy 1. Cho ¢,, ¢, la cdc hdng 56 thie. Gid sit phicong trinh 1 - ¢, r - ¢, = 0 ¢6 hai
I 1 & § 2 I 1 2
nghiém phan hiét r, var,. Khi dé ddy sé' {a, } la nghiém cia céng thice rruy hoi

an = Cl a + ("2 an-Z

n-1
khi va chi khi
a, =a,r +a,r (5)

n=0,1, .., trong dé a, , a, la cdc hdng so.

Chimg minh. Trudc hét ta chiing minh rang néu r, va r, l1a hai nghiém phan biét clia
phuong trinh dic trung, va @, , @, 1a cdc hing s, thi day s6 {a,} xdc dinh bdi cong
thic (5) [a nghiém cua cong thifc truy héi da cho. Thuc vay, do r, va r, la nghiém dac
trung nén

-2 - . -2 . ,

tu do suy ra
n-2 + az ’,2:142)
a, r,"e, r + ) + oy e Fa+ ¢y)

2

. : - -1 .n-l N .
ca,+a,=c(arn" +ar)+ o (o

n-1

it

=a "t + oy

=a,r" +an

=q,.
Bay gid ta s& chi ra rang nghiém {q,} cla hé thic a, = ¢, a,, + ¢, a,, ludn cé dang (5)
véi a,, @, nao do. Thuc vay, gia st {a,} 1a nghiém cta hé thitc da cho véi diéu kién dau

ay=Cy,a,=C, , (6)

ta chi ra ring c6 thé tim dugc céc s6 a, . a, dé cho (5) 1a nghiém cua hé thic véi diéu
kién ddu nay. Ta cé

a=Ci=a + y,
a=C=aqr+arn
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Chuong 2. Bai todn dém

Giéai hé phuong trinh tuyén tinh phu thudc hai 4n «,, @, thu duge, do r, # r,, ta tim
dugce nghiém duy nhat
a, = (C| - Cn"z )/(’} - "z)- (7)
= (Cory-CHUy - 1y).
Vdi nhitng gid tri cla ¢, , , vira tim duge, day {a,} xdc dinh theo (5) 12 nghiém cta hé
thirc da cho vdi diéu kién dau (6). Do hé thic da cho cling véi diéu kién dau (6) xac

dinh duy nhat mot day s3, nen nghiéin cua aé thie cuge cho bai cényg thic (5). Dinh 1y
duge chimg minh.

Thi du 4. Day Fibonaci trong todn hoc dugc dinh nghia bing hé thic truy héi:

F,=F_,+ F,nz2,

F,=F, = 1.

Tim c6ng thie hién cho F,.

Giai: Giai phuong trinh dac trung:

ta thu dugc hai nghiém

1+/5 -5
o= , r, =
7y 3 2
va cong thic hién c6 dang:

F, =a.(r) +oa.0)

trong d6 a,, o, la cdc hang s6 cin xdc dinh tir cdc gia tri ban ddu F,, F,. Tit cong thikc
(7), ta co:
I 1+5 1 15

O(, - _,\7—5_ 2 ,az = "J—g 2

T

Mot diéu 1y tha 13 cong thic nay phdi ding cac phép todn vo ti dé biéu dién mét gia tri
nguyén.

va nhan dugc

Dinh ly 1 khong dp dung dugc khi phuong trinh dac trung ¢é nghiém kép. Trong
trudng hop do ta can sir dung két qua coa dinh 1y sau.
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Phdn 1. Ly thuyét 16 hop

Dinh 1y 2. Cho c,, ¢, la cdc hdng s6 thuc, ¢, # 0. Gid sit phuong trinh 1* - ¢, r - ¢, =0
c6 nghiém kép ry. Khi dé ddy so' {a, } la nghiém cia cong thuc dé qui

an = Cl au-i + CZ au-Z
khi va chi khi
a, =a,b, +a,nr,

n=0,1, .., trong d6 a, , a, la cdc hdng so.

Chirng minh. Hoan toan tuong tu nhu chimg minh dinh Iy 1.

Thi du 5. Tim nghiém cho cong thitc truy hai
a,=6a,,-9a,,
véi diéu kién ddu a,=1 va a, =6.
Giai: Phuong trinh dic trung +* - 6 r + 9 = 0 ¢6 nghiém kép r = 3. Do d6 nghiém cua
hé¢ thire cé dang:
a,=a, 3" +a,n3"
Dé tim a,, «, , st dung diéu kién ddu ta c¢6

a,=1=gq,.

a=6=q,.3+a,.3

Giai hé nay tatim dugc ¢, =1 vé «a,=1. Tt dé nghiém cha hé thic da cho la:

a,=3"+n3".

Dinh 1y 3 sau day la sy tdng qudt hod két qua cta dinh 1y 1 cho trudng hgp hé thic
dé qui tuyén tinh thudn nhat hé s6 hang bac & > 2.

Pinh iy 3. Cho ¢, ¢;, ..., ¢, la cdc s6 thue. Gid sit phuong trinh ddc trung

oo e, P

T e e T C,’\ = 0

cé k nghiém phdn biét r,, ry, ..., r, . Khi d6 ddy sé'{a,} la nghiém cia hé thice
a,=ca

khi va chi khi

a,=ar"+or"+.. . +or

+ Cza,lvz +-1¢+ Cka"vk,

-1

voi n=0,1,2,..,trong dé a,, a,, ..., & la cdc hdng so.

Chirng minh: Tuong tu nhu ching minh dinh 1y 1.
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Chiong 2. Bai todn dém

Thi du 6. Tim nghiém cua hé thic
a,=6a,,-1la,+60a,,
véi diéu kién dau
ay=2, a, =95, 4, =15,

Giai: Phuong trinh dac trung
a6+ 1 r-6=9

c6 3 nghiém r, =1, r,=2,r,=23. Vivay, nghiém cé dang
a,=a 1"+ a2+ a, 3"

St dung cic diéu kién ddu ta c6 hé phuong trinh sau day dé xéc dinh cac hang s6 a,, o,
oy .
dy=2=0a + 0+ a,

a,=5S=a+ a2 + a;.3

a,=15=a + a4 + ;9.
Giai hé phuong trinh trén ta thu duge o, = |, &, = -1 va «; = 2. Vay nghiém cla hé
thirc di cho la

a,=1-2"+2.3".

n

Chu y: Viéc tim nghiém cta hé thae (1) trong trudng hop t6ng quat dan vé viéc giai
moét phuong trinh bac 4:
oo oo =0

ma viéc biéu dién nghiém cta phuong trinh nay qua mot s6 hitu han cdc phép todn, nhu
da biét, khong phai lic nao cling lam duoc v&i k > S (dinh 1y Abel).

2.5. Phuong phap ham sinh

2.5.1. Ham sinh va bai toan dém

Giasu {h,tn=0,1,2, ..} la mot diy so. Ta viét ddy nay nhu 1a day vo han phan i,
tuy nhién ta coi rang né bao gém cé trudong hop day hiru han. Néu A, h,, ..., h,, 1a ddy
kitu han, thi ta s& bién n6 thanh ddy vo han bang cach dat h,=0,i>m .

Pinh nghia. Ham sinh g(x) ciia dav sé (h,1n=0,1,2, ...} la chudi vo han
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Phdn 1. Ly thuyét 16 hop

w .
gy =hy+hx+hyd+ .= bt
i=0

Nhu vay ham g(x) sinh ra day s6 da cho nhu la day cdc hé s6 cua nd. N€u day 1a hiu
han thi s€ tim dugc m sao cho A, = 0, i > m. Trong trudng hgp nay g(x) la mét da thic
bac m.

Thi du 1. Mot trong nhitng nguén géc dan dén dinh nghia ham sinh chinh 13 dinh 1y vé
khai trién nhi thitc: Ham

g() = (1 +x)"
sinh ra ddy cdc hé s6 t6 hgp
{h,=C(m, k), k=0, 1,..., m}
boi vi
m
(+x)™ =3 Clmkuk.

k=0

Thi du 2. Ham
8(x) = 1/(1-x)
sinh ra day
1,1, 1,..
Dé dang ching minh diéu dé bang cach thuc hién phép chia:

Vl-x)=1+x+xX+..

Thi du 3. V&i &> 0, ham
8(x) = 1/(1-x)
sinh ra day
{C(ntk-1,n):n=0,1,2,..}.
Nhu vy hé s6 thir n s& 1a s6 kha nang chon n vat tir & loai do vat. Thuc vay, ta co
V-0 =[ Y1-0F =1 +x+ X+ .05

Néu ta khai trién biéu thifc ndy bang cdch thyc hién nhan pha ngoac, thi s6 1an xudt hién
s6 hang x" s& bang s6 nghiém nguyén khong am cla phuong trinh

L+ L+ .o +0,=n,

ma ta ¢6 thé dé dang tinh duoc 1a C(n+k-1, n).



Chitong 2. Bai todn dem

Vi du nay cé thé goi y cho ta cich giai nhidu bai toin dém. Chéng han xét ham sinh
goy=(1+x+ 2+l =+ +x+ CHx+ x*).

Gia slr ¥, ¥*, ¥ tuong tng 12 cdc s6 hang 14y tir cdc thita s6 thit nhét, hai, ba cla vé€ phai,

diéudécé nghiala0<a<3,0<h<2.0<c <4 Khikhai trién vé& phai céc thira s6 nay

s€ cho ta s6 hang X", vé1 n = a + b + ¢. Nhu vay hé so cua " trong g(x) s€ la s6 nghiém

nguyén khoéng am cua phuong trinh

a=d b4
thoa man
0<a<3,0<hp<2,0<¢<4.
Suy ra hé s6 nay ciling cho ta s6 cdch chon » bong hoa tir 3 bong ciic, 2 bong layon va 4

bong hong.

Tat nhién viéc st dung ham sinh dé giai bai todn dém s& doi hoi nhiéu tinh todn khi
thuc hién phép nhan cdc da thirc, va khong thich hgp cho viéc tinh tay. Tuy nhién, viéc
dé lai c6 thé thuc hién nhanh chéng trén mdy tinh, va vi th€ ham sinh sé 12 mét céng cu
hitu hiéu dé giai nhiéu bai todn dém trén mdy tinh. Hon nita ham sinh s& con 1a cong cu
hitu ich dé nghién ctu cdc bai todn dém mot cdch tritu tuong.

Ta din ra mot s6 khai trién dai 6 rit hay sir dung trong viéc sit dung ham sinh;

Kl =X (+y+x0+. )=+ "+ M4
(1Y (1) =1+ x+ 0+ L+ 44
D=1+ +x+1"+ ..
Ml =x(t+ 2+ + 0+ )=x+0+ 0+ 4+
Thi du 4. C6 bao nhiéu cich chon ra n qua tir 4 loai qua: tdo, chudi, cam va dao (moi

loai déu cé s6 lugng it ra 1a n) ma trong d6 ¢6 mot s6 chian qua tdo, sé 1€ qua chudi.
khong quad 4 qua cam va it ra 2 qua dao?

Giai. Ham sinh d€ giai bai todn nay 12
I+ +x+8+ )+ + 7+ ) +xv+2+°+ P+ +44+ )

Trong cong thifc trén c6 4 thita s6 dé dém s6 qua tdo (cdc s6 mi chidn), chudi (s6 mi
18), cam (chi c6 dén sé mii 4) va dio (s6 mi bat dau tir 2). Ham sinh sé 1a

g(x) = [1/(1-D] /(1)) [(1-)/(1-0)] [P/(1-x)]
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Phdn 1. Ly thuyét t6 hop

= [ (-0 (1)),

Cau tra 10i 1a: S8 cdch cdn dé€m la hé s6 thi » trong khai trién g(x) dudi dang chudi luy
thira. Tuy la ching ta khong c6 cau tra 13i bang 6, nhung ham xay dung duoc chira dit
lieu dé cé thé lap trinh trén mdy tinh dua ra biang ddp s6 cho cdc gid tri cua n ma ta
mong mudrn.

Trong nhiéu trudng hop, viéc khai trién ham sinh dudi dang chudi 1u§ thira cé thé thuc
hién duoc bang tay, ching ta ¢d thé thu dugc cong thitc dém dudi dang hién.

Thi du 5. Tim ham sinh cho s6 nghiém nguvén duong 1é cia phuong trinh
L+ b+ .+ =0
Giai. Ham sinh cin tim 12
2=+ + x5+ 37+ )
= (I+2+2+ 20+ L))

=[x (1-D)] =2 (1-).

Thi du 6. Tim ham sinh cho /4, 1a s6 cach chon ra 17 qua tir 4 loai qua: tdo, chuéi, cam
va ddo (méi loai déu cé s6 luong it ra 1a n) ma trong dé c6 mét s6 chin qua tdo, s&
lugng chudi chia hét cho 5, khong qua 4 qua cam va khong qua 1 qua dao?

Giai. Ham sinh ¢6 dang
)=+ 2+ 4+ )+ + X"+ + DA +x+ 2+ 5+ +0)
= (1/(1=3)] (M- [(1-FW(1-20] (14+2)
= [1/((1-)(1 +0)] [1/(1-0] (1+x)
= 1/(1-x)*
Tur d6 ta ¢6 thé tim cong thitc hién cho 131 gidi, bdi vi

00 o0 [0 9]
(lxy= D Cl s x"= > Cl x"= D+ x".
n=0 n=0 n=0

Vay h,=n+ 1.
Thi du 7. Tim ham sinh cho s6 cdch déi n (nghin déng) sir dung céc loai gidy bac ménh

gid 1 nghin déng, 5 nghin dong, 10 nghin dong, 50 nghin déng (gia thiét 1a ta ¢6 mot s6
lugng khong han ché méi loai gidy bac).
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Cluong 2. Bai todn dém

Giai. S6 lugng tién cén doi ra loai gidy bac 5 nghin dong phii chia hét cho 5, s6 luong
tién cin d6i ra loai gifly bac 10 nghin dong phai chia hét cho 10, s6 Jugng tién can déi
ra loai gidy bac 50 nghin déng phai chia hét cho 50. Vi vay

0= +x+ 2+ 00+ +"+. )1+ + 7+ (1 +X7+ 6"+ )

= [1/(1=0] [H(1-x)] (-3 (-
2.5.2. Ham sinh va cong thac dé qui

Muc nay sé trinh bay phuong phdp ham sinh dé fim cong tatc dudi dang hién cho s6
hang tong quét cla diy s6 xac dinh boi cong thic dé qui. Noi dung cha phuong phap ¢
thé trinh bay nhu sau. Gia st ta c6 {4,} 1a diy s6 dugc xac dinh theo cong thiic dé qui.
Xay dung ham sinh g(x) cua day s6 nay theo cong thic

o
gO)=hy+h x+h X+ .= Zh]-x' :
i=0

Sir dung cdc tinh chit cha diy s6 (suy tir cong thic dé qui xdc dinh nd) ta ¢6 thé tim
duoc cong thirc gidi tich cho ham sinh g(x). Tir cong thic tim dugc ta s& khai trién ham
2(x) duéi dang chudi luy thira, va tir d6 tim dugc cong thitc cho /1,

Trude hét ta dua ra mot s6 phép todn déi vdi ham sinh. Gia sir

flo) = Zual-.\"' LR = ib,».\"'
i=0

i=0

14 hai ham sinh con a 14 s6 thuc. khi do
fO+ 8= Y (a; +b)x
i=0
afly)= Zaafxi,
i=0

Tich Cosi clia hai ham sinh g(x) va f(x):
m .
flogx) = D ex',
i=0

trong do

k
c,=aqyb+a b+ +a b= Zajbk_,-,r’ .
i=0
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Phdn 1. Ly thuyét 16 hop

Tir giai tich ta biét rang néu chudi g(x) = Zh,-x’ hoi tu & lan can diém 0 thi tdng cta né
i=0
g(x) luon 1a ham giai tich trong lan can nay va

h, = gPO)k! , k=0,1, ...
w .
Khi d6 chubi Zb,vx’ chinh 1a khai trién Macloren ctia ham g(x). Nhu vay c6 mot
i=0
twong ing 1-1 giftra mdt ham giai tich va mot chudi héi tu trong 1an can 0.
Trong viéc dp dung ham sinh ta thuong su dung cong thuc sau:

o

1/(1- rx)" = Z ko1 F x

ma trudng hop riéng cua né la

Hl-r)=14+mx+r2 X2+ + ...

Thi du 1. Giai cong thic dé qui
h,=4h,,,
hy=0,h =1.
Giai. Goi g(x) = h, + h, x+ h, X* + ... 1a ham sinh cha day s6 can tim. Ta cé
gy =hy+h x+h, X +..+h, X"+
-4 % g(x) = -dhy P -dh, x* - ... -4k, X" -
Do h,=4 h,, va hy=0, h, = 1, nén cdng hai dang thic trén ta thu dugc
gy -4 X g(x) = hy+ h, x = x,
hay
g(x) = x/(1- 4x%) = 1/(1 - 2x)(1 + 2x).
Sir dung phép tach phan thiic, ta viét g(x) dudi dang
gx) = a/(l - 2x) + b/(1 + 2x),

trong d6 a va b 1a cdc hang s6 can xdc dinh. Dé dang tinh dugc a = 1/4 va b = -1/4. Tit
do ta co
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Chteomg 2. Bai todn dém

o) = ;‘1— (/L - 20 -1/ + 240]
B NI
4/{=0

h, = % [2'-(-2)1.k=0.1,....

Thi du 2. Day s6 Fibonaci (Leonardo di Pisa hay Fibonaci (quang i17C - 1226) 1a nha

todn hoc Y). Dy s6 Fibonaci la diy s6 dugc xdc dinh bdi cong thic dé qui
.fn zf;r-l +f;l-2’ n 2 2,
f;l = ] vfl = 1.

Ta s€ tim cong thitc cho s6 hang téng quat clia ddy s6 nh¢ phuong phdp ham sinh.
Xét ham sinh

Fxy= Y fx".

n=0
Tacé
s o] o
Fx) = anxn =fy+fv+ anx"
n=0 n=2
x
=fitfiv+ Z(fn—i + o)X
n=2
= fo+fix+ an-"’Hl + anxn+2
n=| n=0
=fy +fix +x(F(x)-1) + ¥ F(x).
Vay
F(x)=f,+fx +x(F(x)-1) + X* F(x),
suy ra
1
Flx)= ————.
I—x— x>
1-
Taco (I-x-)=(1-ax)(l + Bx), véi a= T\/g,ﬁ-—- I+2J§.
Viét lai F(x) dudi dang
Flv) = 4 + B ,
l—ox  1- f
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Phdn 1. Ly thuyét 16 hop

ta tim duoc A = /(e - £), B=-f/(a - f). Do dé

N a B | - a" X
F('\)_a—ﬂ[ln } Z a-p3 !

T do

Thi du 3. So6 Catalan (Charles Catalan (1814-1894) 14 nha todn hoc Bi)

S6 Catalan Ja mat con sé quan trong trong té hop, 12 19i gidi cha nhiéu bai todn dém t6
hop quan trong. Ta dan ra & ddy mot trong nhitng bai todn nhu vay. Xét viéc tinh tich
cua cic ma tran:

A= AA, .. A,

Do tich ma tran c6 tinh chét két hop nén c¢6 nhiéu cich dé thuc hién viéc tinh tich trén.
Vi du khi n = 3, ta ¢6 thé thuc hién viéc tinh tich

A= AAAA,
theo 5 cdch sau
A = ASA(AA)) = A((A,ADA,)
= (AA))(AAY) = (A(A,14))A; = (AA))A)A,.

Goi ¢, 1a s6 cdch thyc hién viéc tinh A, Dé thay
=1, ¢,=1, |

Néu ta dat dau ngodc phan tich dau tién vao sau thira s6 A,:
A=(AA, . A)AuiArg o A,

thi do ¢6 ¢, cich thuc hién viéc tinh A4, ... A, va ¢, cdch thuc hién viéc tinh A, |4,,,
..A, , suy ra cé ¢ ¢,,., cach tinh A trong truong hop nay. Do ddu ngoac phan tich dau
tien cé thé datsau A, i =0, 1, ..., n-1, nén ta thu dugc

n—i
Cu = chcl‘l—k—l *
k=0

Cr’ -
Xét ham sinh cla day s6 {c,}: Cx)= Y cx' . Taco
i=0
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Chiong 2. Bai todn dém

o o
C¥x) = Z(,‘;nxm chxn_ Z( Z,(m r- m] Zcer

m=0 n=0 r=0\m=0
Vi thé

Clx) = v C¥x) +!
Giai phuong trinh nay theo C(x) ta thu dugc

¥

Ta phan tich f(x)=+/1-4x thanh chudi dua vao cong thic Taylor
w *(/\') 0
f) =70+ Y L Bk
k=l )

Ta cé

k ! —]-—k
i/;-(l —4x)2 = %[%—I)...(%-k + 1](1 —4x)2  (-4)

-~

] l
~—k
=2K13..Qk-3)1-40)2 =20k -1)CE! -,(1—4r)2

vi thé

\ fm—l-?Z Chlyxt

Thay vao cong thitc tinh C(x), trong d6 10 rang cin chon nghiém

hop v6i diéu kién ¢, > 0, ta thu duge
e8] 1 /\ | xR 1 k
C=>-C =y —
2 -2% 2
ik s k+1
Tt d6 ta tim dugc

|
¢, = —C
Yok 2%

Pé v dén cong thic Stirling tinh gan ding n!

n
nl=+2m [n_]

e

| —~1-4x
x

dé phi
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Phdn 1. Ly thuyét té hop

ta c6 thé tinh gdn diing ¢, theo cong thic:

4
/(2

Cp =

2.6. Liét ké

Viéc tim mot cong thic cho két qua dé€m, ngay ca trong truong hop cong thic truy hoi,
khong phai 1a dé thuc hién. Cho dén nay, con rat nhiéu bai todn dém chua c6 101 giai
dudi dang moét cong thie, PG véi nhitng bai todn nhur vay, ngudi ta chi con cdch chira
mot phuong phép liét ké, theo d5 c6 thé di qua tat ca cdc cdu kinh cén dém. Ro rang
ban than phuong phdp liét ké khong chi ra dugc mot két qua cu thé ndo, nhung qua nd,
ngudi ta c6 thé 1ap trinh cho may tinh dién tir dé nhd mdy tinh "dém" ho.

D€ thi du, ta xét mot cau hinh t5 hop ndi tiéng do hang loat nhitng cong trinh xung
quanh né va cho dén nay con nhiéu van deé cin giai quyét, dé la cac hinh chit nhat la
tinh.

Gia st S 1a mot n-tap. Khéng mat tinh tdng quat, ta cd thé gia thiét S latap {1, 2,

.t Mt hinh chit nhdt la tinh trén S 12 mot bang p dong, ¢ cot, sao cho mdi dong cua
né 12 mét chinh hgp khong 1ap chap ¢ clia S va mébi cot cia nd 1a mot chinh hop khong
lap chap p cua S.

Theo dinh nghia, ta ¢6 p < n, ¢ < n. Dic biét, trong truong hgp ¢ = 1, mdi dong
cua hinh chit nhat la tinh 1a mot hodn vi ctia §, sao cho khong ¢6 mot cot nao duge chira
phan tir 1ap lai. Hinh chif nhat la tinh dang nay dwoc goi 1a chudn néu dong dau clia né
lahoanwvi 1,2, ..., n.

Thi du

= NRVINN
S N9
—_ o
N =

3
4
5

W N -
S W N

ta mot hinh chif nhat la tinh chufn trén tapS=1{1,2,3,4,5,6,7}.
Goi L(p, n) 1a s6 hinh chit nhat la tinh pxn, con K(p, n) 1a s6 hinh chit nhat la tinh

chuén pxn. Ta ¢é
Lp,rny = n! K(p,n)

Dé dang thdy ring, s6 mat thd tu D, 12 s cdc hinh chit nhat la tinh chuin 2x n,

con s6 phan bd U, 1a s6 cdc hinh chit nhat la tinh chuin 3x n, véi 2 dong dau Ia
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Chueong 2. Bai todn dém

1 2 e n-1 "
2 3 7 i

Riordan J. (1946) da chitng minh céng thic
K(@3,n) = Z Ch. Dok Di.U,ns
k=0

trong d6 m = {n/2], U, = 1.

Bai todn dém s6 hinh chir nhat la tinh véi 6 dong nhiéu hon cho dén nay chua duge
giai quyét. Nguoi ta mdi chi dua ra dugc mot vai dang tiém can caa L(p, n) (Erdos P.
(1646), Yamamoto K. (1951)).

Néu p = ¢ = n, thi hinh chit nhat la tinh duoc goi la hinh vudng la tinh. M6t hinh
vuong la tinh cdp n dugc goi 1a chudn néu c6 dong ddu va cot dau la hoan vi 1 2 ... n.
Thi du mét hinh vuéng la tinh chuédn cdp 7

1 234567
2345671
345671712
4 5671123
5671234
6 712 3435
7123456

Goi /, 14 s6 hinh vuong la tinh nhu thé, 1a c6

Lin, )y =n! {(n-111, .
Viéc tim mét cong thic cho /, dén nay con dé ngo. Nhimg cong thic tinh K(p, n) cho
thdy rang di€u nay khong phai dé. Tuy nhién ta c6 thé 1ap mot chuong trinh cho mdy
tinh, liét ke tat ca cac hinh vuéng la tinh chudn cip n. Duéi day [a mot vai gia tri tinh
duogc:

n|1]2]13]4 5 6 7
1111114 56 9408 16942080

H
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Phan 1. Ly thuyét 16 hop

Bai tap

Nguyén ly cong va Nguyén ly nhan

1.ChoSkytwA,B,C. D E.

(a) C6 bao nhiéu xau ky tu do dai 4 c6 thé lap dugc tir cdc ky tu di cho. néu khong
cho phép lap lai ky tu?

(b) C6 bao nhiéu xau ky tu trong (a) bat dau tir B?

(c) Cé bao nhiéu xau ky wr trong (a) khong bit ddu tir B?

2. Cho X 1a tap n phan tir. C6 bao nhiéu bo ¢6 tha ty (A, B) thoamdn A c B < X?

3. Poan chu tich cla mdi cude hop gom 6 ngudi A, B, C, D, E, F can bau ra Ban lanh
dao gém | chu tich, 1 phé chi tich va I thu ky.

(a) Hoi c6 b2~ nhiéu cach khac nhau?

(b) C6 bao nhiéu cich ma trong dé mot trong hai ngudi A, B 1a cha tich?

(c) C6 bao nhiéu cach ma trong dé E 1a thanh vién cGa Ban lanh dao?

(d) C6 bao nhiéu cdch ma trong d6 D va F la thanh vién cta Ban lanh dao?

4. C6 bao nhiéu xau nhi phan d¢ dai 10 bat dau boi hoac la 101 hoac 1a 1117

5. C6 10 cuén sach khdc nhau, trong dé ¢6 5 cudn sach thudc Iinh vuc Tin hoc, 3 cudn
sdch thuoc linh vuc todn hoc va 2 cudn sich vé linh vuc nghé thuat. Hoi ¢6 bao nhiéu
cach chon ra 2 cudn sach ¢6 ndi dung thudc céc linh vuc khic nhau tir 10 cuén sach néi
trén?

6. C6 10 cubn sach khac nhau, trong d6 cé 5 cudn sach thudc Iinh vuc Tin hoc, 3 cuén
"sdch thuoc linh vuc todn hoc va 2 cudn sdch vé finh vuc nghé thuat.

(a) Hoi ¢6 bao nhiéu cdch xép 10 cudn sdch nay lén 1 gid sach?

(b) Hoi ¢6 bao nhiéu cdach xé€p 10 cudn sich nay 1én 1 gid sach sao cho tat ca cédc
cuén sdch Tin hoc dugc xé€p & phia trdi gia sach con hai cuén sich vé nghé thuat dugc
x€p bén phai? .

(c) Hoi ¢6 bao nhiéu cach x&p 10 cudn sach nay 1én 1 gid sich sao cho tat ca cdc
cuon sach thudc cung linh vuc duge xép canh nhau?

(d) Hoi ¢6 bao nhiéu cach x€p 10 cudn sich nay 1én 1 gid sach sao cho hai cuén
sach nghé thuat khéng duogc xé€p canh nhau?

7. C6 bao nhiéu s& ¢6 bon chif s6 co thé tao thanh tir cac chits6 0, 1, 2, 3, 4, 5 thoa mén
(a) khong ¢6 chit s6 nao dugce lap lai,
(b) cdc chit s6 duoc lap lai,
(c) céc s6 chan trong (b).
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8. Trén canh bén clia mot tam gidc ta ldy n diém, trén canh bén thi hai 18y m diém. Méi
mot trong hai dinh cla canh ddy dugc néi vdi cic diém duoc chon trén canh bén doi
dién boi cdc dudng thiang. Hoi

(a) C6 bao nhiéu giao diém cla cdc duong thang ndm trong da gidc?

(b) Céc dudng thang chia tam gidc ra lam bao nhiéu phian?

9. Mot can bo tin hoc do dang tri nén da quén mat khau clia phan mém mady tinh cla
minh. May mén 12 ank ta ¢da nhd mit khau ¢6 dang NIWN-G trong 46 NAN i cdc
chir s6, con XX la cic chit cai 18y trong bang chit cdi ¢ 26 chit. Hoi trong trudng hop
x&u nhat can phai thit bao nhiéu mat khau dé c6 thé tim lai mat khdu da dat?

10. Hoi ¢6 bao nhiéu bo ¢d thid ty gom 3 tap X, X,, X, thoa man
XuXuX, ={1,2,3,456.7.8} va XnXnX =2
Vi du: Hai bo
X, =1{1,2,3}, X,=1{1.4,8},X,=1{2,5,6,7)
va
X =1{1,4,8}), X,=11.2,3}, X,=1{2,5,6,7}
dugc coi la khac nhau.

Chinh hop, Hoan vi, Té hop

11. C6 bao nhiéu hoén vi cta cac chit cdi trong xiu ABCDEF ma trong dé cé chita xau
con DEF?

12. C6 bao nhiéu hodn vi cla cdc chit cii trong xau ABCDEF ma trong d6 c6 chita ba
chit cdi D, E, F dimg canh nhau?

13. C6 bao nhiéu cach x&p 6 ngudi vao ngdi quanh céi ban tron (hai ciach xép khong coi
la khdc nhau néu ching c6 thé thu dugc tir nhau bdi phép quay ban tron)?

14. C6 bao nhiéu céch x&p 7 hoc sinh nam va 5 hoc sinh nit ra thanh mét hang ngang
sao cho khong c6 hai nit sinh nao dung canh nhau?

15. C6 bao nhiéu xau nhi phan d¢ dai 32 ma trong d6 ¢6 ding 6 50 17?

16. C6 bao nhiéu xau ky ty ¢6 thé tao dugc tr cdc chit cai
MISSISSIPPI

17. C6 8 cuén sach khdc nhau. Hoi cé bao nhiéu cich phan cdc cudn sich nay cho 3
hoc sinh: Mo, Mai, Man sao cho Mo nhan dugc 4 cuén con Mai va Méan méi ngudi
nhan hai cuén?
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18. Gia sir X 1a tap ¢ phén tir. Ta goi 16 hop Idp chap k tir ¢ phdn tir ctia X1a mét bo khong
cd thit tu gom k thanh phan 14y tir cdc phén tir clia X,
Vidu: X={a, b, c}, cdc t6 hop 1ap chap 2 tir cdc phan tir clia X 1A

(aa),(ab),(ac),(bb) (be),(co).
Ching minh rang s6 t6 hop lap chap k tir 1 1a:
Clk+1-1,1-1) = Clk+1-1, k).
19. C6 3 rd dung cdc qua cdu xanh, do, tim. Mbi gid chi chita cdc qua cu cling mau va
mdi gid chifa it ra 1a § qua cdu.
(a) C4 bao nhiéu cdch chon ra 8 qua ciu?
(b) C6 bao nhiéu cich chon ra 8 qua cdu ma trong dé ¢6 it nhdt moi qua cadu do,
mot qua cdu xanh, 1 qua cau tim?
20. Xét phuong trinh:
X+ X + Xy + X, =20,

(a) Hoi phuong trinh da cho ¢é bao nhiéu nghiém nguyén duong?
{(b) Hoi phuong trinh da cho c¢é bao nhiéu nghiém nguyén khéng am?

Nguyén ly bu tru
1. Hoi trong doan tix I dén 1000 c6 bao nhiéu s hodc 12 s6 1é hoac 1a s chinh phuong
2. C6 bao nhiéu xau nhj phan do dai 8 khong chira 6 s6 0 lién nhau?

3. C6 bao nhiéu s6 c6 10 chit s6 v&i cdc chit s6 chila 1, 2, 3 ma trong d6 mdi chit s6 1,
2, 3 ¢c6 mat it nhat 1 14n?

4. C6 bao nhiéu xau nhi phan d6 dai 10 hodc 1a bat ddu bai 3 s6 1, hoac 1a két thiic boi 4
$6 0?

5. C4 bao nhiéu s nguyén duong nhd hon 10000 chia hét cho 7 nhung khong chia hét
cho 5 va 2?

6. CS bao nhiéu hodn vi cla cic s6 tu nhién 1,2,...,10 ma trong 46 3 s6 1, 2, 3 khong
diing canh nhau theo thit tu taing dan?

7. Hoi phuong trinh



Chuong 2. Bai todn dém

X+ X + X+, =29
c6 bao nhiéu nghiém nguyén khong am thod man

X £3, 5,212, x;<5,x,<10.

8. Mot 16p gébm 50 hoc sinh lam bai kiém tra gédm 3 c4u hoi. Biét rang mdi hoc sinh lam
duogc it nhat 1 cdu va s8 hoc sinh lam dugce cau 1 1a 40, cau 2 la 35, ciu 3 1a 30. Chung
minh ring 36 hoc sink 1am duac 2 3 cau khong veret qud 27,

Hé thic truy hoi

1. Giai cdc hé thirc truy héi sau
(@ a,=2a,,,nz1,
ay = 3.
(b) a,=5a,,-6a,,,n22,
a,=1,a,=0.
(¢) a,=4a,, -4a,,,n22,

ay=06,a,=

d) a,= 4a,,,nz22,
a,=0,a,=4

) a,=a,,/4,n22,
ag=1,a4,=0.

2. Lap cong thirc truy héi cho S, 1a s6 cach chia mot hinh chit nhat kich thudc 2 x n ra
thanh céc hinh chit nhat con ¢6 canh soing song vdi canh cta hinh chit nhat da cho va
véi kich thuée 1a 1 x 2,2 x 1, 2 x 2. Giai hé thidc thu dugc.

3. Lap cong thic truy hoéi dé dém F, 13 s6 xAu nhi phan d6 dai n khong chita ba s6 0 lién
ti€p. Tir d6 tinh F .

4. Lap cong thic truy héi dé dém Q, 1a s6 chinh hop lap chap » tir ba chit 56 0, 1, 2
khong chita hoac 1a hai s& O lién tiép hoac 1a hai s& 1 lién tiép. Tir d6 tinh Q,. Giai hé

thie thu dugc.

5. Xét ma trdn vudng

a) Ching minh ring
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An E!—l P“n
- F;) n+l ’

trong do F, 1a s6 hang thi 1 cha diy s6 Fibonaci.

b) Tinh det(A"). Tir d6 suy ra cong thitc: F, |F, — (F,)* = (-1)".

Ham sinh
1. Viét cong thic dudi dang giai tich cho ham sinh cuta cdc diy s6 sau
a)a,=3,n=0,1,2, ..
b) {ay ay, Gy a4, .7 = {0, 1,0, 1, ..}
2. Tim céng thic cho s& hang téng qudt a, cua ddy s6 {a,} ¢6 ham sinh la
a) G(x) = 1/(1 - 2x);
b) G(x) = 141 - X%
c) G(x) = 1/(1 + x - 2x%).
3. Sit dung ham sinh dé tim cong thitc duéi dang hién cho ddy s6 cho boi cong thic dé
qui sau day:
a)a,,, =a,+2,a,=-3;
b)2a,,=a,+a,,,a,=0,a, =1;

C)d,,,=3a,,-2a,+23),aqy=1;a,=2.
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Chitong 3. Bui toan ton tei

BAI TOAN TON TAI

3.1. Gigi thiéu bai toan

Trong muc trudc, ta di tap trung chii y vio viec dém sé cic cdu hinh t8 hop (s6 phan tir
clta cdc doi tuong 16 hgp) thod min nhing tinh chat nio dé, chang han dém s6 8 hop,
chinh hop, hoén vi, ... Trong nhiing biii todn d6 su 16n tai cha cdc cdu hinh la hién
nhién va cong viéc chinh la dém s6 phan tr thoa mén tinh chat dat ra. Tuy nhién, trong
rat nhiéu bai todn t6 hgp, viéc chi ra su 16n tai cia mot ciu hinh thod man cdc tinh chat
cho trude 1a hét sic khé khan. Chiang han, khi mét ki thi cin phai tinh todn cac nudc di
clia minh dé giai dédp xem liéu ¢6 kha nang thing hay khong, hodc la mot ngudi giai
mat ma can tim kiém chia khod giai cho mot bdc mat ma ma anh ta khong biét lieu day
c6 ding la bite dién that duge ma hod cta déi phuong hay khong, hay chi la bic mat ma
gia cua ddi phuong tung ra nham dam bao an toan cho bic dién that ... Nhu vay, trong
td hgp xuat hién mot van dé thit hai rat quan trong la: xét sur ton tai clia cdc cau hinh 6
hop v6i cdc tinh chat cho trude. Cic bai todn thuoc dang nay dugc goi la cac bai todn
160 tai to hop.

47



Phdn 1. Ly thuyét 16 hop

Mot bai todn t6n tai t8 hop xem nhu giai xong néu hoic chi ra mot cich xay dung
c4u hinh, hodc ching minh rang ching khong c6. Tuy nhién ca hai kha nang déu khong
phai dé. D€ thay rd su phic tap cta van dé, dudi day ta s& xét mot s6 bai todn ton tai td
hop cé dién néi tiéng.

3.1.1. Bai toan vé 36 si quan

Bai to4n nay dugc Euler dé nghi, ndi dung cua né nhu sau: c6 mot 1an ngudi ta triu tap
tlr 6 trung doan méi trung doan 6 st quan thudc 6 cap bac khdc nhau: thi€u ay, trung
uy, thuong uy, dai uy, thiéu t4, trung ta vé tham gia duyét binh & su doan bo. Hoi ring
c6 thé xép 36 si quan nay thanh mot doi ngd hinh vuéng sao cho trong méi mot hang
ngang cing nhu méi mot hang doc déu ¢é dai dién clia cé 6 trung doan va clia cd 6 cap
bac.

Dé don gian ta sé dung cdc chif cdi in hoa A, B, C, D, E, F dé chi cdc phién hiéu
trung doan con céc chir cdi thudmg a, b, ¢, d, e, f dé chi cdc cdp bac. Bai todn nay ¢
thé tdng qudt hod néu thay con s6 6 bdi n. Trong trudng hop n = 4, mot 1oi gidi cua bai
todn 16 s§¥ quan la

Ab Dd Ba Cc
Bc Ca Ad Db
Cd Bb Dc Aa
Da Ac Cb Bd

Mot 151 gidi trong trudong hop n=51a

Aa Bb Cc Dd Ee
Cd De Ea Ab Bc
Eb Ac Bd Ce Da
Be Ca Db Ec Ad
Dc Ed Ae Ba Cb

Do 1di gidi cha bai todn ¢6 thé biéu dién boi 2 hinh vuéng véi cac chir cdi la tinh
hoa va thudng chéng canh nhau nén bai toan téng quat dit ra con dugce biét dudi tén goi
bai todn vé hinh vuodng la tinh truc giao. Trong hai thi du trén ta ¢é hinh vuéng la tinh
truc giao cdp 4 va 5.

Euler da mat rat nhiéu cong siic dé tim 10 gidi cho bai todn 36 si quan thé nhumg
ong da khong thanh cong. Vi vay 6ng da dé ra gia thuyét 1a cdch x€p nhu vay khong tén
tai. Gia thuyét ndy dugc nha todn hoc Phdp Tarri chimg minh nam 1901 bang cdch
duyét tat ca moi kha nang xép. Euler can cit vao su khong t6n tai 101 giadi khi n=2 va
n=6 cdn dé ra mét gia thuyét téng quét hon 1a: khong tén tai hinh vuéng la tinh truc
giao cdp n = 4k + 2. Gia thuyét nay da ton tai sudt hai thé ky, mai dén nam 1960 ba
nha todn hoc My 1a Boce, Parker, Srikanda méi chi ra duge mot 101 giai v&i n = 10 va
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sau dé chi ra phuong phdp xay dung hinh vuong la tinh tryc giao cho moi n = 4k + 2,
vai k> 1.

Tudng chimg bai todn dat ra chi ¢é ¥ nghia thuén tuy cia mot bai todn d6 héc bua
thr tri tué con nguoi. Th€ nhung gan day ngudi ta da phat hién nhimg Ung dung quan
trong caa van dé trén vao quy hoach thuc nghiém, sip x&€p cdc lich thi ddu trong cac
giai co qudc té&, hinh hoc xa anh, ...

3.1.2. Bai toan 4 mau

C6 nhitng bai todn ma noi dung cua né ¢6 thé gidi thich cho bat ky ai, tuy nhién 1oi giai
ctia né thi ai cling c6 thé thir tim, nhung ma khé ¢6 thé tim dugc. Ngoai dinh 1y Fermat
thi bai todn 4 mau la mot bai todn nhu vay. Bi todn c6 thé phat biéu truc quan nhu sau:
ching minh ring moi ban dé trén mat phang déu cé thé t6 bang 4 mau sao cho khéng
¢6 hai nudc lang giéng nao lai bi t6 bdi cung mot mau. Chd ¥ ring, ta Xem nhu moéi
nude 1a mot vung lién thong va hai nude duge goi 1a ling giéng néu chdng cé chung
bién gidi la mot dudng lién tuc.

Hinh 1. Ban d6 khong t6 dugc béi it hon 4 miu

Con s8 4 khong phai la ngdu nhién. Ngudi ta da chimg minh duge rdng moi ban d6
déu duoc té vdi s6 mau 16n hon 4, con véi s6 mau it hon 4 thi khéng t6 duoc, ching han
ban d6 gom 4 nudc trén hinh 1 khong thé t6 duogc véi s6 mau {t hon 4.

Bai todn nay xuét hién vao khoang nhitng nam 1850-1852 tir mét nha budn nguoi
Anh 1a Gazri khi t6 ban dé hanh chinh nudc Anh di ¢6 ging chitng minh ring né cé thé
t6 bing 4 mau. Sau d4, nam 1852 éng ta da viét thu cho De Morgan d€ thong bdo vé gia
thuyét nay. Nam 1878, Keli trong mot bai bdo ding & Tuyén tap cdc cong trinh clia Hoi
todn hoc Anh c6 hoi rang bai todn nay da dugc gidi quyét hay chua? Tir d6 bai todn trd
thanh néi tiéng, va trong sudt hon mot thé ky qua di ¢6 rat nhiéu ngudi 1am toén,
nghiép du cling nhu chuyén nghiép, di 6 ging ching minh gia thuyét nay. Tuy nhién

49



Phdn 1. Ly thuyét té hop

mai dén nam 1976 hai nha todn hoc My la K.Appel va W.Haken m&i chitng minh dugc
gia thuy¢ét nay bang mdy tinh dién tir. Tat nhién mot chitng minh véi su gidp d& cla
mady tinh dién tr khong thuc su thod min duge nhu cdu cla cong chiing mudn kiém tra
tinh ding dan cua cdch ching minh. Vi vay, chinh hai tdc gia trén vio cu6i nhitng nam
1990 da cho céng bé mot cubn sich trinh bay vé phuong phdp ching minh cta minh
(cudn sdch day trén 8C0 trang). Cling vao nhirng nam cudi ctia thé ky 20, mot nhém cic
nha todn hoc M¥ da dua ra mot ching minh 6 1é kiém tra bdng tay! Rat tiéc 12 chiing
minh ndy cling khong phai 1a don gian. Cho dén nay cic nha todn hoc van dang nd luc
nghién ctu dé tim ra mot cdch chiing minh dé hiéu nhu ban than néi dung cla bai todn.

3.1.3. Hinh luc gidc than bi

Nam 1910 Clifford Adams dé ra bai todn hinh luc gidc thdn bi sau: trén 19 6 luc gidc
(xem hinh v& & duéi) hiy dién vao cdc s6 tir | dén 19 sao cho téng theo 6 hudéng cia luc
gidc ia bang nhau (va déu bang 38).

Hinh 2. Hinh luc gidc than b{

Sau 47 nam trgi kién nhén cudi cing 6ng ta da tim dugc loi giai. Sau d6 vi so y
ddnh mat ban thao éng ta di i6n thém 5 nam dé khoi phuc lai. Nam 1962 Adams da
cong bo oi giai dé (xem hinh 2).

That khong thé ngo 1a d6 1 131 giai duy nhat (n€u khéng tinh dén cdc 101 giai sai
khédc nhau boi phép bién hinh don gian).

3.1.4. Bai toan chon 2n diém trén ludi nxn diém
Cho mot luéi 6 vuong gém nxn diém. Hoi cé thé chon trong s6 chiing 2 diém, sao cho

khong ¢ 3 diém dugc chon nao la thang hang hay khong? Hién nay ngudi ta méi biét
duge rat it vé 101 giai cia bai todn trong nhiing tinh huéng khong tdm thuong. Cau hoi
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vé sur ton tai cua 11 gidi ca bii todn véi nhimg gid tri 1én cta # vin con dé ngo. Hinh 3
cho mot 101 giai véi n = 12:

e

Hinh 3. Mot o1 giai bai todn cua bai todn véi n = 12

3.2. Phuong phap phan chimg

Mot trong nhiing cdch giai bai todn ton tai la ding lap ludn phan ching: gia thiét diéu
dinh chitng minh 12 sai, tir d6 dan dén mau thuan.

Thi du 1. Cho 7 doan thing c¢6 Go dai Ién hon 10 va nho hon 100. Chiéng minh ring
luén tim dugc 3 doan dé cé thé ghép thinh mot tam gidc.

Giai: Chi y ring, can va du dé 3 doun ¢6 the ghép thainh mot tam gide 12 t6ng do dai
clia 2 doan nho phai 16n hon do dai cia doan 16n, ta sip cdc doan da cho theo thif tu
tang dan cua do dai a,, a,, ..., a; va ching minh ring trong diy di xép luon tim duge 3
doan lién tiép sao cho téng cla 2 doan diu Ién hon doan cuoi. Gia thi€t dicu nay khong
xay ra, nghia |2 dong thdi xay ra cdc bit dang thic:

a, + a, < da,,

IA

a, +a; < a,,

IA

a,+ a, < s,

IN

a, +as < ag,

IA

as+ ag < d,.

Tur gia thiét a,, a, c6 gid tri 16n hon 10. ta nhan duge @, > 20. Tr a, > 10 va a; > 20, ta
nhan duoc a, > 30, ..., ¢ nhu vay ta nhan duoc a, > 50, a4, > 80 va @, > 130. Bit dang
thitc cudi ciing mau thuin véi gia thiét cic do dai nho hon 100 va diéu dé ching minh
két luan cua bii todn.
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Thi du 2. Cic dinh cha mot thap gidc déu duge danh s6 boi cdc s6 nguyén 0, 1, ..., 9
mot cach tuy y. Chimg minh ring luon tim dugc ba dinh lién ti€p c6 téng cic s6 12 1on
hon 13.

Giai: Goi x;, x,, . . ., X la cdc sO géan cho cac dinh cua 1, 2, .. ., 10 cha thap giic. Gia
sir ngugc lai 1a khéng tim duogc ba dinh nao thod man khéng dinh cia thi du. Khi dé ta
co
ki =x +x,+x; <13,
ky=x,+ x5+ x, <13,
ky=xg+x,+x, <13,
K=o+ X, +x, £ 13,
T do6 suy ra
ki+k,+ ...+ kg <130
Mat khéc do
ki+hk+ . o4k =30 +x+ ..+ X))
=30+1+2+...+9)
= 135,
suy ra
135=k +k, + ...+ k,y <130.
Mau thuén thu dugc d3 chimg té khang dinh trong vi du 14 ding.

Thi du 3. Ching minh réng khong thé néi 31 m4y vi tinh thainh m6t mang sao cho méi
méy duge néi véi ding 5 may khac.

Giai: Gia st nguoc lai 1a tim dugce cach néi 31 may sao cho mbi mdy duge néi véi ding
5 mdy khidc, Khi d6 s6 lugng kénh néi 1a 5x31/2 = 75,5 ?! Mau thuin thu duoc da
chitng minh khang dinh trong thi du I ding,

3.3. Nguyén ly Dirichlet

Trong rat nhiéu bai toan t6 hgp, dé ching minh su tén tai cia mot cdu hinh v6i nhitg
tinh chét cho trudc, ngudi ta sit dung nguyén ly don gian sau, goi 1a nguyén ly Dirichlet:

Nguyén 1y Dirichlet. Néu dem xép nhéu hon n déi wwong vao n cdi hop, thi luon tim
duge mot cdi hop chita khong it hon 2 doi tugng. '
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Chitng minh. Viéc ching minh nguyén 1y trén chi 1a mot 1ap luan phan ching don
gian. Gia st ngugce lai 1a khong tim dugce cdi hop nao chira khong it hon 2 déi tuong.
biéu d6 c6 nghia 1a méi cdi hop chida khong qué mot déi tugng. Tir d6 suy ra téng s6
doi tugng x€p trong n cdi hop la khong vuot qué n. trdi voi gia thiét 1a ¢ nhiéu hon n
doi tugng duoc xé€p trong chiing.

Lap luan hoan toan tuong ty, ¢6 thé ching minh Nguyén Iy Dirichlet téng quét sau.

Nguyén Iy Dirichlet tong quat. Néu dem xép n doi vigng vao k cdi hop, thi luén tim
duoc mét cdi hép chita khéng it hon nlk déi teong.

Nguyén 1y trén duoe nha todn hoc ndi ti€ng ngudi Dic 1a Dirichlet dé xudt tir thé ky 19
va 6ng di dp dung né dé giai nhiéu bai todn ton tai 16 hop. Cic thi du duéi day cho ta
thdy nguyén ly duoc stir dung nhu thé nao.

Thi du 1. Trong s6 367 ngudi bao gid ciing tim duge hai ngudi ¢6 ngay sinh nhat giéng
nhau bdi vi chi ¢6 tat ca 366 ngay sinh nhat khac nhau.

Thi du 2. Trong kv thi hoc sinh gioi diém bai thi dugc danh gid bdi mot s6 nguyén
trong khoang tir O dén 100. Hoi rédng it nhét phai cé bao nhiéu hoc sinh du thi dé cho
chéc chan tim dugc hai hoc sinh ¢6 két qua thi nhu nhau?

Giai. Theo nguyeén ly Dirichlet, s¢ hoc sinh cén tim la 102, vi ta ¢6 101 két qua diém
thi khic nhau.

Thi du 3. Trong s6 nhiing ngudi céd mat trén trai dat luon tim duge hai ngudi ¢ ham
rang giong nhau, béi vi chi ¢é tat ca

2% = 4294967 296
ham rang khac nhau ma s6 ngudi trén hanh tinh chiing ta hién nay da vugt qua 5 ty.

Thi du 4. Trong 100 ngudi cé it nhat 9 ngudi sinh cing mot thang.

Giai: Xép nhiing ngudi ciing sinh mot thang vao mot nhom. C6 12 thdng tat ca. Vay
theo nguyén ly Dirichlet, ton tai it nhdt mot nhém ¢ khong it hon 100/12 = 8,3... nghia
1a 9 nguoi.

Thi du 5. C6 niam loai hoc bong khdc nhau. Hoi ring phai ¢é it nhat bao nhiéu sinh

vién dé chic chéan ring cé it ra 1a sdu ngudi cung nhéan hoc béng nhu nhau?
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Giai: S6 sinh vién it nhit cin ¢6 dé dim béao chdc chidn c¢6 6 sinh vién ciing nhan hoc
bong nhu nhau 1a $6 nguyén nho nhat n sao cho 7/5 > 5. S8 nguyén nhd nhat dé 1a n =
5x5+1 = 26. Vay 26 la s6 luong sinh vién nho nhat dam bdo chéc chin 12 ¢6 sdu sinh
vién cling hudng mot loai hoc bong.

Thi du 6. Bién s6 xe mdy phan khéi 16n gom 7 ky w:

NN - NNN - XX,
trong dé hai ky tu dau la ma s6 dia danh, ba ky tu tiép theo 12 s6 hiéu xe, méi ky tu 1a
mot s6 tir 0 dén 9, hai ky tu cudi 1a mi dang ky gom hai chit cdi 1dy trong bang chit cdi
la tinh gdm 26 chix cdi. Hoi ring, dé 6 2 triéu bién s6 xe mdy khac nhau thi can phai c6
it nhat bao nhiéu ma dia danh khdc nhau?

Giai: Vi mdi mot ma dia danh ta cé 10°.26° = 676.10" bién s6 xe mdy khdc nhau. Vi
vay dé€ c6 2 triéu bién s6 xe mdy khdc nhau, cin ¢6 it nhat
2.10%(676.10%),
nghia la 3 ma dia danh khac nhau.
Trong nhiéu \ng dung thi vi ctia nguyén ly Dirichlet, khai niém d6i tugng va cdi
hop cén phai duge lua chon mot cdch khon khéo hon. Tiép theo, ta s& dan ra mot vai thi
du nhu vay.

Thi du 7. Trong mot phong hop bao gid ciing tim duge hai ngudi cé s6 ngudi quen
trong sO nhitng ngudi du hop 12 bang nhau.

Giai: Goi s6 ngudi du hop la n, khi d6 s6 ngudi quen cua mot ngudi nao do trong phong
hop chi cé thé nhan céc gid tri tir 0 dén n-1. RS rang trong phong khong thé ddng thai
¢ ngudi cb s6 ngudi quen la 0 (tirc 1a khong quen ai ca) va ¢é ngudi cé s6 ngudi quen
12 n-1 (tic 1a quen 14t cd). Vi vay, theo s6 luong ngudi quen ta chi ¢6 thé phan n ngudi
ra thanh n-1 nhém. Theo nguyén ly Dirichlet suy ra c¢é it nhat mot nhém phai cé khéng
it hon hai ngudi, tirc 1a luén tim dugc it ra [a hai ngudi cé s6 ngudi quen la bang nhau.

Bai todn nay c6 thé phat biéu dusi dang ngon ngit hinh hoc nhu sau: trén mat phing

cho n diém, giita ching ¢6 mot s6 diém duoc ndi véi nhau bdi cdc doan thang. Khi dé
bao gid ciling tim duoc hai diém ¢6 cing mot s6 canh ndi phét ra tir chdng.
Thi du 8. Trong moét thing gém 30 ngay mot doi béng chuyén thi ddu méi ngay i nhat
mét tran, nhung khéng choi quéd 45 tran. Hay ching minh ring phai tim dugc mot giai
doan gém mét s6 ngay lién tuc nao d6 trong thdng sao cho trong giai doan dé doi choi
ding 14 tran.

Giai: Gia sir a; 1a tong s6 tran thi dau cho dén hét ngay thi j cha doi. Khi d6
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Ay, Uy ey dy,

la day tang cdc s nguyén duong via dong thoi | <« <45, Suy ra day

a+14, a,+14, ... ay+ 14
ciing la day tang cdc s6 nguyén duong va 15 < a,+14 <59,

Tit ca ¢6 60 s6 nguyén duong

ana ... dya+'d a4 a4,
trong dé tdt ca déu nho hon hoic bang 59. Vi vav theo nguvén Iy Dirichlet, hai trong s&
céc s6 nguyén nay phai la bing nhau. Vi cdc s8 a,, ..., a,, 1a d6i mot khiac nhau va cdc
$6 a,+14, ..., ay,+14 cing 1 doi mot khdc nhau, nén suy ra phai tim dugc chi s6 7 va j
sao cho a; = a+14. Dieu d6 ¢6 nghia 1a ¢6 ding 14 tran déu trong giai doan tit ngay j+1

dén ngay i.

'hi du 9. Ching minh rang, trong $6 n+1 s6 nguyén duong, moi s6 khong 16n hon 2n,
tao gio cing tim duge hai $6 sao cho s6 niy chia hét cho s0 kia.
Giai: Goi cdc s6 da cho la

s, oo, dy,, -

Viét mdi mot s6 a, trong #+1 s6 trén dudi dang:
a;= 2/"711, s =12, n+l

trong dé &; 1a nguyén khéng am. ¢, 1 s6 1é. Cic 86 ¢,. ¢,. ..., ¢,,, la cic s6 nguyén I¢
mbi s6 khong 16n hon 2n. Do trong doan tir 1 dén 2n chi ¢6 n s6 1€, nén tir nguyén 1y
Dirichlet suy ra 1 hai trong s& cic s8 ¢,, ¢, .., ¢,., 12 bang nhau, tic la tim dugc hai
chisgivaj saocho g, = ¢, =¢.Khidd ;= 2"*(1, a;= 2/‘fq. Suy ra néu k; < k; thig;

chia hét cho a;, con né€u &, 2 k, thi ¢, chia hét cho .

Thi du 10. Trong mat phang cho 6 diém duoc ndi véi nhau timg doi mot boi céc cung
mau xanh hodc mau do. Ching minh rang luon tim dugc 3 diém sao cho cdc cung néi
ching c6 ciing mot mau (ta sé ndi 1a ching tao thanh tam giac xanh hoac do).

Giai: Chon diém P nao d6. Tir né ¢é 5 cung néi véi 5 diém con lai. Theo nguyén ly
Dirichlet, c6 3 trong s6 5 cung d6 phai cé cing mét mau, chdng han Ia mau xanh. Gia
sir do la cac cung PA, PB, PC. Néu nhu mét trong s 3 cung AB, AC, BC c6 mau xanh
thi né cung véi hai trong s& ba cung PA, PB, PC tao thanh moét tam giac xanh. Néu
nguoc lai thi tam gidc ABC 1 mot tam gidc do.
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Thi du 11. Trén mit phang cho 9 diém duoc néi véi nhau déi mot boi cac doan néi ¢
mau xanh hodc do sao cho trong s6 3 diém bat ky bao gid ciing tim duogc hai diém duoc
ndi véi nhau bdi doan n6i mau do. Ching minh ring trong s6 cdc diém da cho ludn tim
dugc 4 diém ma céc doan thang néi ching déu c6 mau do.

Giai: Goi9diém dachola A, B.C,D,E, F, G, H, 1. Xét 2 trudng hop:

a) Tim dugc mot diém 1a ddu miit cla it nhat 4 doan néi mau xanh chang han diém
dé 1a A va cdc doan mau xanh dé la AB, AC, AD, AE. Theo gia thiét, trong s6 cac doan
néi bat ky 3 diém nao ciing cé it nhit mot doan mau dd, suy ra ciac doan BC, BE, BD,
CD, CE, ED la mau dd. Vay B, C, D, E 12 bon diém cin tim.

b) Méi diém déu |2 ddu mit cua nhiéu rhat !a 3 dean néi mau xanh. Trong trudng
hgp nay, khong thé tit ca 9 diém déu la ddu miit cha diing 3 doan néi mau xanh (ching
minh tuong tu nhu trong thi du 3, muc 3.2), tir d6 suy ra phai tim duoc diém (I chang
han) 1a ddu muiit cta nhiéu nhat 12 2 doan ndi mau xanh. Khi d6 I 14 ddu miit cta it nhat
6 doan mau do, chang han IA, IB, IC, ID, IE, IF. Theo két qua cua thi du 10, trong s6 6
diém A, B, C, D, E, F phai c¢6 it nhat 3 diém, chang han A, B, C, sao cho cdc doan néi
chiing c6 cung mau, va tr gia thi€t suy ra mau dé phai la mau do. Vay I, A, B, C la b6n
diém cdn tim.

3.4. Hé dai dién phan biét

Trong nhiéu tinh huéng, su t6n tai ctia cAu hinh t6 hop phu thuéc vio mot s6 diéu kién
rang budc cdc tham s& ban ddu. Mot trong nhitg hudng giai quyét 1a ngudi ta ¢6 ging
phdt hién ra cc diéu kién d6. Bai toan hé dai dién phdn biét trinh bay dudi day 12 mot
minh hoa cho huéng tim ki€m nay.

Giasua S, S,, ..., S,, 1amot ho céc tap con cia mot tap hop S (cdc S, khong nhét thiét
khédc nhau). Ta goi mét bo ¢é that tr a,, a,, ..., a, 12 mot hé dai dién phdn biét cia ho
nay néu a, € S, va a, #a, (i #j). H¢ dai dién phan biét duoc viét tat la TRAN
(transversal) va thanh phan a, ciia hé dugc goi 1a dai dién cuatapcon S; (i = 1, ..., m).

Thidu. S=1{1,2,3,4,5},5,=1{2,5},5.=1{2,5},5;,=11,2,3,4},5,=(1,2,5} ¢o
TRAN la (2, 5, 3, 1). Mot TRAN khdc ctia ho nay 1a (5, 2, 4, 1).

Khong phai lic nao cling tim dugc TRAN. M6t diéu dé nhan thdy 1a néu ho dang
xét c6 TRAN, thi moi hgp cua & tip bt ky trong ho phai ¢6 it nhat & phan tir (vi luon
tim dugc k dai dién khdc nhau cua £ tap d6). Né6i khac di, néu tim dugc & tap nao dé cuia
ho, ma hop cla ching ¢6 it hon & phdn t, thi chic chin ho dang xét sé khong c6
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TRAN. Ching han trong thi du trén. néu thay tap S, ca ho dang xét béi tap (2, 5}, thi
ho nay sé khong ton tai TRAN, vi §, U S, §, = {2, 5} ¢c6 it hon 3 phan tu.

P. Hall da ching minh dugc diéu kién can vira néu, cling dong thoi 1a di cho sur tén
tai TRAN, qua dinh ly danh gid can dudi cia $6 TRAN dudi day:

binh ly Hall. Gid su cdc tdp con S,. S, .... S, thod man diéu kién:
N(Si US,‘TU...USI“) 2k (1)

voi mei 1 Sk<m. VS0, <iy<.. <i £m vamé: tdp con nay chua it nhdt t phdn .
Khi dé:

.néut <mthi ho dang xér cé it nhdr 1t TRAN

. néu t > mthi ho dang xét ¢6 it nhar 1'/(1-m)t TRAN.

biéu kién (1) duge goi 1a diéu kién Hall va ta goi mot ho con cua ho S, S,, ..., S, 1a 1di
han néu d6i v6i né bit dang thirc (1) trd thinh dang thiic,

Ching minh. Quy nap theo n. V&im = [, tacé 1 = r!/(-1)! TRAN, dinh ly ding. Gia
st dinh 1y ding cho moi ho tdp con ctia S ¢d it hon m tap, ta cdn ching minh dinh 1y
ding cho ho tap con gom m tap. Chia lam 2 truong hgp:

. Khong cé ho con téi han. Chon «, a mot phan tu cha §,. Loai nd ra khai S,, S,

., S,, (n€u ¢6 mat) va goi ho nhan duge 1a S, S4',.... S, . Dé dang thir lai ho nay thoa
min diéu kién Hall vd méi tap thudc ho ¢6 it nhat ¢~/ phin tir. Theo gia thiét quy nap ho
nay cé it nhat (+-1)! TRAN khi 7-1 < m-1 hay ¢ < m va ¢o it nhat (¢-1)1/(t-m)! khi -1 >
m-1 hay 1 > m. Mat khdc, mdi TRAN cua 8, §y,.... S, cing véi a,, xdc dinh mot
TRAN cta S, S, ... S,, (q, dai dién cho §)). Diéu nay ding cho mdi cich chon q,
trong s6 it nhat t cach chon nd tir §,. T d6 nhan duge dinh gid can chinmg minh.

. C6 mot ho con t6i han. Khong miit tinh tong qudt, ¢6 thé gia thi€t ho d6 12 S, S,,
ey 8¢ (k< m). Tu su ton tai cha ho con tdi han suy ra r < k, vi vay theo gia thiét quy
nap, ho §,, S,, ..., §; c6 it nhdt ¢! TRAN. Goi T'= («a,, a,, ..., @) 1a mot TRAN nhu thé.
Bo cdc phan tlr cha 7', n€u c¢6 mat, ra khoi cac tap S,,,, ..., S,, va goi cdc tap thu dugce la
S S Khidého S, .., 8, s&thod min diéu kien Hall. That vay, néu ¢é mot
ho con gbém k" tap cla ho dang xét, ma hgp cia chiing it hon &' phan tt, thi ho con gém
k+k"tap ctia ho S;, S,, ..., S,, nhan dugc bang cdch ghép ho con nay v6i ho §,, S,, ..., S,
s& c6 hgp it hon k+k’ phan t& va diéu ndy 1a mau thudn véi gia thigtcua dinhly. Nhu
vay ho S, ,, ..., S, c6 it nhat mot TRAN. Ly it nhat /! TRAN cda ho §,. S, ..., S, ghép
véi TRAN nay, ta dugc it nhat /! TRAN ctaho §,, S,, ..., S, Dinh ly dugc chdng minh.

Viéc xét su ton tai cling nhu xay dung TRAN ¢6 nhiéu dng dung trong thuc té.
Dudi day la mot s6 bai todn ma viéc giai quyét nd dugce dua vé viéc xay dung TRAN.
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Bai toan nguoi thi hanh. C6 m nguoi thi hanh va n cong viéc. Gia st vGi méi ngudi thi
i, ta biét dugc tap S, 1a tap hgp cédc cong viéc ma ngudi dé ¢6 thé 1am. Hoi ¢6 thé phan
cong mdi ngudi 1am mot viéc khong?

Loi gidi cha bai todn duge dan vé viéc xét sy ton tai TRAN cha ho {S,} va viéc xay
dung mot TRAN chinh a xay dung mdt su phan cong nhu thé.

Bai toan chuyén mach. Xét mot hé thong chuyén mach don gian gém 2 nhém cic cuc:
ddu vao va dau ra. Tai ddu vao s& xudt hién doi hoi vé n6i mach. Doi héi nay cé thé
duoc thoa man bang cdch ndi né véi mét dau ra nao d6. Tap hop cédc dau vao ¢6 doi hoi
ndi mach duoc goi la danh muc doi héi. Pau vao ndi véi dau ra qua mot mach néi va
mach ndi nay can phai khong duge ban nghia 14 né chua phuc vu cho diu vao nao. Cac
mach ndi nhu vay goi 12 danh muc ty do. Khong giam tong quat, ta c¢é thé coi ring danh
muc doi hdi gdm m dau vao dau tién va S, 1a tap céc chi s6 cdc mach ndi tu do ma theo
do, dodi hoi tr dau vao i c6 thé dugc chuyén t6i mot ddu ra. N€u ho S,, S, ..., S, ¢6
TRAN thi dong vao gém m doi hoi ¢ thé dugc phuc vu bai thiét bi chinh mach. Trong
trudong hop khong t6n tai TRAN thi can phai diéu chinh lai céc mach néi dé chon cach
ndi khac.

Bai todn dam cudi ving qué. Tai mot lang qué no ¢ m chang trai dén tudi 1y vg. Véi
méi chang trai /, ta bi€t tap S, cdc c6 gdi ma chang ta thich. Hoi rang ¢6 thé ghép mébi co
cho méi chang ma chang ndo ciing vira y hay khong? R6 rang bai todn duge din vé viéc
xét su ton tai TRAN cua ho {S;}. Trong truong hop t6n tai, méi TRAN sé€ tuong tng véi
mot cdch ghép mong mudn.

Trong nhiing trudng hop su t6n tai chia TRAN 12 hién nhién thi ngudi ta quan tam
dén viéc dém hoac liét ké ching. Dudi day 1a hai thi du d6m TRAN ma két qua dém
dugc dén vé cdc c4u hinh da biét.

Thidu 1. Xéttap {1, 2, ..., n}. P€m s6 TRAN cia ho tap con

S =S-{i},1<i<n.
Giai: Mdi TRAN la mot hodn vi (a,, a,, ..., a,) cua {1, 2, ..., n} sao cho a; #i vdi moi ,
do vay cd thé déng nhat méi TRAN v6i mot mat thi ty trén tap dang xét. Tur d6 nhan
duoc s6 TRAN can dém [a D, (s6 m4t thit tu - xem chuong 2).

Thi du 2. Bém s6 TRAN cuahotapconcuatap {1, 2,..,n}: 5, =1{1,2},S,=11,2, 3},
S$;=12,3,4}, ...,S,,=tn2,n-1,n),S, = {nl, n}.

Giai: Dé bai todn x4c dinh ca v6i n =1, ta xem trong trudng hop nay S, = {1}. Goi F,
1a s6 TRAN can dém (ing v6i n > 1). Chia cdc TRAN nay thanh 2 loai:
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e | la dai dién cho §,. Khi d6 cac thanh phan con lai s& 1a mét hé dai dién cta ho

{2,3},1{2,3,4}, .., {n-1, n}. Do vay loai nay ¢6 F,, TRAN.

e 2 ladaidién cho S,. Khi d6 bat bugc | phai la dai dién cho S, va cdc thanh phan
con iai s&€ 1a mot hé dai dién cua ho {3, 4). {3, 4,5}, ..., {n-1, n}.Vay loai nay
c6 F,, TRAN.

Tir d6 nhan duoc hé thae F, = F, | + F,. Cac gid i F, =1, F, =2 duge tinh trre
ti€p. bay cting 1a hé thic truy héi xdc dinh cac s6 Fibonaci (xem chuong 2).

3.5. Dinh ly Ramsey

3.5.1. Baitoan mé dau

Trong muc 3.3 ta di xét bai toan: Trong mat phing cho 6 diém dugc néi v6i nhau timg
do6i mot boi cdc doan néi mau xanh hodc mau do. Ching minh rang luén tim dugc 3
diém sao cho cdc doan n6i ching ¢6 cling mot mau (ta sé néi 1a chiing tao thanh tam
gidc xanh hodc do).

Lap luan dé giai bai todn dugc dya trén nguyén ly Dirichlet.

Mot cach phat biéu khdc cua két qua vira ching minh 1a: Trong s6 6 ngudi tai mot
ban tiéc ludn tim dugc hoac ba ngudi déi mét quen nhau hodc ba ngudi doi mot khoéng
quen nhau.

Trong muc ndy ching ta s& con khao sit cac van dé: Hoi it nhét phai c6 bao nhiéu
ngudi dé chic chin tim duogc hoidc 4 ngudi doi mot quen nhau hoic 4 ngudi doi mot
khéng quen nhau? Hoi it nhat phai ¢ bao nhiéu ngudi dé chic chin tim dugc hodc 5
ngudi doéi mot quen nhau hodc 5 ngudi doi mot khong quen nhau?

Con s6 nho nhat vira néi dén trong cac cau hdi vira néu dugc goi la céc s6 Ramsey,
mang tén nha todn hoc ngudi Anh da ching minh dugc dinh 1y néi ti€ng trong ly thuyét
tap hop la su tong quat hoa nguyen 1y Dirichlet.

3.5.2. Cac so Ramsey

D¢ ¢6 thé phét biéu nhing két qua 1dng quat hon chiing ta can dén mot s6 khdi niém.

Pinh nghia 1. Goi K, la b6 gém hai tdp V, E, trong dé V la tdp gom n diém con E la tdp
cdc doan néi giita tdt cd cdc cdp diém trong E. Ta sé ky hiéu K, = (V, E). Ta sé goi cdc
phan it cia 'V la cdac dinh, va 'V la tdp dinh ciia K,. Méi doan néi hai dinh u, v € V sé
duoc goi la moét canh cua K, va ky hiéu la (u, v), va tdp E dwoc goi la tdp canh cua K.,
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Ta c6 thé phdt biéu lai két qua néu trong muc trudc nhu sau: Gia st mdi canh cia K,
dugce t6 boi moét trong hai mau xanh hoac dd. Khi dé K ludn chia hoac K, véi tat ca cac
canh dugc 16 mau xanh (goi tit 1a K, xanh) hodc K, véi tit ca céc canh duoc t6 mau do
(goi tat ia K; d6). Chiing ta sé n6i ring s8 6 ¢4 tinh chat (3,3)-Ramsey. Téng quat hon
ta c6 dinh nghia sau.

Pinh nghia 2. Gid sii va j la hai s6 nguyén sao cho i 22, j 2 2. 86 nguyén duong m cé
tinh char (ij)-Ramsey néu K, véi méi canh dwoc t6 boi mét trong hai mau xanh, do
luén chita hodc la K; dd hodc la K; xanh.

Tu két qua 6 muc trude ta thdy 6 ¢6 tinh chat (3,3)-Ramsey. Nhung liéu 6 c6 phai la s¢
nho nhat ¢o tinh chat nay hay khong? Gia sit cdc canh cla K duoc t6 mau nhu chi ra
trong hinh vé& duéi day (do - dam, xanh - nhat).

R rang khong thé tim dugc K, do (dam) cling nhu khong thé tim dugc K, xanh (nhat).
Nhu vay s8 5 khong c6 tinh chét (3,3)-Ramsey. Dé dang thdy rdng moi s6 nguyén
duong nho hon 5 ciing khong c6 tinh chat (3,3)-Ramsey. Vay 6 1a s6 nhd nhét ¢d tinh
chat nay.

Dinh nghia 3. S6'Ramsey R(i,j) la s6 nguyén duong nhd nhdt ¢é tinh chdt (i,))-Ramsey.

Chéng han, tir két qua vira trinh bay & trén, ta c6 R(3,3) = 6, vi 6 ¢6 tinh chat (3,3)-
Ramsey, va nhimg s6 nguyén duong nho hon n6 khong c6 tinh chat nay.

Thi du 1. Tim R(2,7) - s6 nguyén duong nho nhat c6 tinh chat (2,7)-Ramsey.
Giai: Trude hét ta tim s6 nguyén duong n sao cho véi moi cach to cac canh cia K, bdi

hai mau xanh, dé luén tim duoc hoac K, do hoac K, xanh. R(2,7) 1a s6 nho nhat ¢d tinh
chat nay. Xét mot cdch t6 mau (tuy ¥) cdc canh cia K. Ré rang hoac 1a tim duoc it nhat
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mot canh cia K, duge t6 mau do. hoidc 1a it ca cdc canh cha né déu duge to bdi mau
xanh. Né&u c6 canh t6 mau do thi o rang t ¢ K, do. Con néu tat ca cdc canh déu t6 boi
mau xanh thi ta ¢6 K, xanh. Vay s6 7 ¢6 tinh chat (2,7)-Ramsey, va vi thé R(2,7) < 7.
Nhung R(2,7) khong thé nhd hon 7, boi vi néu to tat ca cdc canh cta K boi mau
xanh ta s€ khong tim duge K, do va ciing khong tim duge K, xanh.
Vay R2,7)="1.

S& dung lap luén trong vi du vira irinh bay tu ¢6 thé chi ra ring:
R(Q2.ky=k,v6imoik 2 2.
Cic tinh chat co ban sau day cua s6 Ramsey R(i,j) ¢6 thé ching minh béng cdc lap luan
tuong tu nhu trong cic vi du da trinh bay:

I R(i,)) = R(.i);

2. Néu m ¢ tinh chat (i,/)-Ramsey, thi moi s6 n > m cling c6 tinh chit nay;

3. Néu m khong c6 tinh chat (i,j)-Ramsey, thi moi s6 n < m cling khong cé tinh
cha: nay;

4. Néui, 2 i, thi R(i,j) 2 R(i,4).

Dé y riing khi tim s6 R(ij) ta cdn xét su ton tai cha K, do hodc K, xanh; nghia la
mau do lién quan dén bién i, con mau xanh lién quan dén bién j. Tuong tu nhu vay, khi
tim R(j,i), mau d6 lién quan dén j con mau xanh lién quan dén i. Do R(/,j) = R(j,i) nén ta
chi cdn quan tdm dén hodc 1a R, ¢6 cdc canh duge to boi cing mot mau (goi tat 1a R,
ciing mau), hodc R, cling mau.

Viéc xdc dinh s6 Ramsey R(i,j) ddi hdi ching ta phai tim s6 nguyén duong nho
nhét cé tinh chat (i j)-Ramsey. Mot ciu hoi dat ra 1a: Liéu s6 nay cé ton tai véi moi i 2

2, j > 2 hay khong? B6 dé va dinh Iv dudi day sé tra 161 cau hoi dit ra.

Bé dé 1. Néui>3vaj>3 thi
R(ij) <RGj-1) + RG-1,). (1)

Chitng minh. Gia st m = R(i,j-1) + R(i-1,j). Ta s& ching minh r3ng m c6 tinh chat (i)
Ramsey. Gia sl cdc canh cla K, dugc to bdi hai mau xanh, do, va v 1a mot dinh cia K,
Ta phan tap dinh V cta K, ra lam hai tap:

A - tap tat ca cac dinh néi vdi v bdi canh do;

B - tap tat ca cdc dinh ndi véi v bai canh xanh.

Al + Bl = |AUBl =m - 1 =R(i j-1) + R(i-1y) -1
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nén hoac 1a 1Al > R(i-1) hoac 1a IBl = R(i j-1). Thuc vy, néu trai lai ta c6 Al < R(i-1 )
va IBl < R(i j-1), tir d6 suy ra diéu phi ly sau
m-1=1AUB < R(ij-1)+ R(i-1j) -1 =m -1.

Xét trudong hop lAl 2 R(i-1,)). Goi K,,, 1a bo gom tap dinh A va tap canh la cdc canh
ndi cdc dinh trong A cha K. Ta s& chi ra rang K, hoac chita K, d6 hoac chita K xanh.
Do lAl 2 R(i-1,/), nén K, hoac chtra K., dd hoac chia K, xarh. Néu K, chfa R, do thi
pd sung vdo né dinh v va cic canh néi v véi céc dinh trong A ta thu duge R, do. Vay K,
va do d6 K, luén chira hoic K; do hoac K, xanh.

Truong hop Bl > R(i j-1) dugc xét tuong tu.

Nhu vay m c6 tinh chdt (i,/)-Ramsey, tr d6 suy ra bat dang thuc (1) dugc ching
minh.

Tir két qué ctia b8 dé sir dung phép qui nap todn hoc ta cé thé ching minh két qua sau
day:

Pinh 1y 1 (Pinh 1y Ramsey). Néu i 2 2, j 2 2 la cdc s6 nguyén duong thi ludn tim dugc
$O nguyén duong vdi tinh chdt (i,j)-Ramsey (1 dé suy ra so R(i,j) la t6n tai).

Chitng minh. Gia sit P() |a ménh dé sau:

P(n): Néu i + j = n thi luén tim dugc s6 nguyén vai tinh chdt (i,j)-Ramsey.
Khin=4, tacéi=j=2,tir két qua cla vi du I suy ra P(4) la ding. Gia sir P(n) diing,
ta phai ching minh P(n+1) cling ding. Gia st/ + j = n+l. Suyrai+ (j-1)=nva(i-1) +
J = n. Theo gia thiét qui nap, ludn tim duoc s6 nguyén cd tinh chat (i, j-1)-Ramsey va s6
nguyén véi tinh chat (i-1, j)-Ramsey. Tir d6 suy ra cdc s6 R(i j-1) va R(i-1y) la ton tai.
Tir d6 va tir bat dang thite (1) suy ra s6 R(/,j) ciing ton tai. Vay P(n+1) |2 diing.

Theo nguyén 1y qui nap P(n) ding véi moi i 2 2, j > 2. T d6 suy ra R(i,j) lubn ton

tai véimoii = 2,72 2.

Chiing ta dé cé cédc két qua sau:

R(2.k) = R(k,2) = k;
R(3,3) = 6.

Khii > 2,j 2 2, viéc tim cdc s6 R(i,j) cang kho khi {, j cang 16n. Hién nay mdi chi biét
rt it cidc s6 Ramsey. Ching ta s€ tinh thém mot vai s6 Ramsey.

Thi du 2. Tim R(3.4).

Giai: Tirbd dé 1 ta cé
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R(3,4)<R(3B3)+R24)=6+4=10.

Dé xdc dinh xem ¢6 phai R(3.4) < 10, ta phai x€t tit ca cdc cdch t6 mau canh cla K,
Néu K, khong chira K, do cing nhu khong chita K, xanh v6i mot cach t6 mau canh cta
nd nao do, thi R(3,4) = 10. Con néu nhu ung vé1 moi cach 10 mau, Ky ¢6 hoac K, do
hodc K, xanh thi ta lai phai xét van dé d6 cho K. Viéc xét tat ca cdc cdch td mau canh
cia K, khong phai 1a dé dang. do K, ¢6 36 canh nén cé tit ca 2* > 60x10° cich t5 mau
khéc nhau.

R4t may |a ta khong can khao sat cac cich t6 mau K, vi c6 thé sir dung két qua sau
day:

Néu i 2> 3,/ 2 3 vanéu R(i j-1) va R(i-1) 1a cdc $6 chan thi

R(ijy <RGj-1)+R(i-1)-1 (2)
Chitng minh bat ding thirc (2) dva vio chitng minh cia Bo dé 1.
Str dung (2), khi i =3, j = 4, ta thu dugc
R(3,4)<R(33)+R24)-1=6+4-1=09,

va nhu vay R(3,4) <9 .
Dé chi ra 8 khong c6 tinh chat (3.4)-Ramsey, xét cich t6 mau Ky mo ta trong hinh
vé 2, trong dé cdc canh lién nét duge t6 mau do, con cac canh dit nét duge t6 mau

xanh.

Hinh 2. T6 mau K

R& rang khong thé tim duge K, do ciing nhu K, xanh. Vay R(3.4) = 9.

Vidu 3. Tim R(3,5).
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Giai: Tir (1) tacéd

R(3,5)<R(34)+R2,5)=9+5=14.
Ta sé chiing minh R(3,5) = 14, bang cdch chi ra ring s6 13 khong cé tinh chat
(3,5)-Ramsey. V& K;, cdc dinh cta né danh s6 tir 1 dén 13. To mau dd cho canh (i)

néuli-j1=1,5,8hay 12. T6 miu xanh cho cic canh con lai. C6 thé kiém tra dugc
rang véi cach t6 mau do K, khong chita K, do cing khong chita K xanh.

Bang dudi day cho ta nhitng gid tri da biét cua R(/ )

iNjl2] 3 4 5 6

2 |2

3 {3 |6

4 |4 |9 18

5 |5 [14 [25-27 [43-52

6 |6 [18 [34-43 [57-94 |102-169
7 17 [23 [>49 >76

8 [8 [28 [>53 >94

9 [9 |36 [>69

Cac s6 R(3,3), R(4,3), R(5,3) va R(4,4) dugc tim thay tir nam 1955 boi A.M. Gleason va
R.E Gleenwood, R(6,3) - J.G. Kalbfleisch nam 1966, R(7,3) - J.E. Graver, J. Yackel
nam 1968, R(8,3) - B. McKay va Z.Ke Min mdi gan day, R(9,3) - C.M. Grinstead va
S.M. Robets nam 1982.

3.5.3. Tong quat hoa

Cic s6 Ramsey gidi thiéu trong muc trude chi 1a mot trong ho cdc s6 Ramsey. Trong
muc nay chiing ta s& xét mot ho cdc s6é Ramsey téng quat hon.

Chang han, né€u ta t& mau céc canh cha K, bdi ba mau xanh, dé, tim, thi s6 n it nhat
phai 1a bao nhiéu dé chic chin tim dugc hoidc K, do, hoic K, xanh hoidc K, tim? S n
nho nhat ¢6 tinh chat nhu vay ta sé ky hiéu 1a R(3,3,3;2). Con s6 2 dugc viét nhu la mot
thanh phdn cua R(3,3,3; 2) bdi vi cac canh (d6i tugng dugce té mau) duge xdc dinh bai 2
dinh, Con sé 2 nay ciing ¢6 thé thay bdi moét s6 nguyén duong bat ky. Ba s6 3 ciing ¢6
thé thay bdi cdc s6 nguyén duong tuy y dé c6 thé thu duge mot ho méi céc s6 Ramsey.
Vi du: R(5.4,7; 2) 1a s6 nguyén duong nho nhit n sao cho véi moi cich t6 mau cdc canh
’ cha K, bdi 3 mau xanh, do, tim K, luon chita hoac K do hoac K, xanh hoac K, tim.
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Clugong 3. Bai toda ton rai

Dinh nghia 4. Gia sit i, iy, ..., {, la cdc sd nguyén diong, trong dé i, 2 2, voi moi j. S¢
nguyén duong m duge néi la ¢6 tinh chat (i, iy, ..., i, 2)-Ramsey néu véi moi cdch 16

mau cdc canh cia K, boi n mau 1, 2, ... n luén tim dioe trong né K, mau i, véi it nhdt

maot j nao do.

S& ngnyér duong nkd nhdt vai vnh chdt (7, 7, .., 5 2)-Remsey duge goi 1a s¢
Ramsey R(i,. i,, ..., [; 2).

Chd ¥ rang, néu n = 2, s6 Ramsey R(i,. i, ; 2) chinh la cdc s6 Ramsey R(i,, {,) trong
muc trudc.

Chiing ta lai c6 thé dat ra cau hoi la: Ton tai hay chang cdc s6 Ramsey vira duge
dinh nghia? Cau trd 15i 12 khang dinh. D€ chimg minh su ton tai cta cdc s6 Ramsey ¢6
thé sir dung phuang phap ching minh bang quy nap.

Ching ta bi€t rat it vé cac s6 Ramsey R(i, i, .... i,; 2) khi n > 3. Tuy nhién, néu i, =
2 v6i moi J, thi ¢ thé chiing minh duoc rang: R(2....,2; 2) = 2. Khi méi i, > 3, cho dén
thdi diém hién tai mdi biét duy nhit mot gid tri R(3.3,3: 2) = 17,

Thi du 4. (R.E. Greenwood. A.M. Gleason, 1955) Ching minh ring R(3,3,3; 2) = 17.

Giai. Xét mot cdch t6 mau ndo d6 cic canh cua K, boi ba mau xanh, do, tim. Chon v 1a
mot dinh ndo dé cta K,,. Trong s 16 doan ndi v vdi cic dinh con lai, theo nguyén ly
Dirichlet luon tim dugc 6 doan ¢é cling mot mau. Khong giam tong qudt c6 thé coi cac
canh ndi v véi cac dinh 1, 2, 3, 4, 5. 6 co cung mau do. Néu ¢6 mot trong s8 céc canh
noi gitra cac dinh 1,2, ..., 6 ¢6 mau do thi canh nay cang vdi dinh v 1ap thanh K, do. Néu
trai lai, 6 dinh 1, 2, ..., 6 chi ndi v&i nhau bdi cdc canh cd hai mau xanh hoac tim, thi
theo vi du mé& dau trong s6 ching luon tim duge hoac K, xanh hoac K tim. Vay, K|,
ludn chita K, do, xanh hodc tim. Do dé, R(3,3,3;2) < 17.

D€ chi ra R(3,3,3; 2) > 16 cin xay dung mot cdch to miu K sao cho khong tim
duge K, cing mau (xem trong cudn sach cta C. Berge).

Cé mot cach khdc dé ti€p tuc phat trién cdc s6 Ramsey va tiép tuc téng qudt hod cdc y
tudng ma ta vira xét. Xét bai todn mao dau, trong d6 ta xét su tén tai K5 do hoac xanh
trong K. Bat ddu vdi K, vdi tap dinh V. Ta xét tat ca cdc tap con 2 phan ti cha V (tic 1a
céc canh cua K,) va chia cdc tap con nay ra lam hai ho C, va C,. S6 6 ¢6 tinh chat (3,3)-
Ramsey néu va chi néu:

i) Tim duoc tap con 3 phan tur cua V sao cho moi tap con 2 phan tir clia nd déu
thudc vao C, hoac
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i1) Tim duogc tap con 3 phan tir clia V sao cho moi tap con 2 phén tir cia né déu
thugc vao C,.

Néu coi C, la tap cic canh dugc t6 mau do va C, 1a tap cac canh dugc té mau xanh,
thi ro rang ta ¢6 tam gidc do khi va chi khi di€u kién i) duge thuc hién va c¢6 tam gidc
xanh khi va chi khi diéu kién ii) dugc thuc hién. Tuy nhién trong cdch mé ta nay ching
ta khong cin dung dén khdi niém canh. C4c tinh chat dugc phét bi€u trong ngén ngir tap
hop va cdc tinh chat caa mot ho cdc idp con ctia né. Cich mo ta nay cho phép xét viéc
phan cdc tap con ¢é kich thude r tuy y (khong phai chi ¢6 2) ra thanh mot s6 cic ho con
(khong nhat thiét chi phan lam hai ho C,, C, nhu trong vi du vira néu). Ta di dén dinh
nghia téng qudt sau cua s6 Ramsey
Pinh nghia 5. Gid sit i, iy, ..., 1, r la cdc s& nguyén du’(mq trongdénz=2,vai 2 vor
moi j. S6 nguyén duong m duge ndi la ¢é tinh chat (i, ..., i, ; r)-Ramsey néu nhw ménh
dé sau day la ding:

Néu S la tap m phdn u va cdc tdp con r phdn i ciia § duoc phan chia
vaon ho C,, C,, ..., C
luc lwomg i; sao cho méi tdp con r phdn i cia né déu thuéc vao C,.

thi vai mot j nao dé tim duge tdp con cua S ¢o

n

S6 nguyén duong nho nhat ¢ tinh chat (i, ...,
R\ yi 1 1),

r)-Ramsey dugc goi 1a s6 Ramsey

H’

Pinh ly 3 (Ramsey, 1930). Néu i, ..., i,, 1 la cde s6 nguyén duong, trong dé n 2 2 va

;21 vot moi j, thi s6' Ramsey R(i\, ..., i, ; r) ludn ton tai.

Khir=1,s86R(i,, ... i, ; 1) c6 thé x4c dinh kha dé dang, bdi vi chiing ta chi phai xét cac
tap con 1 phan tlr ctia S. Dinh ly dudi day cho cong thic tinh s6 nay.

Pinhly 4. R(i,, ..., i,; 1) =1i,+..+1,-(n-1)

Chitng minh. Dat
m=1i, +..+1,-(n-1).
Trudce hét ta chi ra rang m ¢6 tinh chat (i, ..., i,; r)-Ramsey. Lay § la tap m phan tr va

chia cdc tap con 1 phén tr ctia né ra lam n 16p C,, ..., C,. TruGe hét nhan thdy rang phai

Il’

tim duoc chi s6 jO sao cho ICl 2 i, (N€u trdi lai, IC) < i; véi moi j, thi IC} < i, -1. Suy ra
m=IC\l+ .. +HIC,) < (i -1) +..4 (i,-1) = i\ +...+i, - n = m - 1 7). NEu ta lay i, phan tr cua
C,, thi ta c6 tap con cla S véi luc luong iy, sao cho moi tap con 1 phan tir ciia né déu
thudc Cj,. Diéu d6 ching to rang R(i |, ... i, ; 1) S 1, 4.4+ i, - (n-1).

Bay git ta s& chi ra ring m-1 = i, +..+ i, - n khong ¢6 tinh chat (i,, ..., i, ; r)-
Ramsey. LAy tap S gbm 7, + ...+ i, - n phan ti. Phan cac tap con 1 phéan tr cia né vao n
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lop C, ..., C,sao cho IC | = i - 1. Rd rang v&i cach phan chia nay khong thé tim duoc
tdp con cua S ¢6 lyc lugng i, sao cho moi tap con | phén i cia né thudc cing mot 16p
C.

Khir,=..=i,=2,tacéd

R2,...2:D=n+1.

Su kién nay cho thay dinh ly Ramsey 1a su tong quat hod clia nguyén ly Dirichlet. Bi
vi trong ngon ngit cua s6 Ramsey, R(2....2; 1) =n + 1 congnia la n + 1 14 s6 nguyén
duong nho nhat ¢6 tinh chat sau: Néu 1ap $ ¢d iuc luong 1 + 1 va néu phan cdc phan tu
cta né vao n tap C,, ..., C, thi phai tim dugc tap con 2 phan tir ctia S sao cho cédc phan tir
cua né thudc vao cung mot tap C, nao dé. Noi cdch khic luon tim duge chi s6 j sao cho
tap C; c6 it rala 2 phan tlr. D6 chinh la noi dung cua nguyén ly Dirichlet.
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Bai tap

1. Trén mat phing cho n > 6 diém, khoang cich giita cdc cap diém la khdc nhau timg
doi. Méi diém duoc néi véi diém gdn né nhat. Ching minh ring moéi di€ém duoc néi vdi
khong qud 5 diém.

2. Mot trung tdm mady tinh ¢6 151 mdy vi tinh. Cdc mdy cua trung tam dugc dat tén bai
mot s6 nguyén duong trong khoang tir 1 dén 300 sao cho khong ¢6 hai mdy nao duge
dat tén trung nhau. Ching minh rang luon tim dugc 2 mdy ¢4 tén 1a céc s6 nguyén lién
tiép.

3. Céc hoc sinh cia mot 16p hoc gom 45 nam va 35 nit dugc xé€p ra thanh mot hang
ngang. Ching minh rang, trong hang dé luén tim dugc hai hoc sinh nam ma ¢ gita ho
c6 8 ngudi dimg xen vao.

4. 12 cdu tha béng rd deo 4o véi s6 tlr 1 dén 12 diing tap trung thanh mét vong tron giita
san. Chdng minh rang luon tim duge 3 ngudi lién ti€p ¢6 tong céc so trén do 1a 16n hon
hodc bang 20

5. Chdng minh rang trong s6 10 nguoi bat k¥ bao gio cling tim dugc hoac 1a hai ngudi
c6 tdng s6 tudi 1a chia hét cho 16, hoac la hai ngudi ma hiéu s6 tudi clia ho 1a chia hét
cho 16.

6. Cin c6 it nhat bao nhiéu bo co thit ty gdbm 2 s6 nguyén (a, b) sao cho chiac chin tim
dugc trong s6 d6 hai b (¢, d) va (e, f) sao cho ¢ - e va d - fla cdc s6 c6 chit s6 tan ciing
bang 0?

7. 17 nha bac hoc doi mot viét thu trao ddi v&i nhau vé 3 chli dé, médi cap chi trao déi
vdi nhau vé€ 1 chu dé. Chung minh réng lu6n tim dugc 3 nha bdc hoc doi mot viét thu
trao déi v6i nhau vé ciing mét cha dé.

8. Trong khong gian cho 9 diém ¢6 toa d6 nguyén. Chimg minh rang trong s6 9 diém da
cho luén tim duge hai di€ém sao cho doan thing néi chiing di qua diém c6 toa do
nguyén.

9. Chimg minh rang trong s6 10 ngudi bat ky luén tim dugc hoac 1a 4 ngudi doi mot

quen nhau va 3 nguoi doi mot khong quen nhau hoac 1a 4 nguoi doi mot khong quen
nhau va 4 ngudi doi mét quen nhau.
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BAI TOAN LIET KE

4.1. Gidi thiéu bai toan

Néu nhu trong bai todn dém (xem chuong 2), ta chi doi hoi dém s6 c4u hinh 6 hop la
bao nhiéu thi trong nhiéu tinh huéng, ta con phéi can chi rd nhitng cau hinh t6 hop dé la
nhitng cau hinh ndo. Bai todn dua ra danh sach tit cd cau hinh t8 hop c6 thé ¢é, duoc
goi 12 bai todn liét ké 16 hop. Vi thé, khdc vdi bai toan dém tim kiém mot cong thidc cho
101 giai, bai todn liét keé lai can xdc dinh mot thudt todn dé theo dé ¢é thé lan luot xay
dung dugc tat ca cdc ciu hinh dang quan tam. RS rang ¢6 nhiéu cédch liét ke, tuy nhién
chiing phai ddm bao 2 nguyén tic:

e khong dugc lap lai mot cdu hinh,

e khong dugc bd s6t moét cau hinh.,

C6 thé néi ring phuong phap liét ké 14 cach cudi cling dé c6 thé giai dugc mot s6
bai todn t6 hgp hién nay. Khé khan chinh cla phuong phép nay la sy "biing né t6 hop".
Dé xay dung chitng 1 ty cdu hinh (con s6 nay khong phai 1a 16n d6i vdi cdc bai toan té
$6 phan ba U,, s6 hinh vuong la tinh /,, ...) va gia

ne

hop - xem lai cdc s6 mat tha tu D,
thi€t rang mbi thao tidc xay dung mat khoang 1 giay, ta phai bo ra quing 31 nam méi
giai xong. Tuy nhién véi su phdt trién coa mdy tinh dién tt, bang phuong phdp liét ke,
nhi€u bai todn t6 hop da tim thay Ioi giai. Mat khéc, chinh sy nd luc tim ki€ém nhing
giai phdp hitu hiéu cho nhitng bai todn khé thudc linh vuc nay, da thiic ddy manh mé su
phdt trién ctua nhiéu nganh toan hoc. Trong chuong nay, sau phan gidi thiéu khéi niém

69



Phdn 1. Ly thuyét t6 hop

thuat todn, ching ta s€ trinh bay hai phuong phdp liét ké thudng st dung nhat, do 1a
Thuat todn sinh va dac biét 1a thuat todn quay lui, mot thuat todn ¢6 tinh pho dung cao.

4.2. Thuat toan va dd phirc tap tinh toan

Nhu di gidi thiéu & trén, ta hi€u viéc giai bai toan liét ké 1a xay dung mét thuat toan dé
theo d6 c6 thé 1an luot xay dung duoc tét ca cdc céu hinh cin quan tam. Vay cén hiéu
thuat todn 12 gi? Muc nay danh dé giéi thiéu khai niém thuat todn va mot s6 van dé lién
quan can thiét cho viéc trinh bay cac chuong sau.

4.2.1. Khai niém thuat toan

Thuét todn dd dugc biét dén tUr rat lau. Ban than thuat ngit Thuat todn (Algorithm) la
viét tat tén cha nha todn hoc thé ky thi IX: Abu Ja'fa Mohammed ibn Musa al-
Khowarizmi. D4u tién, thuat toan dugc hiéu nhu 13 cac qui tic thuc hién cac phép tinh
$6 hoc v6i cdc con s6 duogc viét trong hé co dém thap phan. Cung véi sy phat trién cha
mdy tinh, khai niém thuat toan cang dugc hiéu theo nghia rong hon va chinh xdc hon.
Khéi niém thuat todn dugc dinh nghia moét cdch hinh thic chinh xdc théng qua mdy
Turing. Tuy nhién, trong gido trinh nay ching ta chua cian dén dinh nghia chinh xé4c
nay, ma c6 thé hiéu thuét todn mot céch truc quan hon qua dinh nghia sau.

Dinh nghia. Ta hiéu thudt todn gidi kai todn ddt ra la mot thii tuc xdc dinh bao gém
mot day hitu han cdc budce cdn thic hién dé thu duoc 10 gidi cia bai todn.

Thuat todn ¢6 cac dac trung sau day:

e Dau vao (Inpur): Thuat todn nhan dit liéu vao tir mot tap nao do.

o Ddau ra (Output); V3Gi moi tap cic dir liéu dau vao, thuat todn dua ra cdc dit liéu
tuong Ung voi o1 giai cha bai todn.

o Chinh xdc (Precision): Cac budc cla thuat todn dugc mo ta chinh xéc.

o Hitu han (Finiteness): Thuat todn cén phai dua duoc dau sau moét s6 hitu han
(c6 thé rdt 16n) budc véi moi dau vao.

e Don tri (Uniqueness): Cac két qua trung gian cla tiing budc thuc hién thuat
todn dugc xdc dinh mot cdch don tri va chi phu thudc vao dau vao va cic két
qua cha céc budce trudc.

o Tong qudt (Generality): Thuat todn cé thé dp dung dé giai moi bai todn ¢6 dang
da cho.

Thi du 1. Cho 3 s6 nguyén a, b, c. M0 ta thuat todn tim s 16n nhat trong ba s da cho.
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Giai. Tuy rang bai todn dat ra | rat don gian nhung muc dich cla ching ta la dung né
dé giai thich khai niém thuat toan. Thuat todn gdm cdc budc sau:

Buge 1. Dat x:=gq;
Budc 2. Néu b > x thi dat
Budc 3. Néu ¢ > x, thi dat x;

[
s

M

Tu tudng cua thuat todn la duyét 14n lugt gid tri cha ting s va gil lai gid tri 16n
nhat vio bién x. Két thic thuat todn x cho s6 nguyén 16n nhat trong 3 s& da cho.

Ky hiéu y :=z trong mo ta thuit todn o trén ¢ nghia la thay thé gid try dang c6 clia
y b&i gid tri cha z. Khi phép todn y := z dugce thuc hién xong, gid tri cua z khong bi thay
doi. Ta goi := 1a todn i gan.

Bay gid ta sé theo ddi qua trinh thuc hién thuat todn véi nhitng gid tri cu thé cia a,
b, ¢. Trudc hét gia su

a=1, b=5 c¢=3.

Tai budc 1, ta dat gia tri cta x 1a a (1). Tai budc 2, do b > x (5 > 1), nén x duge dat bang
b (5). Tai budc 3, do diéu kién ¢ > x (3 > 5) khong duoc thuc hién, nén ta khéng phai
lam dong tdc gan. Két thidc thuat todn, v ¢6 gid tri 5 1a gid tri 1on nhét trong 3 s6 a, b, .
Gia su
a=7, b=2, c¢=3l

Tai budc 1, ta dat gid tri cua v la a (7). Tai bude 2, do diéu kién b > x (2 > 7) khong
thoa man, nén ta khéng lam gi ca.. Tai budc 3, do ¢ > x (31 > 7), nén ta gin x bang 31.
K&t thic thuat t0dn, x ¢6 gid tri 31 1a gid trj 16n nhat trong 356 g, b, c.

Bay gid ta sé thdy rdng thuat todn vira mo ta c6 cac tinh chat néu & trén.

Thuat todn nhan ddu vao 12 ba s6 a, b, ¢ va dua két qua & ddu ra 1a x.

Cic budc cua thuat toan duoc mo ta chinh xdc dén mic ta ¢6 thé viét chuong trinh
theo thuét todn trén ngoén ngir 14p trinh va thyc hién trén mdy tinh.

Néu dau vao [a da xdc dinh, két qua tai méi budce caa thuat todn duge xdc dinh duy
nhat. Chéng han, vdi dau vao

a=7, b=2, ¢=3l,

tai budc 3 cha thuat todn, x ludn dugc dat bang 31, khong phu thudc vao viéc thuit todn
duogc thuc hién bang tay hay béi méy tinh.

Thuat todn két thiic sau ba budc va dua ra loi giai cla bai todn, vi vay, thuat todn la
hitu han.

Thuat todn trinh bay trong vi du luén dua ra gid tri cia s6 16n nhét trong ba s6 bdt
ky, nhu vay, thuat todn cé tinh tong quat.
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4.2.2. Mo ta thuat toan bang ngon ngir phong PASCAL

Cach mé ta thuat todn bang 10i nhu trinh bay trong thi du & muc trén khong that thuan
tién cho viéc cai dat thuat todn trén nhiing ngdn ngi lap trinh cu thé, ching han
PASCAL, C, BASIC,... Tat nhién cé thé mo ta thuat todn st dung mot ngon ngit lap
trinh ndo dé. Khi dé ta chi c6 thé sir dung nhing céu tric 1énh cua ngdn nglt da chon.
biéu d6 cd thé 1am cho viéc md ta thudt toan trd nén phic tap déng thdi ciling rat kho
hiu. Vi thé, dé mo ta thuat toén ta sir dung ngon ngit phong PASCAL, trong dé cho
phép vira mo6 ta thuat toin bing ngdn ngi doi thudng vira sit dung nhiing c4u tric lénh
tuong ty nhu cua ngoén ngd lap trinh PASCAL (tdt nhién, cdc qui tic cd phdp cua ngon
ngir lap trinh PASCAL khong nhat thiét phai tuan thi). Dudi day ta liét ké mot s6 ciu
lént: chinh dugc sir dung dé mé ta thuat ton.

Cdu lénh procedure(function). Mo ta thuat todn trong ngén ngit phong PASCAL dugc
bat dau tir cau 1énh procedure (function), trong d¢ ta dat tén cho thuat todn va mo ta
danh sdch bién ctia thuat toan. Chang han, cau lénh

function maximum(a,b,c);
cho biét tén thuat todn dugc mo ta la maximum, c¢6 3 bién a, b, ¢;

procedure Hoanvi/n),
cho biét tén thuat todn dugc mo ta la Hoanvi véi bién la n.

Cic budc cla thuat todn dugec mo ta trong thdn thi tuc (ham) duoc bit dau boi

begin va két thiic béi end.

Thi du:
function maximum{a,b,c);
begin
(Thdn ham).
end;

procedure Hoanvi(n),;
begin

(Than thu tuc).
end;

Chi y: Khi mé t& thuat todn bat ddu bang function, khi két thiic lam viéc, thuat todn sé
dua ra gia tr1 duoc ghi nhan trong tén ham. Vi vy trong thAn ham phai ¢6 mat cau lénh
gan gid tri cho ham. Trong vi du trén maximum s& ghi nhan gia tri 16n nhét trong ba
bién a, b, c.

72



Chuong 4. Bai todn ligt ké

Cadu lénh gdan. Cau lénh gan dugc st dung dé gdn gia tri cho cdc bién. V€ trdi cta cau
Iénh [a tén cla bién, con vé€ phai la biéu thifc cha cdc hing, bién da gin gid tri hodc cc
ham di dugce dinh nghia. Ky hiéu := dugce su dung dé bjéu dién phép gin.

Thi du:

e variable := expression,

o max: =a,

e x:=s916n nhit trong cac sd a,, a,,. ., 4,
Khoi cdu lénh. Cic cau lénh cé thé nhém lai thanh mot khéi. Dé moé ta khéi 1énh ta st
dung begin va end.

Thi du:
begin
Cdu lénh 1,
Cdu lénh 2;
Cdu lénh n;
end;

Cic cau lénh trong khéi duge thuc hién tuan tu. Dudi day, thuat ngit cdu lénh dugc
ding dé chi chung mét cau 1énh cling nhu mot khéi cau iénh,

Chu gidi. Dé dién giai thém noi dung cua céc doan Iénh c6 thé sit dung cdc cau chi
giai. Cdc dong chii giai dugc dat trong d4u hai dau {} hoac (* *).

Thi du:
(* xla phan ti 1on nh4t trong danh sdch L *)
{ dlaso phdn tir cha danh sich L |

Cdu lénh diéu kién. Cau lénh don gian la
if diéu kién then cdu lénh,
Khi thuc hién cau lénh, diéy kién s& duoc kiém tra, néu né dugc thoa min thi cdu
lénh s& dugce thuc hién.
Nhiéu khi ta can phai thuc hién mot thao tdc nao dé khi diéu kién duge thuc hién,

con néu nguoc lai ta lai phai thuc hién mot thao tdc khdc. Khi dé, c6 thé sir dung cau
1énh phuec tap hon sau day
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if diéu kién then cdu lénh 1
else cdu lénh 2;

Cdc cdu lénh ldp. Ta s& st dung cdc cau lénh sau day

for bién := gid wri_dau to gid tri cudi do Cau lénh;
Tai dau vong lap, bién s& duge gin cho gid_ tri ddu, néu gid tri ddu nho hon hon hoidc
bing gid tri cudi va cdu lénh sé duge thuc hién véi gia tri nay cta bién. Tiép dén, gid i
clia bién sé tang 1én 1 va cdu lénh s€& dugc thuc hién véi gid tri méi cua bién. Qud trinh
s& dugc tiép tuc cho dén khi bién bang gid_tri cudi. Sau khi thuc hién xong cdu Iénh
v6i gid tri cla bién bang gid tri_ cudi, s& chuyén sang thuc hién cau lénh ti€p theo.
Né&ua gid tri_ddu 16n hon gia_tri cudi thi khdng c6 cau [énh nao duge thuc nién.

Cau lénh lap thi hai dugc sir dung 1a cau 1énh "while" sau day
while diéu kién do cdu lénh;

Khi cau lénh nay dugc sir dung, diéu kién s& dugc kiém tra, néu nd la ding thi cdu lénh
duoc thuc hién, diéu dé c6 thé dan t6i su thay déi gid tri clia cdc bién trong diéu kién.
Néu diéu kién van 12 ding sau khi thuc hién cdu lénh thi cdu lénh lai duge thuc hién.
Diéu do sé tiép dién cho dén khi diéu kién 1a sai.

Cau lénh lap thit ba dugc st dung la cau 1énh "repeat” sau day
repeat cdu lénh until diéu kién;

Khi cau lénh nay-dugc sir dung, cdu lénh dugc thuc hién, diéu dé cé thé dan tdi su thay
déi gid tri cla céc bién trong diéu kién. Néu diéu kién vin 12 ding, thi cdu lénh lai
dugce thuc hién. Piéu d6 s& tiép dién cho dén khi diéu kién |a ding.

Thi du 2. Thuat todn tim s6 16n nh4t trong 3 s6 trong thi du 1 c6 thé mo ta nhu sau
function maximum(a,b,c);
begin
x:=a;
if b>x thenx:=b; (* Néu b 16nhon x thi gan lai x *)
if ¢ >x then x:=c; (* Néuc lén hon x thi gdn lai x *)
maximum:= X,
end;
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Thi du 3. Thuat todn tim s6 16n nhat trong ddy hitu han so6.
Dau vao: Ddy gbmnséa,, a,, .. ., a,.
bau ra: large - s6 16n nhit trong ddy da cho.
procedure Find_Large(a, n, large);
begin
large:=a,,
for i:=2 to n do
(* Néu a 16n hon large thi gan lai large *)
if a, > large then large .=a;;
end;

Trong viéc giai cac bai todn phic tap, ta thuong phai phan ra né ra thanh cac bai
todn con. Ta s& xay dung cdc thi tuc dé giai cdc bii todn con, sau d6 cdc thi tuc nay sé&
duoc tap hop dé giai bai toan dt ra. Thi du du6i day minh hoa cho tu tudng nay.

Thi du 4. Tim s6 nguyén t6 16n hon s6 nguyén duong .

Giai. Trudc hét ta xay dung thi tuc kiém tra xem mét s6 nguyén duong m c6 phai 1a s6
nguyén t8 hay khong (Thu tuc Nguyén t6). Sh dung thu tuc nay ta xay dung thuat todn
giai bai todn dat ra. Do udc s6 nguyén t§ cua s6 nguyén duong m bao gid ciing khong
vugt qua ~/m, nén m sé 13 s6 nguyén t6 néu nhu né khong c6 ude s6 nao trong cac s@

nguyén duong tir 2 dén [Vm ).

o Thudr todn kiém tra mot so nguyén duong c6 phdi la nguyén 16 hay khong.
Pau vao: S6 nguyén duong m.
Pau ra: true n€u m la s6 nguyén td, false néu ngugc lai.
function Nguyen_to(m);
begin
1:=2;
while (i <= v/m ) and (m mod i = 0) do i:=i+1;
Nguyen_to :=i> m;
end;

o Thudt todn tim s6 nguyén 10 lom hon s6 nguyén dicong n.
Thuat todn ndy st dung thuat todn Nguyen_to & trén nhu th tuc con.
Pau vao: So nguyén duong n.
Paura : m-s6nguyén té16n hon .
procedure Lagre_Prime(n);
begin
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m:=n+1;
while not Nguyen_to(m) do m:=m+1;
end;
Do tap cac s0 nguyén td 1a vo han, nén thuat todn Lagre_Prime la hiru han.

4.2.3. Do phite tap cua thuat toan.

Mot chuong trinh mdy tinh, mic du duge cai dat theo mot thuat todn ding, cé thé
khong cho két qua mong mudn déi véi mot bd dit liéu nao dé vi hoac 1a né doi hoi qud
nhiéu thdi gian, hodc 12 khong cé di b nhd dé luu gitt dit liéu va cdc bién clia chuong
trinh. Vi vay, dé c6 thé ddnh gid kha nang tng dung clia chuong trinh ta cin phai phan
tich hiéu qua cua thuat todn. Phdn tich thudr todn 1a qua trinh tim ra nhiing dénh gia vé
thot gian tinh cling nhyt dung litong bo nhd can thiét dé thuc hién thuat todn. Do phirc
tap tinh todn clia mot thuat todn 1a lugng thoi gian va bo nhd cin thiét dé thuc hién
thuat todn. Trong muc ndy ta quan tam dén viéc danh gid thoi gian cin thiét dé thuc
hién thuat todn (ta s€ goi 1a thoi gian tinh cta thuat todn).
R6 rang, thoi gian tinh cia moét thuat todn 14 ham cua dir liéu dau vao. Thong
thudng khé cé thé xay dung cong thic dudi dang hién cho hAm nay, vi thé ta dat van @é
don gian hon. Thay vi lam viéc v6i dit liéu ddu vao, ta sé lam viéc v4i mot dac trung
quan trong cia dit liéu dau vao, d6 la kich thudc cua né, Ching ta sé quan tam dén
e Thdi gian t6i thiéu can thiét d€ thuc hién thuat toin véi moi bé dir liéu dau vao
kich thuGc n. Thoi gian nhu vay s& duge goi la thoi gian tinh 16t nhdt cia thuét
todn v6i dau vao kich thudce .

e Thai gian nhiéu nhat cin thi€t dé thuc hién thuat toan v6i moi bo dir liéu diu
vao kich thudc n. That gian nhu viy sé duge goi la thai gian tinh 16i nhdt cta
thuat todn vdi ddu vao kich thudce n.

o Thoi gian trung binh can thiét dé thuc hién thuat todn trén tap hitu han cdc ddu
vao kich thudc n. Thoi gian nhu vay s& dugc goi 1a thoi gian tinh trung binh cla
thuét toan.

Dé tinh todn th&i gian tinh cla thuét todn ta s& dém s6 cdu /énh ma né phai thuc
hién, hodc trong mot s6 trudng hop ¢ thé dém cu thé s6 phép tinh s6 hoc, so sénh,
gdn,.... ma thuat toan doi hoi thuc hién. R6 rang tir thong s6 nay ta c6 thé tinh duoc thoi
gian thuc su ma thuat todn doi hoéi néu nhu né duge cai dat trén mot ngdn ngit 1ap trinh
va chay trén mot mdy tinh cu thé. Mat khéc thong s6 nay khéng phu thudc viao ngudi
1ap trinh va ngoén ngit 1ap trinh duge chon dé cai dat thuat todn cling nhu mdy tinh ma
trén d6 né dugce thuc hién. Vi thé né 1a tiéu chudn khach quan dé dénh gia hiéu qua cha
thuat toan.
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Thi du 5. Xét thuat todn tim so 1dn nhét trong day hiru han 8 & thi du 3. Trong thuat
toan ndy, s6 lugng phén tir cha diy sé n 1a dai lugng hop ly nhét c6 thé dung dé danh
gid kich thudc ddu vao. Ro rang vong lap trong thuat todn ludn thuc hién ding n-1 14n
nén tat ca thoi gian tinh t6t nhat, t6i nhat cling nhu trung binh cta thuat todn déu bang
n-1.

Thong thuong, trong cic ung dung thuc t€ thai gian chinh xadc ma thuat toan doi
hai dé thue hién nd dugc quan tam it hon so véi viec xdc dinh td¢ do tang cla thong s6
naty khi tang kich thude cta dau vao. Thi du. gia st thoi gian tinh toi nhét cia mot thudt
toan la

t(my=60n*+91+9
v6i ddu vao kich thude n. Khi n 16n s6 hang 60n° xap xi bang #(n) (xem bang 1). Trong
trudng hop nay #(n) cd téc do tang gidng nhu 60n°,

n Hn)=60n"+9n +9 60n?
10 9099 6000
100 600909 600000
1000 60009009 60000000
10000 6000090009 6000000000

Néu nhu 7(n) dugc tinh bang giay, thi

T(n)= n*+0.15n+0.15
sé cho ta thdi gian tinh do bang phit cha thuat todn. RS rang su thay déi nay khong anh
hudng dén t6c do tang cha thai gian tinh khi kich thude dau vao n tang, ma chi thay déi
don vi tinh thai gian. Nhu vay khi mo td toc do ting cla thdi gian tinh cha thuét todn
khi kich thudc ddu vao tang, khong nhirg ching ta chi cdn quan tdm dén s6 hang troi
(60 n%), ma cé thé bd qua cic hang s6. Vai gia thiét nhu vay, thei gian tinh r(n) tang
giéng nhu n” khi n tang. Ta s& ndi 1(n) cd bac 1a n® va viét

H(n) = O(n?).

Tu tudng co ban & day la thay thé biéu thitc ¢(n) = 60n® + 9n + 9 bdi biéu don gian hon
n* ¢6 cung téc do tang voi #(n). Ta di dén dinh nghia sau

Pinh nghia. Gid sit f va g la cdc ham d6i s6 nguyén duong. Ta viét
- fin) =0O(g(n))
va ndi n) cé bdc khong qud g(n) néu ton tai hang sé duong C, va sé nguyén duong N,
sao cho
1fin) | < C,1gn))
voimoinz N,.
Taviét
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Jn) = Q(g(n))
va néi f(n) cé bdc it nhdt la g(n) néu ton tai hang sé duong C, va so nguyén duong N,
sao cho
lfinyl < C, 1 g(n)|
voi moi n 2 N,.
Ta viét
Jin) = ©(g(n))
va néi f(n) ¢é bdc la g(n) néu f(n) = O(g(n)) va fln)y = Qg(n)).

Dinh nghia trén ¢é thé phét bi€u bing 15i nhu sau: fin) = O(g(n)), néu ngoai tr
hang s& va mét s6 hitu han ngoai 1 f bi chin duéi boi g. f(n) = Q(g(n)), néu ngoai trir
h&ng s6 va mot s6 hiru han ngoai 1& f bi chan trén bdi g. f(n) = O(g(n)), néu ngoai trir
hang s6 va mot s6 hiru han ngoai 1& f bi chin dudi va chan trén boi g.

Cic biéu thic f(n) = O(g(n)), fn) = Qg(n)) va fln) = G(g(n)) thudng duogc goi la ky
hiéu 6 16n, 6méga, téta d6i v4i ham f.

Thi du 5. Do

607 +9n+9<60n*+9n + " =70 n* véimoi n21,
chon C, = 70 trong dinh nghia trén ta c6

60n* + 9n + 9 = Q(nd).
Do

60 +9n+9>60n* véimoi n>1,
chon C, = 70 trong dinh nghia trén ta c6

60n* + 9n + 9 = Q (n°).
Do 6012+ 91+ 9 =0(n% va 60n*+9n+9=Q (n*) nén

60n* +9n + 9= O(D).

Phuong phap chimg minh trong thi du 5 ¢6 thé sir dung dé chi ra ring moi da thitc bac k
v3i hé s6 duong:
P(n)=a,n" +a. n"'

c6 bac 1a @(n*): P(n) = B.

+...+a,n+a,

Thi du 6. Gia st & 1a s6 nguyén duong. Ta cé

F+2b+ o0 < nf+nf+. . +r=nnt=n"
khin=1;suyra

P+ 24 .+ 0 =0(A*).
Mat khéc, vi

254 40" 2 21 +. . +(n-D+ A
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2 {n2) + ...+ n2)}
> (nf2).(nf2)" = '+t

o+ 284 40t =Q(aY),
do do
424+ 0 =00,

Thi du 7. Ta s€ chitng minh
lg n! =0©(nlgn).
Ta c6
lgn! =lgn+ign-I)+.. . +1g2+1gl.
Do ham Ig 12 ham ting, nén
lgn+lg(-)+...+1g2+lgl<lgn+lgn+...+lgn=nlgn.
Vi vay
lg n! =0(nlg n).
Bay gig, do
lgn+lgn-1)+...+1g2+lglz lgn+lgn-1)+...+1g[n/2)

> lg (n2)+1g [n/2] +.. +1g [n/2]
> (n/2) 1g(nf2) = (nlg n)/4,
suy ra
lg n! =Q{nlgn).
Vay

lg n! =@ lgn).

Bay gid ta c6 thé dinh nghia bic clia thoi gian tinh t6t nhat, t6i nhat, va trung binh cla
thuit toan nhu sau

Pinh nghia. Néu thudt todn doi hoi thei gian tinh 16t nhat la «(n) véi do dai ddu vao n
va
1(n) = 0(g(n))
thoi gian tinh 16t nhdt cua thudt todn cé bdc khéng qud g(n) hay thoi gian tinh t61 nhdt
cua thudt todn la O(g(n)).
Néu thudt todn doi héi thot gian tinh 161 nhat la t(n) véi do dai déu vao n va
1(n) = O(g(n))
thoi gian tinh toi nhdt cua thudt todn cé bdc khong qud g(n) hay thoi gian tinh t6i nhdt
cua thudt todn la O(g(n)).
Néu thudt todn doi hoi thoi gian tinh trung binh la 1(n) voi do dai dau vao n va
1(n) = 0(g(n))
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thoi gian tinh trung binh cua thudt todn 6 bdc khdng qud g(n) hay thoi gian tinh trung
binh cua thudt todn la O(g(n)).

Néu thay O bdi Q va "khong qud" béi "it nhdt" trong dinh nghia trén ta thu dugc dinh
nghia bic it nhat cla thdi gian tinh tot nh4t, téi nhat, trung binh cta thuat todn. Néu thoi
gian tinh t6t nhat cua thuit todn vira 1a O(g(n)) vua 1a (g(n)), ta sé& noéi thoi gian tinh
t6t nhét cua thudt todn 1a ©(g(n)). Tuong tu nhu viy, ta ciing dinh nghia thoi gian tinh
t6i nhat va trung binh cla thuat todn 1a ©(g(n)).

Thi du 8. Pdnh gid s6 14n thuc hién cau Jénh x:=x+1 trong doan chuong trinh sav nhv
1a ham cha dau vao n:

for i:=1tondo
for ;=1 toido
x=x+1;

Pdu tién / dugc dat bang 1, va j sé chay tir 1 dén 1, 1énh x:=x+1 dugc thuc hién 1 14n,
ti€p dén i dugc dat bang 2, va j s& chay tir 1 dén 2, 1énh x:=x+1 duoc thuc hién 2 l4n,...
Do dé tdng s6 14n thuc hién cau lénh x:=x+1 12

142+4...+n= 0.

Thi du 9. Déanh gid #(n) - s6 14n thuc hién cau lénh x:=x+1 véi do dai ddu vao 1a n trong
doan chuong trinh sau:

j.’=rl,'
while j>=1do
begin
for ii=1tojdo x:=x+1;
jr=j div 2;
end;

Lan thuc hién dau tién trong vong lap while cau 1énh x:=x+1 dugc thuc hién » ldn. Vi
vay, 1(n) = Q(n). Sau 14an thuc hién dau tién gid tri cda j dugc thay bdi [j/2], vi thé j <
n/2. N€u j > 1, thi cau 1énh x := x+1 duge thuc hién khong qud n/2 14n trong 14n 1ap thit
hai,... Néu ky hiéu k la s6 14n thuc hién cédc lénh trong than ctia ciu lénh while, thi s6
1an thuc hién cau 1énh x := x+1 1a khong qué

n+ n2+n/d+. ..+ n25 = n(1-1125/(1-1/2).
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Bay gio, do
tn) < n(l-1725%70-1/2)=2a(1 - 1/2% < 2n,

nén t(n) = O(n).
Cuéi cung, do & trén ta da co 1(n) = £(n), nén t(n) = O(n).

Thi du 10. Dé giai bai todn: Tim trong day s6
S,8 .. 8

9
I

mot phan tir ¢é gid tri bang kev cho trude, ¢6 thé dp dung thuat todn sau

Pdu vao: nvadaysé s, s, ..., S,
Pa4u ra: Vi trf phan ti ¢6 gid tri key hoac la n+1 n€u khong tim thay.
function Linear_Search(s.n.key);
begin

i:=0;

repeat

1=+,

until (i>n) or (key =s,);

Linear_Search :=1;
end;

Cin danh gid thoi gian tinh t6t nhat, t6i nhét, trung binh cta thuat todn véi do dai dau
vao 12 n. R6 rang thoi gian tinh cha thuat todn ¢6 thé dinh gid bdi s6 lan thuc hién cau
{énh i:=i+1 trong vong lap repeat.

Néu s, = key thi cau I¢nh i:=i+1 trong than vong lap repeat thuc hi¢n 1 lan. Do d6
thoi gian tinh t6t nhat cla thuat todn 1a ©(1). ¢ ‘ l

" Néu key khong c6 mat trong day da cho, thi céu Iénh i:= i+1 thyc hién n lan. Vi thé

thoi gian tinh toi nhat cla thuat todn 12 O(n). |

Cuoi cling, ta tinh thdi gian tinh trung binh cta thuat todn. Néu key tim thiy & vi tri
thit i cba day (key = s;) thi cau lénh ; ;= i+1 phai thuc hiénilan (i = 1, 2, ..., n), coOn néu
key khong c6 mit trong ddy da cho thi cau [énh i := i+1 phai thyc hién n lan. Tir 46 suy
ra sO lan trung binh phai thuc hién cau lénh i :=i+1 la

[(1+2+...4+n)+n]/(n+]).
Ta cé
[(1+2+...+n)+nl/(n+1)<(n? +n) [(n+1) =n.

Vay thoi gian tinh trung binh cta thuét todn 1a O(n).
Mat khéc, do
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(1 +2+...+0)+n]/(n+1) 2 (¥4 + n) J(n+])
> (/4 + n/4) [(n+1) = n/4,
nén thoi gian tinh trung binh cta thuat todn 1a (n). Vi vay, thoi gian tinh trung binh
cua thuat todn la ©(n).
Poi véi thudt todn trong thi du nay. ca thoi gian tinh t6i nhat 1an thdi gian tinh
trung binh déu bang A(n).

Thi du 11. Phan tich thuat todn Euclide tim udc chung 16n nhat cia hai s6 nguyén
duong a, b trinh bay dudi day

Thuat todn Luclide.
Pau vao: a va b 1a hai s6 nguyén duong.
Pau ra: Udc chung 16n nhat cha a va b.
function Ged{a,bj;
begin
(* D64i chd néu cin dé dat duoc a > b *)
if a<b then <D6i chd a va b>;
while b # 0 do
begin
LAy achiabthudugc a=bg+r,0 sr<b;
a:=b;
bi=r;
end;
Ged=a;
end;

Dé ddnh gid doé phic tap cta thuat todn, ta s& dém s6 phép chia phai thuc hién theo
thuat toan.
Trudc hét ta chimg minh bang qui nap ménh dé sau.

Ménh dé 1. Gid sw cdp sé a, b, a > b, doi héi n 2 1 phép chia trong thudt todn Euclide.
Khidéa>f,,,b2f,, trong dé (f, } la ddy s6 Fibonaci (xdc dinh bdi cong thitc truy
/léif;, =Jf;l'l +.f;l-2’ nz 2'f0=fl = 1)

Chitng minh. Dé dang kiém tra ménh dé ding v6i n=1. Gia sit ménh dé dding véi n > 1.
Ta chimg minh khang dinh clia ménh dé ding v&i n+1. Gia st cap a, b, a > b doi hoi
n+1 phép chia. Sau khi thuc hién phép chia a cho b:

a=bgqg+r, 0<r<b,
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Chucong 4. Bai toan ligt ké

thuat todn ti€p tuc lam viéc vdi cap s6 b va 1, b > . Cip <6 nay doi héi n phép chia. Do
dé theo gia thi€t qui nap

bzﬁwl' 1‘2f,,.
Tu do suy ra
a:b(/+l'2b+l' Z.f;wl +f;1:f;1+2'

tirc la ta ¢é

70 b2>f..

va theo qui nap ménh dé dugc ching minh.

St dung ménh dé vira chitng minh ta ¢6 thé danh gid dugc s6 phép chia nhiéu nhat
can phai thuc hién trong thuat todn Euclide.

Mérh dé 2. Gid sit cdc sé nguyén ¢ dau vao cia thudt todn Euclide la khéng vuot qud
m, m 28. Khi dé thudt rodn doi hoi khéng qud log,» (2m/3) phép chia.

Ching minh. Thuc vay gia st n 1a s& phép chia Ién nhat can thuc hién theo thuat todn
véi ddu vao thod man diéu kién dat ra trong ménh dé. Gia st capsd a, b, m=a > b ddi
hoi n phép chia. Do m > 8, nén, bing cdch thir truc ti€p cic kha nang, cé thé kiém tra
dugc 1a n > 4. Theo khang dinh cla ménh dé 1,tacé «>f,,,.Suyraf, £ m. Don + 1

> 5, nén c6 thé chimg minh duoc 1a

(3/2)"" < frare
Vi thé suy ra

372y < m,
hay la

n+1<log,, m.
Suy ra

n <logy, m- 1 =log,, m-log,, 3/2 =log,, (2m/3).

Ménh dé dugc chung minh.

Néu nhu céc thi du 8-10 c6 thé tao ra cam gidc 1d dénh gid do phitc tap clia mét
thuat todn 1A mét van dé gidn don, thi thi du 11 di cho thdy van dé khéng han 14 nhu
vay. N6i chung, phan tich d6 phidc tap tinh todn cua mot thuat todn 14 mot van dé phic
tap, né doi hoi tu duy sdng tao va cd phuong phép va céch ti€p can riéng. Mat khdc
trong rét nhiéu trudong hop, ta khéng thé thu duoc nhitng dénh gid dep d& nhu trong céc
thi du vira trinh bay & trén.



Phdn 1. Ly thuyét t6 hop

Dang danh gid Tén goi
(1) Hang s6
O(lg Ig n) Log log
O(lg n) Logarithm
O(n) Tuyén tinh
O(nlgn) nlogn
G(n) Bac hai
O®’) Bac ba
W™ Da thic
Om"), m=2 Ham mi
O(n!) Giai thira

Bang 1. Cic danh gia thong dung.

Céc hing s6 bi bd qua trong cdch ddnh gid vira dua vao & trén c6 thé c6 ¥ nghia
quan trong trong Ung dung thuat toan. Chang han, gi4 s v6i moi 4t lieu ddu vao do dai
n, thuat todn A ddi hoi thoi gian tinh 1a C, n con thuat todn B ddi hoi C, 2. Khi dé voi
mot s6 kich thuéc dau vao nhat dinh thuét todn B c6 thé van 1a t6t hon. Thi du, néu C, =
300, C, = 5, thi v&i n = 5, thuat toan A doi hoi thoi gian 1500 trong khi thuat todn B doi
hoi thoi gian 125. T4t nhién, khi n da 16n, thuat todn A 1a luén nhanh hon thuat todn B.
Mot s6 danh gia t6c do ‘tang dac biét duoc dat tén riéng nhu chi ra ttong bang 1.

Trong bang 1, cic danh gid duoc sip xép theo thit tu tang din:ciia t6c ™o tang
(ngoai trir truong hop O(#™)). Bang 2 duéi day cho thdy thai gian tinh tang nhu thé nao ‘
véi cac ddnh gia s6 bude lap khéc nhau (gia thiét: mdi budc lap doi hdi 1 micro gidy):
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Thoi gian tinh néu n=

Pinh gia 6 12 50 100

1 10 sec 10°% sec 10°® sec 10 sec
lglgn 107 sec 2x10%sec  2x10°%sec  3x10° sec
lgn 3x10%sec  4x10®%sec 6x10%sec 7x10° sec
n 6x10°sec 107 sec 5x10° sec  10™ sec
nign 2x107sec  4x10%sec 3x10“sec  7x10™ sec
n® 4x10% sec 10 sec 3x103sec  0.01 sec
n’ 2x10%sec  2x10%sec  0.13 sec 1 sec
2" 6x107 sec  4x10”sec 36 nam 4x10° nam

Bang 2. Thoi gian tinh véi cdc danh gid khac nhau



Chuong 4. Bai todn liét ké

Néu nhu d6i v6i mot bai todn ta c6 thé xay dung thuat 1odn vdi thoi gian tinh téi
nhdt la da thudc, thi bai todn dat ra goi [ duoc gidi 161, Rat ti€c 1a cho dén thai diém hién
tai, chi ¢6 mdt s6 khong nhiéu lam bai todn 1a duge giai tot.

N&u bai todn khong c6 thuét todn véi thoi gian t6i nhat da thic dé giai thi né dugc
goi 1a khé giai (intractable). Néu nhu ¢6 thuat todn giai bai todn nhu vay, thi chic chin
né sé€ doi hoi rét nhiéu thdi gian.

C6 mot s6 bai toan lai kho dén mic 1a ta khong thé xay dung thuat todn dé giai no.
Nhirng bai todn nhu vay duoc goi ia khong gidi duge (unsolvable problem;. Mot trong
nhitng bai todn nhu vay 1a Bai todn vé tinh dimg: Cho mot chuong trinh va tap ddu vao,
héi rang chuong trinh ¢6 dimg hay khong?

Viéc nghién ciu 1y thuyét vé do phic tap tinh todn cla cdc bai todn va cdc thuat
todn la mot trong nhitng van dé trung tam cua khoa hoc tinh todn, ma & gido trinh nay ta
khong c6 diéu kién dé di sau hon nita.

4.3. Phuong phap sinh

Phuong phap sinh c6 thé 4p dung dé gidi bai todn liét ké t6 hgp dat ra néu nhu hai diéu
kién sau dugc thuc hién:

1) C6 thé xdc dinh duge mét thit e trén tdp cdc cdu hinh 16 hop can liét ké. Tir dé
¢6 thé xdc dinh duge cdu hinh dau tién va cdu hinh cudi ciing trong thir tu d@ xdc dinh.

2) Xay dung duoc thudt todn tie cdu hinh chua phdi la cudt cang dang cé, dua ra
cdu hinh ké'tiép néo.

Ta s€ goi thuat todn néi trong diéu kién 2) 1a thuat todn sinh ké& ti€p. RS rang la thi
tu trong diéu kién 1) can dugc lua chon sao cho ¢é thé xay dung dugc thuat todn sinh ké
ti€p. Gia thiét ring, hai diéu kién néu trén da dugce thuc hién, khi d6 thuat én sinh dé
giai bai toan liét ké dat ra dugc mo ta nhu sau:

procedure Generate,

Begin
<Xdy dung cdu hinh ban ddu>;
Stop:=false;
while not stop do
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begin
<Puu ra cdu hinh dang cé>,
Sinh_ké tiép;
end,
End.

trong d6 Sinh_ké” tiép 1a thi tyc sinh c4u hinh k& tiép theo thuat todn sinh k€ ti€p da xay
dung. Néu cau hinh dang c6 da 1a cudi cing, tht tuc nay c4n gidn cho bién Srop gid tri
true, nguoc lai thu tuc nay s& xay dung cu hinh k€ tiép cta cau hinh dang cé trong thi
tu da xac dinh.

Duéi day ta xét mot so thi de minh hoa cho vigc dp dung thudt todn sinh.

Liét ké tdt cd cdc ddy nhi phdn dé dai n.

Viét day nhi phan dudi dang b, b, ... b,, trong d6 b, € {0, i}. Xem mbi ddy nhi phan b
= b, b, ... b, 1a biéu dién nhi phan cla mdt s6 nguyén p(b). Khi d6 thit tv hién nhién
nhét cé thé xac dinh trén tap cic ddy nhi phan 1a thir nie tw nhién (con goi 1a thit tu nr
dién) dugc x4c dinh nhu sau.Ta néi ddy nhi phan b = b, b, ... b, di trudc ddy nhi phan b’
=b’, b’y ... b’, trong thit tu ty nhién va ky hiéula b < b’ néu p(b) < p(b").

Thi du: Khi n=3, cidc day nhi phan d¢ dai 3 dugc liét ké theo thit tu tu nhién nhu sau

b p(b)
000 0
001 1
010 2
011 3
100 4
101 5
110 6
111 7

Nhu thé day dau tiéns€ 1a00 ... 0,conday cudicunglal 1 .. 1. Giasu b, b, ... b,
la day dang cé. Nhan xét rdng, néu diy nay gém toan chit s6 1 thi qua trinh liét ké két
thic, trai lai, day ké ti€p sé nhan dugc bing cach cong thém 1 (theo modun 2, ¢6 nhg)
vao day hién tai. Tir d6 ta nhan dugc qui tac sinh day k€ ti€p nhu sau:

e Tim i ddutién (theo thitui=n, n-1, ..., 1) thod méan b, = 0.

e Ganlaib,=1vab =0 vditatca, > i Day méi thu duoc sé la day can tim.
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Thi du. Xét day nhi phan do dai 10: b= 1101011111. Tacdi=15. Do dé, dat bs = 1,
vah, =0, i=6,7,8,9, 10, ta thu duoc xéu nhi phan k& tiép la 1101100000.

Thuat todn sinh k€& ti€p dugc mo ta trong thu tuc sau

procedure Next Bit String;
(*  Sinh xdu nhi phdn ké'tiép theo thit te tix dién tix
xdudangcé b by,..b,#11..1 *)
hegin
ir=n;
while b, = [ do
begin
b, =0;
i=i-1;
end;
b,:=1;
end;

Dudi day la chuong trinh PASCAL thuc hién viéc liét ké cdc day nhi phan do dai n bang
phuong phdp sinh. Trong chuong trinh ¢6 thém mot bién count dung dé dém s6 lugng
day nhi phan dugc sinh bdi chuong trinh.

{Chuong trinh liét ké ddy nhi phdn}
var

n, i:integer;

b:array[1..20] of 0..1;

count: word;

stop: boolean;

procedure Init;
var i:integer;
begin
write('Cho biét do dai dday nhi phdn:’); readin(n);
fori:=1tondobli] :=0;
stop = false;
count := 0;
end:;

procedure Next Bit String,
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var i: integer,

begin
{sinh dd@y nhi phdn ké tiép)
I=n;
while (i >= 1) and (b[i] = 1) do
begin
bli] =0;
ir=10-1
end;

if i<l then stop := true
else bji] := 1,
end,;

Begin  {main program}
Init;
while not stop do
begin
{dua ra ddy nhi phdn hién tai}
count = count+1;
write(count:5,". ),
fori:=1ton dowrite(b[i]:2); writeln;
Next_Bit String
end;
write('Gé Enter dé két thuc...’); readin;
End.

Liét ké cdc tdp con m phdn tit cia tép n phan ti.
Bai todn dat ra la: Cho X= {1, 2, ... , n}. Hay liét ké cic tdp con m phén ti ciia X. Mbi
tap con m phén tir clia X ¢6 thé biéu dién bdi bo ¢6 thit tu gdm m thanh phén
a=(a,a,, ..,a,)

thoa man

l<a,<a,<..<a,<n

Trén tap céc tap con m phdn tir clia X c6 thé xédc dinh nhiéu thi tu khdc nhau. Thi

tu don gian nhat 1a thir ty tr dién duge dinh nghia nhu sau: Ta néi tap con a = (a,, a,,...,
a,) di trudc tdp con a’ = (@'}, @', ..., a’,) trong thit ty tir dién va ky hiéu la @ < a’, néu
tim dugc chi 86 k(1 <k <m ) sao cho

a=a,,a=a,...,a,=4a,, aq<da,.
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Thidu: X=1{1,2,3,4,5}, m=3.Cic tap con 3 phan tr cia X dugc liét ké theo thit tu
ttr dién nhu sau

oW B L LR D
b L h & W B B W

W N RN B —m o e e e e

Nhu vay, tp con dau tién trong thif tu tir dién la
(1,2, ..., m)
va tap con cudi cliing la
(n-m+1, n-m+2, ..., n).
Gia slt a=(a,, a,, ..., a,) 12 tAp con dang c6 chua phéi cu6i ciing, khi dé c6 thé ching

minh duogc rang, tap con ké tiép trong thif ty tir dién c6 thé xay dung bang cich thyc
hién cac quy tic bién d6i sau doi véi tap dang co:

e Tim tir bén phai day a,, d,...., a,, phan o a; #n-m+i,
e Thay g, bSia; + |;
e Thaya, boi a,+j-i,véij=i+l,i+2,., m.

Thidu: n=6,m=4. Giasidang cé tap con (1, 2, 5, 6), cdn xay dung tap con k& tiép
né trong thy tu tr dién. Ta ¢6 i=2, thay a, = 3, va a;= 4, a, = 5, ta dugc tap con k€ tiép
(1,3.4,5).

Tit d6, thuat toan sinh k€& tiép c¢6 thé mo ta trong thi tuc PASCAL mé phong sau
day:

procedure Next_Combination;
(* Sinh m-tdp con ké'tiép theo thit e tir dién
cua tdp con (a,, a,,..., a,) = {(n-m+1,..n}*)

begin
I=m;
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while a, = n-m+i do i:=i-1;

a:=a;+ I,

forj=i+ltomdoa;:=a;+j-1;
end;

Liét ké cdc hodn vi cua tdp n phdn ti.
Bai todn dat ra la: Cho X = {1, 2, ..., n}. Hay liét k& céc hodn vi tit n phan tir cha X. Moi
hodn vi tir n phin t&r clia X c6 thé biéu dién bdi bo ¢6 thit tu gém » thanh phan a = (a,,
a,, ..., a,) thoa man
ae X, i=1,2,.,n,a,=a,p#q.

Trén tap cdc hoan vi tl 7 phdn tl cia X ¢6 thé xdc dinh nhiéu thit ty khdc nhau. Tha
tv don gian nhat 12 thir oy tr dién duge dinh nghia nhu sau; Ta néi hodn via = (a,, a,....,
a,) di trudc hodn vi a’ = (a’,, a’;, ... . @’,) trong thi¥ tu ti dién va ky hiéu laa < ', néu

tim duoc chi s6 & (1 < k < n) sao cho

a=a,,q,=a%,...,a,=0a, a,<a.

Thidu: X={1,2,3}. Cic hodn vi tir 3 phan tir cha X duoc liét ké theo thit tu tir dién
nhu sau

W W NN — —
N = W= W
— b = L) PO W

Nhu viy, hodn vi ddu tién trong thit tu tir dién 12

(1,2,..,n)
va hodn vi cudi cung la
(n, n-1, .., 1).
Gia st a = (a,, a,, ... , a,) la hodn vi dang c6 chua phai cu6i ciing, khi d6 c6 thé ching

minh dugc réng, hodn vi k€ ti€p trong thit ty tir dién ¢é thé xay dung bang céch thuc
hién céc quy tic bién ddi sau d6i véi hodn vi dang c6:
o Tim tir phai qua trdi hoan vi dang c6 chi s6 j ddu tién thod man g, < a;,, (néi
cdch khic: j 1a chi s6 16n nhét thod mén g, < a;, );
* Tim g, 1a s6 nho nhdt con I16n hon g; trong cic s6 & bén phai a; ;
o Débichda;véia,;
e Latnguocdoantlra, déna,.
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Thi du: Gia st dang c6 hodn vi (3,6,2, 5, 4. 1), can xdy dung tap con k€& ti€p nd trong
thit ty tir dién. Ta ¢6 chi sd ) = 3 (¢, =2 < @, = 5). S6 nho nhét con 16n hon a, trong céc
s0 bén phdi cla a; 1a a; = 4. D6i chd a. v6i « ta thu duoc (3, 6, 4, 5, 2, 1), va cubi
cung, lat nguge thit tr doan a, u; g, ta thu duoc hodn vi ké ti€p (3, 6,4, 1, 2, 5).

Tir d6, thuat todn sinh k& tiép c6 thé mo ta trong thi tuc PASCAL mé phong sau
day:

procedure Next_Permutation:
(*  Sinh hodn vi ké'tiéD theo thit uy tit dién
cua hodnvi (a,, a,, ...,a,) #(n.n-l, .. 1) *)
begin
(* Tim j la chi s6'l6n nhdt thod a, < a,,, *)
ji=n-1;
while a,> a;,, do j:=j-1;
(* Tim a, la s6'nhd nhdt con lén hon a; 0 bén phdi a; *)
k:=n;
while a;> a, do k:=k-1;
Swap(a,, a,); (* doi chd a, voi a; *)
(* Ldt nguoc doan ur a;,, dén a,*)
ri=n;
s:=j+1,
while r>s do
begin
Swap(a,, a,); (* doi chd a vdia, *)
ri=r-1;
s:= 5+l
end;
end;

N6i chung, phuong phdp sinh khéng c6 tinh phé dung: khéng phai cdu hinh ké tiép
ndo cling duge sinh mot cdch don gian tir c4u hinh hién tai, mit khdc c4u hinh ban ddu
khong phai dé tim vi ngay ca sy tén tai mot cau hinh nhiéu khi van con 14 nghi van. Vi
vay, thong thudng thuat todn sinh chi ¢é thé xay dung dugc d6i voi nhitng bai todn liét
ké t& hop don gian. D€ giai nhimg bai todn liét ké phitc tap, nguoi ta thudng dung thuét
todn dugc trinh bay trong muc tiép theo, cé tinh phé dung cao hon. D6 la thuat todn
quay lui.

91



Phdn 1. Ly thuyét t6 hop

4.4. Thuat toan quay lui

Noi dung chinh cta thuit todn nay la viéc xay dung dan cdc thanh phan cua cdu hinh
bing cdch thir tat cé cdc kha nang. Gia thiét cdu hinh cin tim dugc mo ta bang mot bo
gbém » thanh phan x,, x5, ..., x,. Gia st dd xdc dinh dugc /-1 thanh phan x,, x,, ..., x,, (ma
ta s& goi 1a 17 gidi b¢ phdn cdp i-1), bay gid ta xdc dinh thanh phan x, bang cdch duyét
tit ca cac kha ning c6 thé dé clr cho né (d4nh s6 cdc kha nang tir | dén n,). V&i mdi kha
ning j, kiém tra xem j c6 chap nhan dugc khong. Xay ra 2 trudng hop:

. néu chdp nhan j thi xdc dinh x, theo j, sau d6 néu / = » thi ta dugc mét cau hinh,
coOn trdi lat ta tién hanh viéc xdc dinh x, ,.

. néu thu tdt ca cac kha nang ma khong c6 kha nang nao dugc chip nhén thi quay
lai budc trude dé xic dinh lai x, .

Diém quan trong cua thuat todn 1a phai ghi nhd tai méi budc da di qua, nhitng kha
nang nao da thir dé tranh triing lap. R6 rang nhitng théng tin ndy cin dugc htu trit theo
co cdu ngan xép (stack - vao sau ra truoc). Vi thé thuat todn nay rat phi hop véi viéc
lap trinh trén mot ngon ngit cho phép goi dé qui. Budc xdc dinh x, ¢6 thé dién ta qua tha
tuc duoc t6 chite dé qui duéi day:

proceduie Try(i.: integer),;
var j: integer;
begin
forj:=1ton, do
if <chdp nhdn j> then
begin
<xdc dinh x; theo j>
if i =nthen <ghi nhdn mét cau hinh>
else Try(i+1);
end,
end;

Phan quan trong nhat trong thi tuc trén la viéc dua ra duge mot danh sach cac kha niang
dé cir va viéc xdc dinh gid tri cha biéu thic logic <chdp nhdn j>. Thong thudng gia tri
nay, ngoai viéc phu thudc j, con phu thudc vao viéc da chon cdc kha nang tai i-1 budc
trudc. Trong nhimg trudng hogp nhu vy, can ghi nhé rang thdi moi cia qua trinh tim
ki€m sau khi <xdc dinh x; theo j> va tra lai trang thdi ci sau 10i goi Try(i+1). Cic
trang thdi ndy dugc ghi nhan nhd moét s6 bién téng thé (global), goi 1a cic bién 1rang
thai.
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Chureng 4. Bai woan lide ké

Sau khi xay dung tht tuc d¢ qui Try, doan chuong wrinh chinh gidi bai todn liét ké
c6 dang:

Begin
Init; Try(1});
End.

trong dé /nir 12 thi twe khdi tao cde gid tri ban dau (nhap cde gid tri tham s6 cua bai
todn, khdi gin cdc bién trang thii. bién dém, ...).

Quad trinh tim kiém 19i giai theo thuat todn quay lui c6 thé mo ta boi Cay tim kiém
loi gidi sau day

Kha nang chon x,

Kha nang chon x,
véi x; da chon

Kha nang chon x,
vdi x,, x, dd chon

Hinh 1. Cay liét ké 101 giai theo thuat toan quay lui

Dudi day 1a 3 thi du liét ké 3 cdu hinh co ban: diy nhi phan, hodn vi va té hop,
bang thuat toan quay lui.

Thi du 1. Liét ké cac day nhi phéan do dai n.
Giai: Biéu dién ddy nhi phan dudi dang b, b, ... b,, trong d6 b; € {0,1} Thu tuc dé qui

Try(i) xac dinh b, trong d6 cdc gid tri d€ clr 1a 0 va 1. Cdc gid tri nay mic nhién duge
chap nhan ma khong phai thoa man diéu kién gi (vi th€ bai todn khong cin bi€n trang
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Phdn 1. Ly thuyét 16 hop

thdi). Thua tuc Inir nhap gid tri »n va khdi gén bién dém count. Tha tuc Result dua ra
day tim duoc.

{Chuong trinh liét ké ddy nhi phdn}
var n:integer;
b:array[1.20] of 0..1;
count: word;
procedure Init;
begin
write('n =), readln(n),
count :=0;
end;

procedure Result;
var i: integer;
begin
count := count+1;
write(count:5, " ’);
fori :=1tondowrite(b[i]:2);
writeln;
end;
procedure Try(i: integer),;
var j: integer;
begin
forj:=0t01do
begin
bli] :=j;
if i =n then Result
else Try(i+1);
end;
end;
Begin  {main program}
Init; Try(l),;
write('Go Enter dé két thiic...’); readin;
End.

Cay liét ké 10i giai theo thuat toan quay lui dé liét ké cdc day nhi phan do dai 3
duoc mo ta trong hinh 2.
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Chuong 4 Bai todn liét ké

006 001 010 011 100 101 110 111
Hinh 2. Cay fiét ké dédy nhi phan do¢ dai 5
Thi du 2. Liét ké cdc hodn victa {1, 2, ..., n}.

Giai: Biéu dién hodn vi dudi dang p, p, ... p,, trong d6 p, nhan gid tri tit 1 dén n va p, =
p,véii #j. Cdc gid tri tir 1 d&n n duoc 14n lugt dé clr cho p,, trong d6 gid tri j dugc chip
nhan néu né chua duoc diing. Vi thé can phai ghi nhé d6i véi méi gia tri j xem né da
dugc dung hay chua. Diéu nay dugc thuc hién nho mot diy bién logic b, trong do b,
bang rrue néu j chua duge ding. Cic bién nay can phai duge khoi gdn gia tri rrue trong
th tuc Inir. Sau khi gén j cho p; can ghi nhan false cho b, va phéi géan lai true khi thuc
hién xong Result hay Try(i+1). Cic phan con lai giong nhu bai todn trude.

{Chuong trinh liét ké cdc hodn vi}
var
n: integer,
poarray[1.20] of integer;
b: array(1..20] of boolean;
count: word,

procedure Init;

vari: integer;

begin
write('n =), readin(n);
fori:=1tondob[i] := true;
count := 0;

end,

procedure Result;
vari: integer;
begin
count ;= count+1;
write(count:S, . °);
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fori:=1tondowrite(pfi]:3);
writeln;
end;

procedure Try(i: integer);
var j: integer,
begin
forj:=1tondo
if b[j] then  {chdp nhdn j}
begin
plif :=j:
b(j] := false; {ghi nhdn trang thai moi}
if i = nthen Result ¢lse Try(i+1);
blj] := true; {trd lai trang thdi cii}
end;
end;

Begin  {main program}

Init; Try(l);

write('Gé Enter dé két thuc...’); readln;
End.

Cay liét ké céc hodn vi cua 1, 2, 3 duge cho trong hinh 3. Cac hodn vi dugc liét ké theo
thit tu tir dién ting d4n.

1,23 1,32 2,13 231 312 32,1

Hinh 3. Cay liét ké cac hoan vi cua 1, 2, 3.

Thi du 3. Liét ké cac t6 hop chap mcha {1, 2, ..., n}.

Giai: Biéu dién té hop duéi dang ¢, c, ... ¢,, trong dé
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Cluremg 4. Bai todan lét ké

I<¢ey <, <<, $n

Tix dé suy ra cdc gid tri dé clr cho ¢, la tir ¢, +1 dén n-m+i. D& diéu ndy ding cho ca
truong hop i = 1, can thém vao ¢, v6i ¢, = 0. Cdc gid tri dé cr nady mac nhién dugc chip
nhan. Cdc thu tuc /nir, Result dugc xay dung giong nhu bii toan trudc.

{Chuong trinh liét ké cdc t6 hop)
var
M, M. integer,
c:array[0..20] of integer;
count: word,
procedure Init;
begin
write('n, m = '), readln(n, m);
c[0] := 0, count ;= 0;
end;

procedure Result;

var i: integer;

begin
count := count+1; write(count:5,’.’);
for i := 1 to mdo write(c[i]:3); writeln:

end;

procedure Try(i: integer);
var j: integer;

begin
for j:=cfi-1]+1] to n-m+i do
begin
cli] :=j;
if i = mthen Result else Try(i+1);
end;
end;

Begin  {main program}

Init;

Try(1),

write('Gé Enter dé két thiic... ’); readin;
End.
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Cay liét ké cdc t6 hgp chap 3 tir {1, 2, 3, 4, 5}dugc cho trong hinh 4. D& thay cic t8
hop dugc liét ké theo thit ty tir dién tang dan.

®
123 124 125 134 135 145 234 235 245 345
Hinh 4. Cay liét ké t6 hop chap 3 tir {1, 2, 3, 4, 5}

Trong nhi2u bai todn, viéc xdc dinh diéu kién <chdp nhdn /> khéng phai 1a don
gian, n6é doi hoi phéai ¢c6 mot trinh do t6 chic nhat dinh. Ro rang do phic tap cla bai
toan phu thudc rat nhiéu vao do phiic tap cua diéu kién nay. N6i chung, ngudi ta c6
gang thu hep dién dé cir cdc kha nang j va tinh gian t6i da viéc tinh diéu kién chap nhéan
j. Day ciing la cdch chi yé€u dé nang cao tinh kha thi cha bai todn liét ké.

Duéi day trinh bay bai todn Xép Hau, 1a mot bai todn kinh dién dé minh hoa thuat
todn quay lui.

Thi du 4. Bai todn Xép Hdu. Liét ké tat ca cac cich x&p n quan Hau trén ban cd nxn sao
cho chiing khong an duoc 1an nhau.

Giai: Ddnh s6 cOt va dong cua ban cd tir 1 dén n. Méi dong dugc xép diing mot quan
Hau. Van dé con lai 1a xem moéi quan Hau dugc xép vao cot nao. Tir d6 dan dén viéc
biéu dién mot cach x&p bang bo n thanh phin x, x, ... x,, trong d6 x, = j nghia la quan
hau dong i duge x€p vao cot j. Cdc gid tri dé cir cho x; 1a tir 1 dén n. Gid tri j 12 dugc
chip nhan néu 6 (7, j) chua bi cdc quan Hau truéc chi€u dén. Dé kiém soét duge diéu
nay, ta can phai ghi nhan trang thai cia ban c¢ trudc ciing nhu sau khi xép dugc mot
quan Hau. D€ ¥ ring, theo luat c&, quan Hau 4n ngang, doc va hai duomng chéo.

Viéc kiém sodt theo chiéu ngang 1a khong cin thiét vi mdi dong duoc xép ding
mot quan Hau. Viéc kiém sodt theo chiéu doc dugc ghi nhan nhd diy bién logic a; voi
qui udc a; bing true néu cot j con tréng. DGi v6i 2 dudng chéo ta nhan xét ring mot
dudng c6 phuong trinh i+j = const, con duong kia i-j = const (2 Li+j<2n, 1-n<i-j<
n-1), tt dé6 dudng chéo thir nhit dugc ghi nhan nho day bién logic b, (2 < j < 2n) va
dudng chéo thi hai, nho day bién logic ¢; (1-n < j £ n-1) véi qui udc cdc dudng nay con
trong néu bién tuong ng c6 gia tri true. Cac bién trang thdi a;, b;, ¢; can dugc khdi gin
gid tri true trong thu tuc /nir. Nhu vay gia tri j duoc chap nhan khi va chi khi ca 3 bién
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Chitong 4. Bai todn liét ké

a, b, c; cing cé gid tri true. Cdc bién nay can gan lai false khi xép xong quan Hau
thit i va tra lai true sau khi goi Result hay Try(i+1). Cic phdn khac dugc giai quyét nhu
céc thi du trudc,

{Chuong trinh gidi bai todn Xép Hdu}
var
n:integer,
x:arrayl1.20] of integer:
a.: array({1..20] of hoolean;
b: array{2.40] of boolean;
c:array(-19..19] of boolean;
count: word;

procedure Init;

var i: integer;

begin
write('n =), readin(n);
count := 0,
fori:=1tondoali] :=true,
fori:=2to2%ndo b[i] :=true;
fori:=1-nrton-1docfi] :=true;

end;

procedure Result;

var i: integer;

begin
count ;= count+1;
write(count:5, . ’);
fori:=1rtondowrite(x[i]:3);
writeln;

end;

procedure Try(i: integer);
var j: integer;
begin
forj:=1tondo
if afj] and b{i+j] and ¢[i-j] then
begin {chdp nhdn j}
x/i] i=J;
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{ghi nhdn trang thai moi}
alj] :=false; bli+j] := false; c[i-j] := false:
if i =nthen Result else Try(i+1);
{trd lai trang thai ci}
alj] := true; bli+j] := true; c[i-j] := true;
end;
end;

Begin  {main program}

Init;

Try(1);

write('Gé Enter dé két thuc...’); readln;
End.

Dudi day 12 s6 cdch x€p Hau ung v6i mot so gia tri n:

n 4 | 7 8 9 10 11 12 13 14
H 2140 ] 92 | 352 | 724 | 2680 | 14200 § 73712 | 365596

3

Nghiém dau tién ma chuong trinh tim dugc ing véin = 8 la
x=(1,5.8,6,3,7,2,4)

nd tuong Ung véi cdch x€p Hau cho bdi hinh 6.

W

W

Hinh 6. Mot 101 giai cua bai todn x&p hau khi n =8

Cay liét ké 101 giai theo thuat toan quay lui dé liét ké cdc cdch xé€p hau véi n=4
duoc mo ta trong hinh 5 (hai nhdnh con lai 1a ddi xing véi hai nhanh dau).
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Cach xép (2,4, 1,3)

Hinh 5. Cay liét ké cdc cdch x&p hiu trén ban co 4x4

Thi du 5. Liét ké tat ca cac cich xé€p k < »n quan Hau trén ban cd nxn sao cho chiing
khong an duge 1an nhau déng thoi ching khong ché tét ca cic 6 cia ban cd.
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Phdn 1. Ly thuyét t6 hop

Giai. Ta c6 thé giai bii toan dat ra bang céch liét ké tat ca cac cach chon ra k dong dé
xép cdc con hau, ung v6i mbi céch chon d6 dp dung phuong phap & thi du 4 dé liét ké
cac cach x€p hau vao « dong da chon sao cho chiing khong an dugce 14n nhau déng thoi
khong ché tat ca cic 6 cha ban cd. Chuong trinh giai bai todn nay ta khong din ra &
day. Dicéu ddng luu y la khdc véi bai todn trong thi du 4, bai todn & day trong rat nhiéu
truong hop la khong cd 161 giai. Trong bai todn nay, ngudi ta cdn quan tam dén so &
nhd nhat thoa man diéu kién dit ra. Bang dudi day cho thdy mot s6 gid tri dd biét coa
k

min

min®

n |1 |2 [3 |4 ]5 |6 7 [8 [9 [10 |11 JI2
ka1l |1 JU |3 |3 14 [4 |5 |5 [5 |5 |7

(W8]

~)

n 14 115 116 [17 (18 |19 |20 [21 |22 |23 [24 |25
Kpin | 8 9 9 |9 <10 | <11 | <11 {1l }<13i<13[<13/13

Céc 6 c6 d4u bat ding thic 1a con chua xac dinh dugc chinh xdc gid tri cla k,;, .

Véi n=15, dé liét ke tat ca cac 15i giai clia bai toan khi k£ =9 va chiing minh bai toan
khong c6 16i giai khi k=8 chuong trinh viét trén ngén ngit C cia cdc tac gia Gibbons va
Webb da phai sir dung thoi gian tuong tng 1a 58.4 va 23.5 gio trén mdy DEC ALPHA
3000/600. D€ chi ra v6i n=16, khi k=8 bai todn khong c6 19i giai, chwong trinh néi trén
dd chay mit 113.7 gid mdy.

Hy vong rang thi du cu6i cing nay gilp ching ta, mot mat, hinh dung dugc su
phiic tap cla c4c bai todn liét ké t& hgp, mat khic, thdy ring liét ké véi su trg gilp cla
mdy tinh la bién phap dé giai nhiéu van dé tén tai trong té hop.



Chirong 4. Bai todn liét ké

Bai tap

Trong cdc bai 1-5 hdy vé cdy liét ké 101 gidi theo thudt todn quay lui dé’ gidi cdc bai
todn liét ké 10 hop ddt ra.

1. Gid st A, B, . . ., F trén hinh [ 14 cdc hon ddo va cac doan ndi la cidc cay clu ndi
chung. Mot ngudi da iich <hdi hanh ir A di tir ndn ddo nay sang Lon dao khic, Ngudi
du lich s€ dimng lai dé an trua néu nhu tiép tuc di s€ phai di qua cdi cdu nac d6 hai 1an.
(a) Liét ké cdc cach ma ngudi du lich c6 thé di cho dén khi dimg lai an trua.
(b) Cho biét & nhiing di€ém nao ngudi du lich c6 thé dimg lai an trua?

A (B) O= D
® ( ©

Hinh 1.
2. Hai doi béng chuyén A, B thi dau trong mot giai vo dich quéc gia. Doi thing trong
tran d4u s& 12 d6i gianh dugc ba hiép thang trude. Hay liét ké tat cd cdc kha nang c6 thé
cla tran d4u giita hai doi.
3. Liét ké tét ca cdc cdch mét thif ty cia 4 s6 tu nhién 1, 2, 3, 4.

4. Liét ké c4c xau nhi phan d¢ dai 5 khong chita hai s& 0 lién tiép.

5. Liét ké cac chinh hgp lap chap 4 tir 3 chit A, B, C khong chita hai chit A hoac hai chit
B.

Lép trinh trén PASCAL gidi cde bai todn liét ké sau bdng thudt todn quay lui

6. Liét ké 14t ca cdc phan tr cha
D={x=(x,x,,...,x,) Zajxj=b, x; €{0,1}, j=12,..,n}

j=1

trong dé aq,, a,, ..., a,, b la cac s6 nguyén duong.
7. Liét ké tat cd cdc phan tir clia
D={x=(x,xy,...,x,): Zajxj =b, x,€Z,j=12,..,n}
j=1

trong d6 a,, a,, ..., a,, b 1a cic s6 nguyén duong, Z, 1a tap cac s6 nguyén khong am.

8. Cho tap X= {1, 2, ..., n}. Hay liét ké tat ca cac phan hoach tap X ra thanh & tap con
X, X% X (k<)
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Phan 1. Ly thuyét t6 hop

9. Cho s6 nguyén duong N. Hay liét ké tat ca céc cdch biéu dién N dudi dang 16ng clia
mot s s6 nguyén duong.

10. Hinh vuong than bi (ma phuong) bac # 1a ma trdn vudng cép n vdi cac phin tir 1a
c4c s6 ty nhién tit 1 dén #’ thod man tinh chét: “T'éng cdc phdn nr trén mdi dong, méi
cét va méi nidt trong hai duong chéo déu c6 cung moi gid tri”.

Thi du: Duéi day 1a mét ma phuong bac 3

8 1 ©
3 5 7
4 9 2

D61 v6i ma phuong ndy, ta ¢6 t3ng cdc phan w trén cdc dong la:
B+1+6=3+5+7=4+94+2=15;

téng cdc phén ti trén cac cot 1a:
8+3+4=1+5+9=6+7+2=15;

téng cac phan tir trén hai dudng chéo Ia:

8+5+2=64+5+4=15.

Hay viét chuong trinh liét ké tat ca cdc ma phuong bac n = 3, 4 khong sai khac nhau bdi
cdc phép bién hinh don gian (quay, d6i xdng).
(Chd y: Bai toan dém s6 lugng ma phuong bac n mdi chi giai dugc véin =3, 4, 5.)

11. Tam giac than bi. Cho mot luGi 6 vudng gém nxn 0 va s6 nguyén duong k. Tim
céch dién cédc s6 tu nhién tir 1 dén 31-3 vao cdc 6 & cOt dau tién, dong cudi clung va
duong chéo chinh sao cho téng céc s dién trong cot diu tién, dong cudi cing va dudng
chéo chinh cta ludi déu bang £.

Vi du: VGi n =5, k=35 ta ¢ cach dién sau:

il

10 |2

9 3

1 7

& {5 [6 |8 |12

Hay phat trién thuat todn dua trén thuat toan quay lui dé chi ra véi gid tri cia n va k cho
trude bai todn dit ra c6 101 giai hay khong? Néu cau tra 10i 1a khang dinh chi can dua ra
mot 101 giai.
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12. Bai toan vé 8 quan co: Cho § quan cd: Vua (V), Hau (H), 2 con Ngua (N), 2 con
Tugng (T) khdc mau, 2 con Xe (X). Tim cich xé&p ching 1én ban c qudc t&€ 8x8 6 sao
cho chiing khéng ché dugc nhiéu 6 cla ban cd nhit. Luu y rang: Vi tri quan c& ding
khong coi 14 bi né khong ché, Cdc vi tri nam trong kha nang khong ché clia quan co
nhung bi mot quan nao dé chin dudng di chuyén dén d6 cling coi la chua bi quan cd dé
khong ché.

Thi du: Cach x&p ciic quan ¢o trong ninh ve duui day khang ché duge 49 6:

8 T | | T 1
7 N

6 N

5 X

4 T

3 H X

2

1

(C4c 6 boi den 1a chua bi khéng ché bdi cac quan cd xép trén: ban ¢d).

Hay sir dung thuét todn quay lui gidi bai todn dat ra.

13. Pién s0. Viét chuong trinh pidi bi todn sau day;

Cho bang vuéng gém NxN 6 vuéng. Cic dong cua bang duge dénh s tir 1 dén N, tir
trén xuéng dudi. Cic cot cia bing duge ddnh s tir 1 dén N tir trdi sang phai. Bén canh
mbi cot va mbi dong cla bang déu cé ghi mdt s6 nguyén duong. Goi X; 1a s6 viét bén
canh cot i, con Y, 1a s0 viét bén canh dong j.

Yéu cau: Can dién cdc s6 nguyén duong vao mot s6 6 cua bang sao cho:
e Cic s6 dugc dién phai khic nhau timg doi;
e  MObi dong va mdi cot can dién ding hai s6;
¢ Tich cta hai s6 dién trén cot / phai bang X;
e Tich ctia hai s6 dién trén dong ;j phai bang Y,

Hinh duéi day cho thi du vé 1di giai cha mot bai todn dang vira néu.
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B 13 18
9 1 9
12 111132
41832

2 5 10

39 6 12 20 88

Dir liéu: Vao tir file van bin NUMBOARD.INP:
o Dong dau tién ghi s6 nguyén N (2 £ N < 10);
o Dong thit hai ghi Ns6 X, ..., X, (1 £X £1000,i=1, .., N);
s DongthirbaghiNs6Y, .., Yy (1 <Y <1000,7=1,... N).

Két qua: Ghi ra file van ban NUMBOARD.OUT: Dong thd 1 ghi M s6 trén dong thit |
cia bang; Dong tha hai ghi N s6 trén dong thi hai cia bang,..., Dong thit N ghi N s6

trén dong thit N cda bang. Qui ude: Ghi s6 0 & vi tri cdc 6 khong duge dién s6.

Vi du: Néi dung ctia cic file dit liéu va két qué tuong (ng c6 thé nhu sau

NUMBOARD.INP NUMBOARD.OUT

2 13

212 24

38

3 120

5818 506

23012 043

5 6 3000

54 6122088 90100

1891323210 0 012 0 11
00048
02050
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BAI TOAN TOI UU

5.1. Phat biéu bai toan

Trong rat nhiéu van dé ing dung thuc t€ cla t6 hgp cic cdu hinh t6 hop con duge gdn
cho mot gid tri bang s¢ ddnh gid gia tri st dung cua cau hinh déi véi muc dich sit dung
cu thé nio dé. Khi d6 xudt hién bai todn: Hay lua chon trong s& cdc cau hinh té hop
chap nhan dugc cau hinh cd gid tri st dung t6t nhat. Cac bai todn nhu vy ching ta sé
goi 14 bai todn t6i uu té hop. Dudi dang tdng quét bai todn t8i wu t6 hop ¢6 thé phat biéu
nhu sau: '
Tim cuc tiéu (hay cuc dai) cia phiém ham

Jf(x) = min (max),
véi diéu kién

xeD,
trong d6é D 1a tap hitu han phan ti.

Ham f(x) dugc goi la ham muc tiéu cua bai todn, moéi phan tr x € D duogc goi la
mot phuong an con tap D goi 12 tap cdc phuong an cua bai toan.
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Phdn 1. Ly thuyét t6 hop

Thong thudng tap D dugc mo ta nhu 14 tap cdc cdu hinh t6 hop thod méan mot s6
tinh chat cho trudc nao do.

Phuong 4n x* € D dem lai gi4 tri nhd nhat (16n nhat) cho ham muc tiéu duoc goi la
phuong 4n t6i wu, khi dé gia tri f = f{x’} duoc goi la gi4 tri t6i wu cla bai todn.

Dudi day chiing ta s& gidi thiéu mot s6 mo hinh t6i wu hoa t6 hop truyén théng. Céc
mo hinh nay, mot mat, 1a nhitng mé hinh ¢é rat nhiéu dng dung thuc té€, mat khéc,
ching giir vai tré quan trong trong viéc nghién citu va phat trién 1y thuyét t6i utu hod t6
hop.

Bai toan nguoi du lich.

Moét ngudi du lich muén di tham quan s thanh phd 7, T,, ..., T,. Xuat phat (o mot thanh
pho nao 46 nguoi du lich mudn di qua tat ca cdc thanh phd con lai, mdi thanh phd ding
mot l4n, r6i quay (rd lai thanh phd xudt phdt. Bi€t ¢, la chi phi di tir thanh phé 7, dén
thanh pho 7, (i, j = 1, 2...., n), hdy tim hanh trinh (mot cdch di thod man diéu kién dat
ra) véi téng chi phi 1a nhé nhat.

R& rang ta ¢6 thé thiét lap twong tng 1-1 gifta hanh trinh
Ty »Tryy >~ Trpy T

véi mot hoan vi 7= ((1), 7(2),..., #A(n)) cua n s& tu nhién 1, 2,..., n. Dat

A7) = criymy -+ Capymm + Cammy

va ky hiéu IT la tap tat ca cac hodn vi 7= (a(1), 7(2),..., 7A(n)) cha n s§ ty nhién 1, 2,...,

n. Khi d6 bai todn ngudi du lich c6 thé phét bi€u dudi dang bai todn t6i vu té hop sau:

min { f{m): 711}

C6 thé thdy ring téng s6 hanh trinh cla ngudi du lich 1a n!, trong dé chi c6 (n-1)!
hanh trinh thuc su khac nhau (boi vi c6 thé xuat phat tir mot thanh phé bat ky, nén c6
thé c6 dinh mét thanh phé nao d6 la thanh phé xudt phav).

Bai toan cai tii.

Mot nha tham hiém can dem theo mot cai tii ¢é trong luong khong qud b. Cé n d6 vat
c6 thé dem theo. D6 vat thi j c6 trong lugng [a a; va gid tri st dung la ¢, (j = 1, 2,..., n).
Hoi rdng nha thdm hiém cdn dem theo cac dé vat nao dé cho tong gid tri s dung cia
cdc dé vat dem theo 1a 16n nhat?

Mot phuong 4n dem dé cha nha tham hiém c6 thé biéu dién bdi vecto nhi phan do
dai n: x = (x,, X,,..., x,), trong d6 x; = 1 ¢6 nghia la d6 vat thd j dugc dem theo va x; =0
cé nghia trdi lai. V&i phuong dn x, gid tri d6 vat dem theo 1a
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f(x)= ch.\'J \
j=1
t8ng trong lugng dé vat dem theo 1a
g(x)= Za,.xj
j=1

va bai toan cdi tii ¢6 thé phat bi€u dudi dang bai todn t6i vu té hop sau:
Trong s6 cdc vecto nhi phan do dai # thod man diéu kién g(x) < b, hay tim vecto x°
cho gid tri nho nhat cua ham muc tiéu f{x):

min { f{x): g(x) £b .

Bai tean cho thué may.
Mot éng chli cé6 mot cdi mdy dé cho thué. Ddu thiang 6ng ta nhan dugc yéu ciu thué
mdy cua m khdch hang. Mo6i khdch hang i s& cho biét tap N, cdc ngay trong thang cdn
sir dung may (i = 1, 2,..., m). Ong chu chi c6 quyén hoac Ia tir chdi yéu cdu chia khach
hang i, hodc 12 néu nhan thi phai bs trf may phuc vu khach hang / ddng nhitng ngay ma
khach hang nay yéu cdu. Hoi ring ong chi phai ti€p nhén cdc yéu ciu cua khiach nhu
thé nao dé cho téng s6 ngay st dung mdy 14 16n nhat.

Ky hiéu I = {1, 2,..., m} 1a tap chi s0 khach hang, S la t4p hop cic tap con cla /.
Khi dé tap hgp tat ca cdc phuong an cho thué mdy la

D={JcS:NNnN, = Vk=p, k,pel}

va véi méi phuong dnJ € D
SW)=2 "IN,
Jed

s& [ t6ng s6 ngdy st dung mdy theo phuong dn d6. Bai todn dat ra c6 thé phat biéu dudi
dang bai todn t6i vu t6 hop sau:

max { f(Jy:JeD }.

Bai toin dong thung.

C6 n d6 vat véi trong lugng la wy, w,, ..., w,. Cin tim cach x€p cac dd vat nay vao cic
céi thing c¢6 cung dung lugng Ia b sao cho s6 thing cin sit dung 1a nho nhat c6 thé
dugc.

Ta c6 thé gia thiét 1a

w,<b,i=1,2,.,n.
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Do d6 s6 thung cén sir dung dé chita tat ca cdc d6 vat la khong qué ». Van dé la cén s6
thung it nhat. Ta s&€ md& san » cdi thung. Bai todn dat ra 1a hay xdc dinh xem mdi mot
trong s6 n d6 vat can duoc x€p vao cdi thung nao trong s6 n cii thing d3 md dé cho s6
thiing chira d6 12 it nhat. Phan tich vira néu cho thdy bai todn déng thiing la bai toén t6i
uu t6 hop.

Bai toan phan cong,
C6 n cong viéc va n tho. Biét ¢, 12 chi phi can tra d€ tho / hoan thanh cong viéc j (i, j =
1, 2,..., n). Can phai thué thg sao cho cédc cong viéc déu hoian thanh va méi thg chi thuc
hién mét cong viéc, mdi cong viéc chi do mot thg thuc hién. Hay tim cich thué sao cho
téng chi phi thué thg 12 nho nhat.

R& rang m6i mot phuong 4n bd tri tho thuc hién cdc cong viéc

Cong viéec | Thg thuc hién
! (1)
2 (2)
n a(n)

tuong ing véi mot hodn vi 7 = (#(1), 7(2),..., #(n)) ca n sO tu nhién 1, 2,..., n. Chi phi
theo phuong 4n bo tri trén la

A7) =cqpg + Caga Feoo + Crupu
Bai todn dat ra, dugc din vé bai todn t6i uu t6 hop:

min{ fin): reI1}.

Bai toan 1ap lich.

Méi mot chi tiét trong s& n chi ti€t D|, D,,..., D, cin phai dugc 14an luot gia cong trén m
mady M,, M,,..., M,,. ThOi gian gia cong chi ti€t D, trén mdy M, la 1. Hay tim lich (trinh
tu gia cong) cdc chi tiét trén cdc mdy sao cho viéc hoan thanh gia cong tat ca cic chi
tiét 12 sém nhat c6 thé duoc.

Ta s& xét bai todn trén véi thém gia thiét 1a cac chi tiét phai dugc gia cong mot cach
lién tuc, nghia 1a qud trinh gia cong cia méi mét chi tiét can phai dugc tién hanh mot
céch lién tuc hét may nay sang may khdc khong cho phép c6 khoang thai gian dimg khi
chuyén tr mdy nay sang mdy khéc. Tinh huéng nhu vay rat hay gap trong cic nganh
san xuét cong nghiép. Chang han, trong céng nghiép luyén thép, vat liéu can phai duge
gia cong mot cch lién tuc vi viéce gidn doan sé dan dén su giam nhiét do cha vat liéu va
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diéu do can trd viéc gia cong ti€p theo. Tinh hudng tuong tu cling cb thé xdy ra trorg
mot s6 nganh cua cong nghiép hoa chat.

R rang méi mot lich gia cong cac chi tiét trén cdc mdy trong tinh hudng nhu vay
sé€ tuong Ung v&i mot hodn vi 7= (a(1), 7(2),.... 2(n)) cua n s6 tu nhién 1, 2,..., n. Thoi
gian hoan thanh theo lich trén dugc tinh boi ham s6

nr

n-1
f(/T) = chu)n(ﬁn + Ztk.fr(n)
=t k=1

trong d6 ¢; =§;- S, S, - thoi diém bat ddu thuc hién viéc gia cong cii tiét j (7, j = |,
2,..., n). Y nghia cia heé s6 ¢;; ¢6 thé gidi thich nhu sau: n6 1a téng thoi gian gidn doan
(dugc tinh tir khi bat ddu gia cong chi tiét i) gy ra bdi chi tiét j khi né duogc gia cong
sau chi tiét 7 trong lich gia cong. Vi vay, ¢; co thé tinh theo cong thic:
k k-1
c; = {222( [;tﬁ —;rh}, i, j=12,..,n

Vi vay, bai todn dat ra dan vé bai todn t6i uu t6 hop sau
min { fln): ze I1 ).

Trong thuc t&€ lich gia cong thuong con phai thod man thém nhiéu diéu kién khéc.Vi
nhitng ting dung quan trong cta van dé niy ma trong t6i uu hod t6 hgp da hinh thanh
mot linh vuc 1y thuyét rieng vé cdc bai todn lap lich goi la 1y thuyét lap lich (hay quy
hoach lich).

5.2. Cac thuat toan duyét

5.2.1. Duyét toan bé

Mot trong nhitng phuong phap hién nhién nhat dé giai bai toan t6i uu t6 hop dat ra la:
Trén co s cdc thuat todn liét ké t6 hop ta tién hanh duyét timg phuong 4n cla bai todn,
d6i v6i mdi phuong 4n ta déu tinh gid tri hAm muc tiéu tai né, sau dé so sanh gia tri
ham muc tiéu tai tat ca cdc phuong dn dugc liét ké dé tim ra phuong dn t6i uu. Phuong
phép xay dung theo nguyén tac nhu vay c6 tén goi la phuong phdp duyét toan bo. Duyét
toan bo la khé c6 thé thuc hién duoc ngay ci trén nhitng méy tinh dién tir hién dai nhat.
Vi du dé liét ké hét
15! = 1307 674 368 000

hodn vi trén mdy tinh dién tr vdi t6c do tinh todn 1 ty phép tinh mét giay, néu dé liét ké
mot hodn vi cdn phai lam 100 phép tinh, thi ta cAn mot khoang thoi gian la 130767 giay
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> 36 ti€ng dong hd! Vi vay cén phdi ¢6 nhiing bién phdp nhim han ché viéc tim kiém
thi méi c6 hy vong gidi durc cdc bai toan t6i wu t6 hop thuc t€, Tat nhién dé ¢6 thé dé ra
nhitng bién phdp nhu vay can phéi nghién ctu k¥ tinh chat clia bai todn t6i wu t6 hop cu
thé. Nho nhitng nghién cdu nhu vay, trong mot s6 trudng hop cu thé ta ¢6 thé xay dung
nhitng thuat todn hiéu qua dé giai bai todn dat ra. Tuy nhién phai nh&n manh rang trong
nhiév trudng hop (vi du trong cdc bai todn nguoi du lich, bai todn céi tui, bai todn cho
thué may néu & trén) ching ta chua thé xay dung dugc phuong phdp hitu hiéu nao khac
ngoai phuong phédp duyét toan bo. Khi d6, mét van dé dat ra 1a trong qud trinh liét k& 16i
gidi ta cdn tan dung céc thong tin da tim dugc dé loai bd nhing phwong 4n chac chén
khong phai 1a t6i vu. Trong muc ti€p theo chiing ta s& xét mot so do tim ki€m nhu vay
dé giai céc bai todn 16i wu 16 hop ma trong tai liu tham khéo dugc biét dén véi tén goi:
thuét todn nharh cén.

5.2.1. Thuat todn nhanh can.

Ta s& mo ta tu tudng clia thudt toan trén mo6 hinh bai todn t6i vu t hop tdng qu 't sau
min { flx): xe D},
trong d6 D 1a tap hiru han phén ti.
Gia thiét rang tap D dugc mo ta nhu sau
D={x=(x,x,..,x) € AxAx ... x A x thod man tinh chat P},

Vi A, A,, ..., A, la cdc tap hitu han, con P 1a tinh chat cho trén tich Décac A, x A, x ... x
A,

Nhan thdy rang, céc bai todn vira trinh bay & muc trudc déu cé thé mo ta dudi dang
bai todn trén.

V6i gia thiét vé tap D néu trén, chiing ta c6 thé sir dung thuat todn quay lui dé liét
ké cdc phuong dn cua bai todn. Trong qué trinh liét ké theo thuat todn quay lui, ta sé&
x4y dung dan cdc thanh phén cua phuong dn. Mot bo gém k thanh phén (a,, a,, ..., a,)
xudt hién trong qud trinh thuc hién thuat todn s€ goi la phuong an bo phan cép k.

Thuat todn nhdnh cin c6 thé 4p dung dé gidi bai toan dat ra néu nhu cé thé tim
dugc mot ham g xdc dinh trén tap tat ca cidc phuong 4n bo phan cta bai todn thod man
bat dang thitc sau:

gla,a, ...,a) <min{fixy xeD,x,=a,,i=1,2,..,k} (*)

v6i moi 1o giai bo phan (a, a,, ..., q,), vavéimoi k=1, 2, ...

Bat dang thic (*) c6 nghia la gid tri cla ham g tai phuong 4n bo phan (a,, a,, ..., a,)
la khong vugt qud gid tri nho nhidt cia hdm muc tiéu cua bai todn trén tap con cdc
phuong an
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Da,ay ...q)={xeD:x=aq.i=12..,k},

hay néi moét cich khéc, gla,. a;, . . ., a) la can dudi cua gid tri ham muc tiéu trén tap
D(a,, a,, ..., a;). Vileé d6, ham ¢ duoc goi 1a ham can dudi, va gid tr1 gla,, a,. . . ., @)
duoc goi la can duéi cla tap D(a,. «,, ..., a). Do ¢ thé déng nhat tap D(a,, a,, ..., a,)
véi phuong an b phan (a,, 4. ..., ;). nén ta ciing goi gia tn gla,, a,, . . ., @) la can

dudi ctia phuong dn bo phan (a,, a,, ..., a)).

Gia slt da ¢6 ham g. Ta xét cach sit dung ham nay dé giam bét khoi luong duyét
trong qua rink duyét tit ca cac phuong dn theo tauat tein quay lui. Trong qua tr.nh lié
ké cdc phuong dn c6 thé da thu duge mét 6 phuong dn cua bai todn. Goi x 1a phuong
4n v&i gid tri ham muc tiéu nhod nhat trong s cac phuong dn da tim duge, ky hiéu f=
fl x). Tasé goi x 1a phuong 4n t6t nhat hién c6. con f 12 ky luc. Gia sir da ¢6 f,
khi d6 néu

gla, ay ...,a) > f,
thi ti bat dang thic (*) suy ra
f <gla,ay...,q) <mni{fix) xeD,x,=qa;,,1=1,2,.,k},

vi thé tap con cédc phuong dn clia bai todn D(«,, «,, ..., a,) chic chin khong chita phuong
4n t6i vu. Trong truong hop nay ta khong cén ti€p tuc phét trién phuong 4n bé phan (a,,
a,, . . ., a,), néi cach khdc 1 ta c6 thé loai bo cdc phuong dn trong tap D(a,, a,, . . ., a,)
khoi qua trinh tim ki€m.

Thuét todn quay lui liét ké phuong 4n cin stra ddi lai nhu sau

procedure Try(k);

(* Phat trién phuong dn bo phan (a,, a,, ..., a,|)
theo thuat todn quay lui ¢6 kiém tra can dudi
trudc khi tiép tuc phat trién phuong 4n *)"

begin
for a, € A, do

if <chdp nhin a,> then
begin

Xy = A

if k=n then < Cap nhat ky luc>

else

if g(a,. 4, ...a) <  then Try(i+1;
end;

end;
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Khi dd, thuat todn nhanh can duoc thuc hién nhd tha tuc sau

procedure Nhanh_can;
begin
f =+
(* Néu biét mot pnuong 4n x nac dé thicé thé dat f = f( x ) *)
Try(1);
if f < +c0 then < f la giatri t6i wu, x 12 phuong 4n t6i wu >
else < bai todn khong c6 phuong an >;
end;

Zhii y rang néu trong thi tuc Try ta thay cau énh

if k=n then < Cap nhatky luc>
else
if ga,a, ..,a) < f then Try(k+1)

if k=n then < Cap nhatky luc>
else Try(k+1)
thi thi tuc Try s€ liét ké toan bd cdc phuong an cua bai todn, va ta thu dugc thuat todn
duyét toan bo.
Viéc xay dung ham g phu thudc vao timg bai todn t6i wu t6 hop cu thé. Thong thudng ta
co géng xay dung no sao cho:
e Viéc tinh gid tri clia g phai don gian hon viéc gidi bai todn t6i uu t hop & vé
phai cta (*).
e Giatricuagla,, a,, ...,a,) phaisat voi gia tri cua vé€ phai cua (*).
R4t ti€c 12 hai yéu cau nay trong thuc té€ thudng d6i lap nhau.

Duéi diy chiing ta s& xét mot s& thi du minh hoa cho thuét todn vira trinh bay.

a) Bai toan cdi tii.

Ching ta s& xét mot dang bai todn cdi tdi nita rat hay duge sit dung trong cic ing
dung thuc t&€ (vé nguyén tic, mo hinh & day va mé hinh da trinh bay trong muc 5.1 1a ¢é
thé qui din vé nhau). Thay vi cé 1 d6 vat nhu mo hinh trong muc 5.1, & déy ta gia thiét
rang ¢ n loai d6 vat va s6 lugng dé vat moi loai 1a khong han ché. Khi dé ta ¢c6 mo
hinh bai todn cdi tdi bién nguyén sau day: C6 n loai d6 vat, d6 vat thir j ¢é trong luong
a; va gia tri sit dung la ¢; (j = 1, 2,..., n) . Cin chat cdc d6 vat nay vao mét cai tii co
trong luong 14 b sao cho téng gia tri st dung cta cdc dé vat chat trong tii 14 16n nhat.
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Mo hinh todn hoc ctia bai todn ¢ dang sau: Tim
f =max { f(x)= ZI:C_,x,.: Zl;a,.xj <bx,el,j=12,..,n}, (N
j= j=
trong d6 Z, 1a tap cac s6 nguyén khong am.
Ky hiéu D la tap cac phuong an cua bai todn (1 ):
n
D ="x=(x, ..., 2,) Z ax <h reZ j=L2..,nL
il
Khong giam téng qudt ta gid thiét rang cdc do vat duoc dénh s6 sao cho bat dang thic
sau duoc thoa man
cla,zcylay,2...2¢,/a,. (2)
pé xdy dung ham tinh yin dudi, cung véi bai toan cai tii (1) ta xét bai todn cdi tii bién
lién tuc sau: Tim

g =max { f(x)= ch,xj: Zajxj <b,x;20,j=12,...,n}, (3)
i1 J=1

Ménh dé. Plucong dn 167 wu cia bai todn (3) la vecto x=( x,, X, , ..., X, ) vOi cdc
thanh phdan dige xde dinh boi cong thiic:

x,=bla , x= x,=...= x,=0.

N . . [ Iy *
va gid i toiwula g =c,b, la,.

”

Ching minh. Thyc vay, xétx= (v, X,, ..., x,) [d mOt phueng d@n tuy y clha bai todn (3).
Khi dé tir bat dang thirc (3) va do X, 20, tasuyra

X 2 (c,/a )aj.\'j,jz 1,2....n

suy ra
dex, < Delaax;=(c/a)Y ax <(¢l/a)p=g".
Jj=1 i=

i=l

Meénh dé dugc chitng minh.

Bay gio, gia sir ta ¢6 phuong an bd phan cp k: (u,, u,, ..., ). Khi dé gia tri sit dung
cta cdc d0 vat dang ¢4 trong tiii la

C,=C U+ Clly+ ...+l
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va trong lugng con lai cla cdi tii la
by=b-a u +au,+...+au.
Taco

max{ fix) xe D,x;=u;,j=1,2,...,k }

i Zajxf. <b, x,€Z,,j= k+1Lk+2,...,n}

j=k+1 j=k=i

S
=max {o, + chx :

H n
<o +max{ Y cx,;t > ax $b,x, 20, j=k+1Lk+2,.n}

TELES! F=k+\
(theo Ménh dé: gi4 tri s6 hang tha hai lac¢,,, b,/ q;,,)

=0+ G B/ ay,.

Viy ta c6 thé tinh can trén cho phuong 4n bo phan (u,, u,, ..., u,) boi cong thitc

gluy, Uy, o, U)) = Op + G by Gy

Chii y: Khi tiép tuc xay dung thanh phdn thd k+1 ctia 101 gidi, cdc gid tri dé ct cho x,,
seéla 0,1,..,[h,/a,, ] Docd két qua cia ménh dé, khi chon gid tri cho x,,, ta s€ duyét
cdc gid tri dé cir theo thit ty giam dan.

Thi du. Giai bai todn cdi tii sau theo thudt todn nhdnh can vira trinh bay

fy= 10x,+5x,+ 3 x;+ 6 x, »> max,
Sxy+3x,+2x,+4x,£8,
xelZ, ,j=1,23,4.

Giai.

Qud trinh gidi bai todn dugc mo ta trong cay tim kiém trong hinh 1. Thong tin vé mot
phuong 4n bd phan trén cay dugc ghi trong céc 0 trén hinh vé tuong ing theo thi tu sau:
ddu tién 1a cac thanh phan cla phuong an, tiép dén, o 1a gid tri cua cdc d6 vat dang chat
trong tdi, w - trong lugng con lai clia tdi va g - can trén.

Két thic thuat todn, ta thu dugc phuong 4n t6i vu la x’ = (1, 1, 0, 0), va gid tri t6i wu
la f =15.

116



Chutong 5. Bai todn 167 wu 16 hop

LGO‘C; f= +
(1); o=10; (0); o=0;
w=3; g=15 w=8; ¢=40/3
v, =1 xn=0
[ -
(1.1} o=15; (1.01: o= 10; j
w=(); g=15 w=3: ¢=14.5 | T~ Loai vi can trén < ky luc

1,1,0); o=13;
=0 g=135

=0

x=(1,1,0,0); Thu duoc phuong dn ctia bai todn.
f=15; Cap nhat lai ky luc.

Hinh 1. Giai bai todn cdi tdi bang thuat todn nhanh can

Dudi day la chuong trinh trén PASCAL gidi bai todn cdi tdi theo thuat todn nhdnh
can vura trinh bay.

uses cri;
const inf' = 25000,
type arrn = array[1..50] of integer;
arrnd = array{1..50] of real;

var

c, a sarml;

Xoxopt,ind - arrn;

n sinreger,

w, fopt, cost, weight: real;
procedure Init;
var i jtg:integer;

t:real;
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begin
(* Sap xep cac do vat theo thu tu khong tang cua c[iflafi] *)
fopt:=0; weight:=0;
fori:=1to ndoindfi]: =i,
fori:=lton-1do
begin
for j:=i+1 tondo
if (cfi]lali]< c{j]la[]f) then
begin
1:=cli]; c[i]:=c[j]; c[j]:=t;
t:=afil; alil:=afjl; a[jl.=t
tg:=ind[i]; ind{i]:=ind[j]; ind[j] :=tg;
end,
end,
end;
procedure Readfile;
varj integer,
[ :text; name :string,;
begin
write('Cho ten file du lieu: '),readin(name);
assign(f,name);reset(f); read(f,n,w);
for j:=1to ndo read(fafj]);
for j:=1to ndo read(f,clj]);
close(f);
writeln( Trong luong cai tui: "w:1:0);
writein('VEC TO GIATRI DO VAT'),
for j:=1 to ndo write(c[j]:4:0),; writeln;
writeln(VEC TO TRONG LUONG DO VAT’);
for j:=1 to n do write(a[j]:4:0); writeln;

end,

procedure Ghinhan_ky luc;
var i integer;

begin
if cost > fopt then
begin
xopt:=x; fopt:=cost;
end;
end;
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procedure Branch_and_Bound(i integer):
var jt:integer,
hegin
t-=trunc((w-weight)lalij);
Sor j:=t downto 0 do
begin
x[if =1,
weight =weight+a[iJ*x[i],
cost:=cost+c[if*x[i];
if i=nthen Ghinhan ky luc
else
if cost + cfi+1]¥(w-weight)luli+1] > fopt
then Branch_and Bound(i+1),
weight:=weight-afi]*x[i];
cost:=cost-cfi]*x[i];
end;

end;

procedure Inkg,

var jiinteger,

begin
W’-”e[”("k********‘k‘i‘k KEI‘ QUA YINH ’I‘OAN *=r'¢$>i<=k******'),.
writeln( Tong gia tri cua cac do vat: ' fopr:1:0);
writeln('Phuong an dem do. ’);
for j:=1 to ndo writeln('So luong do vat’, ind[j],’: ' xopt(j]:4);
WrTtelp( AR AR A A AR A A A RO )
write('Go Enter de tiep tuc...”)readln;

end,

BEGIN
clrscr,
Readfile,;
Init;
Branch_and Bound(1);
Inkq; readin;
END.

119



Phan 1. Ly thuyét 16 hop

b) Bai toan ngudi du lich.

Mo hinh cua bai todn da trinh bay trong muc trudc. C8 dinh thanh phé xuat phat 1a T,
bai todn ngudi du lich dan vé bai todn:

Tim cuc tiéu clia him

ooy, ox) =l + ey, ]+ .+ cly,,, x] + ¢y, 11— min,
voi diéu kién

(x5, X3, ..., .v,) 1a hodn vi cta cdac $6 2, 3, ..., n.
Ky hiéu
Cop=min{ cli,j],i,j=012, .., ni#j}

la chi phi d: lai nho nkat giita cdc thanh pho.

Dé ¢6 duoc thuat toan nhénh can giai bai toan ngudi du lich, trudc hét can dua ra
cach ddnh gid can dudi cho phuong dn bd phan. Gia sk ta dang ¢6 phuong 4n bo phan
(u,, u,, ..., u,). Phuong an nay tuong tng véi hanh trinh bo phan qua k thanh pho:

T, ->Tu)—>...o>Tw.,) - T(u).
Vi vay, chi phi phai tra theo hanh trinh b6 phan nay sé la
o =c{lu,] + cluy, usl + ...+ cluy,, u,].

D€ phat trién hanh trinh bo phan nay thanh hanh trinh ddy di, ta con phai di qua n-k
thanh phd con lai réi quay trg vé thanh phd T, titc 1a con phai di qua n-k+1 doan dudng
nita. Do chi phi phai tra cho viéc di qua méi mot trong s n-k+1 doan dudng con lai déu
khong it hon ¢,,,, nén can dudi cho phuong 4n bo phan (u,, u,, ..., u;) ¢ thé tinh theo
cong thic

gy, Uy, . u)=c+(n-k+l)c

min *

Str dung cach tinh can dudi vira néu ta c6 thé dp dung thuat toan nhanh can dé giai bai
toan ngudi du lich.

Thi du. Giai bai todn ngudi du lich v6i ma tran chi phi sau

0 3 14 18 15
3 0 4 22 20
c = (17 9 0 16 4
6 2 7 0 12
9 15 11 5} 0
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Chirong S. Bai todn 107 tu 10 hep

Ta cé ¢,y = 3. Qud trinh thyc hién thuét todn duge mo ta bdi cay tim ki€m o1 giai cho

trong hinh 2.

Thong tin vé mot phuong dn bo phan trén cay dugc ghi trong cdc 6 trén hinh vé tuong

ing theo thir ty sau: dau tién la cdc thanh phan cta phuong an, ti€p dén, o la chi phi
theo hanh trinh bd phén va g - can dudi.
Két thdc thuat todn, ta thu duge phuong 4n t6i vu (1, 2, 3, 5, 4, 1) tuong ung véi

hianh trinh

va chi nho nhit [a 25.

T, = T, T, >T, »T, =T .

f =+
(3) 4) (5)
oc=14 o=18 o=15
g=26 g=30 =27

(2)
o=3;
g=15
(2,3) (2,4)
c=17 =25
g=16 g=34
(2,3.4) (2,3.5)
c=123 o=11
g2=29 g=17
v L
(2,3.4,5) (2,3.5,4)
o =41 o=16
g=44 g=19

|

Hanh trinh (1,2,3,4,5,1)
chi phi 53. Dat f=53

Cic nhanh nay bi loai

vico can dudi g > =25

Hanh trinh (l,_2,3,5,4,l) ¢6 chi phi 25

Ky luc méi: f=25

Hinh 2. Giai bai todn ngu® du lich

Chuong trinh trén PASCAL thuc hién thut todn cé thé viét nhu sau:
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Phdn 1. Ly thuyét t6 hop

uses crt;

var
c carray(1..20,1..20] of integer;
a, xopt carray[1..20] of integer;
chuaxet carray[1..20] of boolean;

n, fopt, cmin, Can : integer,

procedure Readfile;
var frext;
name:string;
i cinteger;
begin
write(’Cho ten file du lieu: ‘),
readln(name);
assign(f,namee ) reset(f);
read(f,n);
fori:=1tondo
for j:=1tondo read(f.clij]);
close(f);
cmin:=maxint;
fori:=1tondo
forj:=1tondo
if (i<>j) and (cmin>c(i,j]) then cmin:=c[i,j];
end;

procedure Ghinhan,

var sum:integer,

begin
sum:= Can+clafn],a[l]];
if sum < fopt then

begin
xopt:=a;
fopt:=sum;
end;
end;

procedure Try(i:integer),;
var j.integer;
begin
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(* Co dinh thanh pho xuat phat la Thanh pho I *)
(* Duyet (n-1)! hanh trinh theo nhanh can %)
for j:=2 tondo
if chuaxet(j] then
begin
alil:=j;
chuaxet(j]:=false;
can:=can+cfafi-1],alil];
if i=n then Ghinhan
else

if Can+(n-i+1)*cmin <fopt then Try(i+1);

can:=can-cfafi-1],ali]];
chuaxet[j]:=true;
end,
end,

procedure Inkg;

var i,j:integer;

begin
writeln('MA TRAN CHI PHI');
fori:=ltondo

begin
for j:=1tondo write(c[ij]:4)
writeln;

end;

writeln('Hanh trinh toi uu co chi phi : ' fopt);
for i:=1 to ndo write(xopt[i]," -->');
writeln(xopt[1]),;
write('Go Enter de tiep tuc...");readln;

end,

procedure Init;
var i,j :integer;
begin
cmin:=maxint;
fori:=Itondo
begin
chuaxet[i] :=true;
forj:=11tondo
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Phdn 1. Ly thuyét t6 hop

if(i<>j) and (cmin>cfij]) then cmin:=c[ij];

end;
Jopt:=maxint,
Can:=0;
all]:=1;
end,
BEGIN
Readfile; Init;
Try(2):
Inkq,
END.

Hiéu qua cla thuat todn nhanh can phu thudc rat nhiéu vao viéc xay dung ham tinh
can dudi. Viéc xay dung ham tinh can duéi lai phu thudc vao cédch xay dung thu tuc
duyét cdc phuong dn cha bai todn (dugc goi la thl tuc phan nhdnh). Trén day chiing ta
trinh bay cdch xay dung can dudi kha don gian cho hai bii todn néi tiéng cla t6i wu t6
hop. Céc chuong trinh duoc cai dat theo céc thuat todn do, tuy rang lam viéc t6t hon
nhiéu so vdi duyét toan bé, nhung ciing chi ¢o thé dp dung dé gidi cac bai toan vdi kich
thude nho. Muén gidi duge cédc bai todn dit ra véi kich thude 16n hon can ¢é cach danh
gia can t6t hon. Mot trong nhimg phuong phap xay dung trén tu tudng cla thuat todn
nhidnh cin cho phép giai bai todn ngudi du lich véi kich thude 16n hon sé dugc trinh bay
trong muc ti€p theo.

5.3. Thuat todn nhanh can giai bai toan ngudi du lich

Thuat toin nhanh can 12 mot trong nhitng phuong phdp gidi chli yéu clia t6i uu té hop.
Nhu trong muc trudc da thay, tu tudng co ban cla né la trong qué trinh tim kiém 10i giai
ta s&€ phan hoach tap cdc phuong dn clia bai todn ra thanh hai hay nhiéu tap con dugc
biéu dién nhu 1a cdc nit cha cdy tim kiém va ¢6 gang bang phép ddnh gid can cho cdc
nit, tim cdch loai bé nhitng nhdnh cla cay tim kiém (nhiing tap con cdc phuong an cua
bai todn) ma ta biét chic chin la khong chita phuong 4n t6i wu, Mac du trong tinh
huéng t6i nhat thuat todn sé trd thanh duyét toan bd, nhung trong nhiéu truong hop cu
thé, ky thuat d6 cho phép riit ngian dugc moét cach dang ké qua trinh tim ki€m. Muc ndy
s& trinh by mot cach thé hién khdc nhiing tr tudng cia thuat toidn nhanh can vio viéc
xay dung thuit todn giai bai todn ngudi du lich.
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Clucong 5. Bai todn (67 wu 16 hop

Xét bai toan ngudi du lich phat biéu trong muc trude. Goi
C={c:6j=12.,n)
la ma tran chi phi. M6i hanh trinh cta nguoi du lich
TayoTmy . - Ty Ty,
cé thé viét lai dudi dang
(D), 720, (m2), 703, ., (A(n-1), 2(n)), (a(nd, 7)),
trong d6 mdi thanh phan (#(-1), 2(j); 3 duoc goi la mot canh cla hanh trinh.

Trong bai todn ngudi du lich khi tién hanh tim ki€m 10i gidi ching ta s€ phan tap
cdc hanh trinh ra thanh hai tap con: moét tap gém nhing hanh trinh chita mot canh (i, j)
nao d6 con tap kia gébm nhimg hanh trinh khong chita canh nay. Ta goi viéc lam dé 1
phdn nhdrh va moi tap con néi trén s&€ duoc goi la mét nhanh hay mot nit cda cay tim
ki€m. Viéc phan nhanh dugc minh hoa bai cay tim kiém:

Tap tat ca cac hanh trinh

Hanh trinh
khong chira (7, j)

Hanh trinh
chtta (i, j)

Viéc phan nhdnh s& duoc thuc hién dua trén mot quy tic oristic nao dé cho phép ta rit
ngin qué trinh tim ki€m phuong dn t6i vu. Sau khi phan nhdnh ta sé tinh can dudi cla
gid tri hAm muc tiéu trén méi mot trong hai tap con néi trén. Viéc tim ki€m s& dugce tiép
tuc trén tap con cé gia tri can dudi nho hon. Thi tuc nay sé duge tiép tuc cho dén khi
thu duge mdt hanh trinh day da, tic la mot phuong 4n cta bai todn ngudi du lich. Khi
d6 ta chi cdn xét nhitng tap con cdc phuong 4n nao c6 can dudi nhod hon gid tri ham muc
tiéu tai phuong 4n da tim dugc. Qud trinh phan nhdnh va tinh cén trén tap cic phuong
4n cla bai todn thong thudng cho phép rut ngin mot cdch déng ké qud trinh tim kiém
do ta loai dugc khd nhiéu tap con chic chan khong chia phuong 4n t8i wu.

Mot k§ thuat co ban nita cha thuit todn la tinh can dudi s€ dugc xay dung dua trén
thl tuc rit gon ma ching ta s€ trinh bay dudi day. Sau d6 nhimng budc chinh cia thuat
todn nhdnh can s& dugc mo ta thong qua mot vi du s6 va cudi cung ta sé trinh bay so d6
nguyén tic cta thuat todn.
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a) Thu tuc rit gon.

R4 rang t8ng chi phi cha mot hanh trinh cla ngudi du lich s& chita diing mot phan i
cta mébi dong va ding mot phin tir cha mébi cot trong ma tran chi phi C. Do d6, néu ta
trir b6t moéi phén tlr cia mot dong (hay c6t) cua ma tran C di cing moét s6 o thi do dai
cla tat ca cdc hanh trinh s€ cliing giam di o, vi thé hanh trinh t6i wu ciing s& khong thay
ddi. Vi vay néu ta ti€n hanh trir b6t cdc phén tr clia mdi dong va mdi cot di mot hing sd
sao cho thu dugc ma trin gém céc phéan tir khong &m ma trong mdi dong va moi cot clia
né déu co it nhat mot s6 0 thi téng cdc hang s& trir d6 sé cho ta can dudi ctia moi hanh
trinh. Tha tuc trir bt nay s& duoc goi Ia thl tuc rit gon, cdc hang s6 trir & méi dong
(cot) s& duoc goi 14 hing s6 rit gon theo dong (cot), cdn ma trin thu dugc s& goi 1a ma
tran rit gon. Ham sd sau 4ay cho phép rit gon mot ma tran A kich thudc 1a & x [ dong
thoi tinh téng cdc hing s6 rit gon (dé tién trinh bay, cdc tham s& cé mét trong cdc ham
va c4c thi tuc PASCAL duéi day duogc gia thiét khai bdo sao cho phit hgp):

function Reduce(A, K): real;
(*** Thu tuc rit gon ma trgn  ***)

begin
sum := 0
fori:=1tokdo (*k -kich thudcclia A *)
begin
r[i]:= <phdn tir nho nhat trong dong i>;
if r[i] > O then
begin

<B6t méi phan tir cia dong i di rfi]>;
sum := sum + r[i];
end;
end;
forj:=1tokdo
begin
s[j] := <phén tr nhd nhat trong cot j>;
if s[j] > O then
begin
<B&t méi phan tir clia cot j di s(j]>;
sum ;= sum + s{j;
end;
end;
Reduce := sum;
end;

Thi du. Ta cé ma trén chi phi clia bai todn nguoi du lich véi n = 6 thanh phéd sau
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1 2 3 4 5 6 | rii)
o 3 93 13 33 ¢ 3
4 o 77 42 21 16 4
45 17 o 36 16 28 16
39 90 80 o« 56 7 7
28 46 88 33 o 25 25

336 18 46 92 w | 3
0 ¢ 15 8 0 ¢

— N 0w N

s[3]

Pau tién trir b6t moi phan ti cla cac dong 1, 2, 3, 4. 5, 6 cho cdc hang s6 rit gon
twong Ung 1a 3, 4, 16, 7, 25, 3, sau d6 trong ma tran thu duge, trir bét cac phan tir coa
cac cot 3 va 4 cho cdc hang s6 rit gon tuong Umg 1a 15 va 8. ta thu duge ma tran rit gon
sau

1 2 3 4 5 6
w 0 75 2 30 6
0 o« 58 30 17 12
29 1 o 12 0 12
32 83 58 o 49 0
3 21 48 0 o0 0
0 85 0 35 89 o

o O B W N

Téng cdc hing s6 rdt gon 1A 81, vi vay can dudi cho tit ca cic hanh trinh 12 81 (nghia la
khong thé tim duge hanh trinh ¢6 téng chi phi nho hon 81).

Bay gid, ta xét cdch phan tap cdc phuong dn ra thanh hai tap. Gia st la ta chon canh
(6, 3) dé phan nhdnh. Khi d6 tap cdc hanh trinh s& dugc phan thanh hai tap con, mot tap
14 cdc hanh trinh chita canh (6, 3), con tap kia 12 cac hanh trinh khong chia canh (6, 3).
Vi biét canh (6, 3) la khong duogc tham gia vao hanh trinh, nén ta co thé cam viéc di
theo canh nay béng cdch dat ¢, = o0. Ma tran thu duoc s& c6 thé rit gon bang cdch bdt
mobi phén tir ciia cot 3 di 48 va khong bdt gi cdc phan tir cia dong 6. Nhu vay ta thu
dugc can dudi cho cdc hanh trinh khong chia canh (6, 3) 12 81 + 48 = 129. Con do6i véi
tdp cdc hanh trinh chifa canh (6, 3) ta phéi loai dong 6 va cot 3 khdi ma tran tuong Ung
vGi né, bdi vi da di theo canh (6, 3) thi khong thé di wr 6 sang bét cif noi nao khdc va
ciing khong duge phép di tir bat ¢t dau vao 3. Két qua ta thu dugc ma tran véi bac giam
di 1. Ngoai ra, do di di theo canh (6, 3) nén khong dugc phép di tir 3 dén 6 nifa, vi vay
ta cAn cdm di theo canh (3, 6) bang céch dat'c,, = oo, Cay tim ki€m cho dén budc nay,
c6 dang cho trong hinh 1 sau day:
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Can dudi = 81

Tap tat ca cac hanh trinh

Hanbh trinh

Hanh trinh
khong chita (6,3)

Can dudi Can dusi

=129

1 2 4 5 6 1 2 3 4 5 6

1 o 0 2 306 6 1 o 0 27 2 30 6
2 0 o 30 17 12 2 O w 10 30 17 12
3 29 112 0 « 3 29 1 oc 12 0 12
4 32 83 o 49 0 4 32 83 10 o 49 0
5 321 0 o 0 5 321 0 0 o« O
6 0 85 o 35 89

Hirnh 1.

Canh (6, 3) duoc chon dé phan nhénh vi phan nhdnh theo né ta thu dugc can dudi cia
nhanh bén phai la 16n nhét so véi viéc phan nhénh theo cdc canh khdc. Quy tic nay sé
duoc sit dung dé phan nhinh & méi dinh cla cay tim ki€m, Trong qué trinh tim ki€m
chiing ta ludn di theo nhénh bén trdi trudc. Nhanh bén trdi s€ c6 ma tran rit gon véi bac
giam di mot. Trong ma tran cta nhanh bén phéi ta thay mot s6 bdi oo, va ¢6 thé rit gon
thém dugc ma tran nay khi tinh lai cdc hang s6 rit gon theo dong va cot tuong ing vdi
canh phan nhéanh, nhung kich thudc cha ma tran van gilr nguyeén.

Do canh cdn chon dé phan nhanh phai 1A canh lam tang c4n dudi cha nhanh ben
phai 1én nhiéu nhat, nén dé tim né ta s& chon s6 khong nao trong ma tran ma khi thay
né boi o s& cho ta téng hing so rit gon theo dong va cot chita né 12 16n nhat. Ta cé thi
tuc sau day dé chon canh phan nhanh (r,c):

b) Thii tuc chon canh phan nhanh (r,c)

Dau vao: Ma tran rit gon A kich thuéce & x k.

Pdu ra : Canh phan nhénh (r, ¢) va tdng hang s6 rit gon theo dong
cOt ¢ la beta.

procedure BestEdge(A k,r,c,beta);
(* Thii tuc phdn nhanh *)
begin

beta := -o0;

fori:=1ltokdo
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forj:=1tokdo
if a{i,j] =0 then
begin
minr := <phdn t nho nhét trén dong i khdc vai ali,j]>;
minc := <phéin tir nhd nhat trén ¢t j khdc véi ali,j]>:
total := minr + minc;
if total > beta then
begin
beta := total;
r:= i; (* chi s6 dong cua canh t6t nhér *)
¢ :=J; (* chi s6 ¢Ot cha canh tot nhat *)
end:
end,;
end;

Trong ma tran rit gon 5 x 5 cla nhdnh bén trdi & hinh 1, s6 khong & vi tri (4, 6) s& cho
tong hing s6 rit gon 1a 32 (theo dong 4 1a 32, c¢ot 6 1a 0). Day la gid tri 16n nhat d&i vdi
céc s6 khong clia ma tran nay. Vi vay, viéc phan nhanh tiép theo sé dva vao canh (4, 6).
Khi d6 can dudi cta nhanh bén phai tuong ng vdi tap cac hanh trinh di qua canh (6,3)
nhung khong di qua (4,6) s€ 1a 81 + 32 = 113. Con nhdnh bén trdi s€ tuvong ing vdi ma
trdn 4 x 4, vi ring ta phai loai bo dong 4 va cot 6. Tinh hudng phan nhdnh nay duge mo
ta trong hinh 2.

Can dudi
=81

Tap cac hanh trinh
)

qua canh (6.3

Hanh trinh chita (6, 3)
khong chira (4, 6)

Hanh trinh chitra
(6, 3), (4,6)

Can dudi Can dué6i
=8l =113

1 2 4 5 1 2 4 5 6
1 oo O 2 30 1 w 0 2 30 6
2 0 o 30 17 2 0 o 30 17 12
4 29 1 ¥ 0 3 29 1 12 0 o0
5 3 21 0 0 4 0 51 w 17 e
5 3 21 0 o0 0

Hinh 2.
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Nhan thay ring vi canh (4, 6) va (6, 3) da nidm trong hanh trinh nén canh (3, 4) khong
thé duoc di qua nita (néu khong ta s& ¢6 mét hanh trinh con tir nhiing thanh phé nay).
Pé ngin ngira viéc tao thanh hanh trinh con ta s& gan cho phén tir & vi tri (3, 4) gid iri <.
Ngdn cam tao thanh hanh trinh con.
Téng quét hon, khi phan nhdnh dva vao canh (i, j.) ta phai thém canh nay vao danh
sach cédc canh cia nit trdi. Néu i, 12 dinh cudi cia mot dudng di (i, i,,.... i) va j, 1a dinh
ddu cha duong di (.. /,,..., j,) thi dé ngan nglra kha ndng tao thanh hanh trinh con ta phai
cam canh (j,. I,).

Dé tim i, ta cd thé di ngugc tir
cdc canh di duge két nap vac hanh trinh.

con dé tim j, ta ¢ thé di xuéi ti /. theo danh sach

A

Tap tat ca cac Hanh trinh

hanh trinh *  khong chia
Can dudi w Can duéi

=81 =129

Tap cm Tap c4c hanh

trinh chita
(6, 3)

trinh khéng chira
Can dudi (4, 6) Can dudi
=8l =113

Tap c4c hanh Tap c4c hanh

trinh chia »| trinh khong chira
(4, _6_)/ Can dudi (2, 1) Can dudi
=81 =101
Tap céc han Tap cac hanh
trinh chia trinh khong chia
(2, :)/ Can dudi (1, 4) Can dudi
=84 =112

Tap cac hanh
trinh chita
(1, 4)

Can dudi = 84

Hanh trinh (1, 4, 6, 3, 5, 2, 1). D¢ dai hanh trinh: 104.
Hinh 3.
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Tiép tuc, ta lai phan nhdnh tir dinh bén trdi bang cich st dung canh (2, 1), vi s6
khong & vi tri nay c6 tong cdc hing 6 rit gon 1a 17 + 3 = 20 (theo dong 2 1a 17, theo
cot 1 1a 3). Sau khi phan nhénh theo canh (2. 1) ma tran clia nhdnh trédi ¢6 kich thudc la
3 x 3. Vidadiqua(2, 1) nén ta cam canh (1, 2) bang cdch dat c,, = 0, ta thu dugc ma
tran sau

2 4 5

1 w 2 30
3 1 o 0
21 O ©

Ma tran nay c6 thé rit gon dugc bang cdch bét | tir cot 2 va bét di 2 ¢ dong 1. biéu d6
dan dén ma tran

2 4
w 0 28
3 0 w 0
20 O 0

Ta c6 can duédi cia nhanh tuong ung la 81 + | + 2 = 84. Cay tim kiém cho dén
buéc nay duoc thé hién trong hinh 3.

Cht y ring sau khi da chap nhan n-2 canh vao hanh trinh thi ma trén con lai s&€ ¢
kich thudc 1a 2 x 2. Hai canh con lai cha hanh trinh s& khong phai chon lua nita, ma
dugc két nap ngay vao chu trinh. Trong vi du cla ching ta & day, sau khi da cd cdc canh
(6, 3), (4, 6), (2, 1) va(l, 4) ma tran cua nhanh trai cé dang

2 5
w 0
S 0 o

vi vy ta két nap not hai canh (3, 5) va (5, 2) vao va thu duge hanh trinh 1, 4, 6, 3, 5, 2,
1 véi chi phi la 104.
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Chi y. Trong qua trinh tim ki€ém moi mot nit cla cay tim ki€m s€ tuong ung vdi mot
ma tran chi phi A. & buéc dau tién ma tran chi phi tuong tng véi géc chinh la ma tran
C. Khi chuyén doéng ti: géc theo nhdnh bén trdi xudng phia dudi kich thudc cta cidc ma
tran chi phi A sé€ giam dan. Cudi ciing khi ma tran A ¢é kich thudc 2x2 thi ta chdm dit
viéc phan nhdnh va két nap 2 canh con lai d€ thu dugc hanh trihnh cta ngudi du lich.
DE thdy riing ma tran riit gon cudi cling nay chi cé thé c6 mot trong hai dang sau:

X W o oX
0 ™ , Ol
v o 0 v Oool

trong d6 i, v, w, x c6 thé 1a 4 dinh khdc nhau hoac chi ¢6 3 dinh khéac nhau. Trong moi
truong hop dé xac dinh xem hai canh ndo can phai két nap nét ta chi cdn xét mot phan
tur chia ma tran A:

if A[1,1}] = oothen
Két nap canh (u,x) va (v,w)
else
K&t nap canh (u,w) va (v,x);

Bay gid tat ca cdc nit cla cay cé can dudi 16n hon 104 ¢6 thé loai bo vi ching khéong
chita hanh trinh ré hon. Trén hinh 3 ta thdy chi con niit ¢6 can dudi 101 1a cdn phai xét
ti€p. Nat nay tuong dng véi tap nhitng hanh trinh chia cdc canh (6, 3), (4, 6) va khong
chia canh (2, 1). Ma tran chi phi twong iing véi dinh nay c6 dang

1 2
1 w 0 30
2 oo o 13 0
3 26 1 ¢ 0
5 0 21 0 oo

Viéc phan nhanh s& dva vao canh (5, 1) véi téng hang s6 nit gon 14 26, Viéc 1@ nhdnh
ti€p theo tir nit nay duoc cho trong hinh 4.
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Tap cdc hanh trinh chua
(6, 3), (4, 6) khong qua (2,1) Can dudi

= 101

Tap cédc hanh chua
trinh chua (5,1)

Téap cdc hanh trinh
khong chira (3,1)

S ~—~————Can dui ~_______——Candudi
=127 =103
2 4 5
0 0 w
3 o 11 O
511 = 0

Hanh trinh chid
(1,4)

Hanh trinh khong
chua (1.4)

Can dusi = 114

Hanh trinh 1, 4,6,3,2,5,1
Do dai : 104

Hinh 4.

Nhu vay chiing ta thu dugc hai hanh trinh toi uvu vdi chi phi la 104. Thi du trén cho thay
ring bai todn ngudi du lich c6 thé c6 nhi¢u phuong an t61 uu. Trong thi du nay hanh
trinh ddu tién tim dugc da 1a t6i wu, tat nhién diéu dé khong thé trong doi trong trudng
hop téng quat. DGi v6i thi du trén ta chi phai xét 13 niit, trong khi tdng s6 hanh trinh
ctia nguoi du lich 1a 120.

¢) Thuat toan nhanh can giai bai toan nguoi du lich.

Bay gid ta ¢6 thé mo ta cac budc chinh cia thuat todn nhdnh can gidi bai todn ngudi du
lich trong thl tuc dé quy TSP sau day. Thu tuc TSP xét hanh trinh bd phan voi Edges
canh di dugc chon va tién hanh tim ki€m tiép theo. Ta st dung cic bién:

Edges - s6 canh trong hanh trinh b phan;

A - ma tran chi phi tuvong Ung véi kich thude
{n-edges) x (n-edges);
cost - chi phi ctia hanh trinh bo phan;

MinCost - chi phi ctia hanh trinh tot nhat da tim dugc.
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Trong thu tuc sir dung ham Reduce(A, k) va thu tuc BestEdge(A, k, 1, c, beta) dd mo ta
o trén.

procedure TSP(edges, cost, A);
begin
cost:= cost + Reduce(A, n-edges);
if cost < MinCost then
if edges = n-2 then
begin
<B6 sung not hai canh con lai>;
MinCost ;= Cost;
<Ghi nhan hanh trinh tot nhat>;
end
else
begin
BestEdge(A,n-edges,r,c,beta);
LowerBound:= cost + beta;
<Ngan cam tao thanh hanh trinh con>;
NewA := <A loai bo dong r cOt c>
TSP(edges+1,cost,NewA); (* di theo nhanh trdi *)
<Khoéi phuc A bing cdch b sung lai dong r cot k>;
if LowerBound < MinCost then
begin (* di theo nhanh phai *)
Alr,c]:= o0;
TSP(edges, cost, A);
Alr,c]:=0;
end;
end;
<Khoi phuc ma tran A>; (* thém lai cdc hing s6 rit gon
vao cdc dong va ct tuong ung *)
end; (* of TSP *)
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5.4 Bai toan lap lich gia cong trén hai may.
Thuat toan Jonhson

Trong muc nay ta s& thdy viéc nghién ctru ky cdc tinh chét cia bai todn t6i wru t6 hop
dan dén viéc xay dung duogc thuat todn rat hieu qua dé giai no.

Xé1t bai todn lap lich gia cong trén 2 mdy, la trudng hop riéng cla bai todn lap lich
n3u trong muc 5.1: MAi mot chi tiét trong <6 # chi tiét D, D,,... D, cdn phai ducc lan
lugt gia céng trén 2 mdy A, 8. Thai gian gia cong chi tiét D, trén mdy A 13 a,, trén mdy
Blab, (i=1,2,.., n). Hiy tim lich (trinh tu gia céng) cdc chi tét trén hai mdy sao cho
viéc hoan thanh gia cong tit ca cdc chi tiét 1a sdm nhiit ¢6 thé dugc.

Gia thiét rang, trinh tu gia cong cdc chi tiét trén hai mdy 12 nhu nhau. Khi d6 médi
lich gia cong s€ tuong uing véi mot hodn vi

T = (n(1). n(2)...., m(n))
cha n sé tunhién 1, 2,..., n.

Ky hiéu s, 1,, 12 thoi diém béat dau va ket thiic viéc gia cong chi tiét j trén mdy X,
j=1,2,...,m X=A, B. Gia st m 1a mot lich gia cong. Theo diéu kién cla bai todn, mdy
A ¢6 thé bat ddu thuc hién cong viéc nt(1) vao thoi di€m s,,, = 0 va cong viéc z(k) sau
khi thuc hién xong cong viéc a(k-1), tic la

Stioa = faenas A =2,3,.,0 1)
Mady B cé thé bat dau thuc hién cong viéc (1) ngay sau khi mdy A két thidc viéc gia
cbng noé tirc 1a vao thoi diém

Sspp 2 Ina - (2)
May B ¢6 thé bat ddu viéc gia cong chi tiét n(k) (k = 2, 3,..., n) sau khi cong viéc nay
dugc thuc hién xong trén mdy A va dong thdi nd phai hoan thanh viéc gia cong chi tiét
n(k-1), tic la:

Snx)B 2 max (’ﬂrk»\ ’ rﬂ(k-l)H)n k= 2. 3,..., n. (3)
Thoi gian dé hoan thanh viéc gia cong tat ca cac chi tiét trén hai mdy 1a T(n) = Inims-
R6 rang, voi mt ¢6 dinh, T(m) dat gia tri nhé nhat khi tit ca cic ddu bat dang thic &
(1), (2), (3) dugc thay bdi ddu déng thie, tic 1a

Smna = 09
Suipa = ngenar K =2, 3,1,
Sxng = Inaas 4)

Srop = MAX (fngyy s fagens) k=2, 3,0
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nghia 1a cdc mdy s& thuc hién ngay cdc cong viéc mot khi diéu kién cho phép.

Thi du 1. Xét bai todn khi n = 5. Thdi gian gia cong cdc chi ti€t trén cdc mdy duge cho
trong bang sau:

Chi tiét p, | b, | b, | D, | D,
Mady

A 3 4 6 5

B 3 3.1 2 7 3

Gia sir thuc hién viéc gia cong cdc chi tiét theo lich n = (1, 2, 3,4, 5). Khi dd, theo cic
cong thice (4) ta tinh duge

5a= 0 1= 3
Su= 3 a= T
Sa= T h=13;
Sa=13; t,,=18;
S, =18; 15, = 24;

Sip= 3 1= 6
Sy= T, by =10;
Syp=13; 1,,=15;
Sap =185 1,,=125;
Ssp=25; 15y =128,

Dé biéu dién lich gia cong ngudi ta thudng st dung so d6 Gantt, trong d6 cac mdy dugc
biéu thj theo truc tung, cdn truc hoanh dé biéu dién thdi gian. So d6 Gantt, theo lich gia
cong thu duoc trong thi du da cho, ¢6 dang trong hinh 1:

May
B D5
Al DI
t
L1 L1 I T |
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Thai gian hoan thanh viéc gia cong tat ca cac chi tiét theo lich thu dugc [a T(Rr) = £, =
28. T hinh 5 nhan thdy rang trong cich bd tri mdy B thuc hién viéc gia cong cdc chi
tiét theo lich gia cong m c6 nhiéu khodng thoi gian may chét (trén hinh vé ddnh diu
bang cdch td6 mau sdm). R rang ta ludn c6 thé be trf lai viec gia cong cta mdy B sao
cho khong c6 cdc khoang thdi gian chét nay bang cach don chiing vao doan ddu dé sau
dé mdy B hoat dong lién tuc va viéc nay khong lam tang thoi gian hoan thanh viéc gia
cong (gié tri fy,;). Chang han, dé thodt khoi cdc khoang thdi gian chét clia mdy B trong
thi du, ta ¢6 th3 ba: dau gia cong trén may B vio thyi didm dy = 10 (e 12 bang téng cdc

khoang thai gian chét trong hinh 3, cong véi tx,,,). So ¢6 Gantt ctia cach b6 tri nay cho

trong hinh 2:
May
B D1 D2 D3 D4 D5
Al D1| D2 D3 D4 D5
t
1 LI 1 N T | | N O S N S I e

Hinh 2.

Vi vay luén cé thé gia thiét rang, hai mdy sé thuc hién viéc gia cong moét cdch lién tuc.
M4y A bt dau thuc hién viéc gia cong vao thdi diém d, = 0. Goi dj 1a thoi diém mdy B
bét ddu thuc hién viéc gia cong cdc chi tiét. RS rang ta co
n
T(TC) = dﬁ(n)+ Z bjs
J=1
trong dé s6 hang thit hai la khong phu thuoc vao lich gia cong n. Ta cdn tim cong thic
tinh dy(n). D& thdy la dy(m) 1a béng t6ng cla r,,,, v cic khoang thai gian chét cha mdy
B kh: 1a b6 tri mdy B thuc hién viéc gia cong cdc chi tiét theo cong thitc (4). Vi thé, ta
c6 cong thitc sau day, dé tinh d,(n):
dg(m) = max A/(n)
ISu<n
trong dé
A(m) = Ay »

u u-1

A"(ﬂ:) = Z anu) - Z an-), U= 2, veny 11,
J=1 j=1
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Trong thidu 1, tacé
A(n) = 3;
A(m)=3+4-3=4;
A(m)y=3+4+6)-3+3)=7;
AmM)y=3+4+6+5)-3+3+2)=10;
A(m)=(3+4+6+5+6)-B3+3+2+7)=9;
Vay dg(n) = 10,
Nhu vy bai todn dit ra ddn vé bai todn t6i vu t6 hop sau
min { dy(n) :me P |.

trong d6 P la tap cdc hodn vicla 1, 2, ..., n.

Bo6 dé 1. Gid stz © = (a(l),..., =(k-1), n(k), n(k+1),..., n(n)) ia mot lich gia céng con w
la lich gia cong thu dugc tir © bang cach hodn vi hai phdn nr n(k) va n(k+1):
"= (rn(1),..., (k-1), n(k+1), n(k),..., m(n)).
Khi dé néu
min (@ngy Orgery) < Min (Bagys Argeery) &)
thi
dg(m) < dp(n'). - (6)

Chirng minh. Do =, n' chi khic nhau & vi tri tht & va k+1 nén ta c6

A(m) =AY VoI u=1,.,k1, k+2,..., n.
Tir 46 dé chitng minh (6) ta chi c4n chimg to

max (A n), A () < max (A(n'), A, () @)
That vay, b4t dang thic (7) tuong duong véi

max (A7) - 8, A, (1) - 8) £ max (A(n') - 8, A, (") - B) (8)

vGi moi gid tri 8. Chon

k+1 k-1

§=2a,= 2bun
j=l Jj=1
va dé y ring
k k-1
Am) = Z Angy - Z bng) )
j=1 =1

ta nhan duogc (8) dudi dang
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max (~Gnyq iy D) S Max drgy. -Prys,)
Q -miﬂ (an(k+|), b’l!(k)) S ‘mln (an(k), bﬂ(k+l))

< min (g, Bryery) € mMin (o dryyy,)

nghia 12 (7) twong duong vdi (5). B6 dé duge ching minh,

Bé dé 2. Néui,j, k la ba chi s6'thod mdn

min (2, b) X1nia(a;. &) {9)

min (a,, ;) <min (a,, b) (10)
trong dé c6 it nhdt mot trong hai bdt ddng thite trén la bdt ddng thitc chdt, thi
min (a,, b,) £ min (a,, b,) (11)

Chitng minh. Gia sir trong (9) tacé ¢, <b,vaa, < b, controng (10)tacé a, < b, vag, <
b. Khidé tr (9) suyraqg, <a, contir (10)suyraa; <a, Ticlatacéa,< b, a, < b, vaq,
<a,tedésuyracd (11).

Chitng minh tuong tu cho 15 trudng hop con lai, ta thu dugc bé dé.

Dinh Iy Johnson (1954). T(n) dat gid tri nho nhdt khi lich gia cong 7 = (2(1), n(2),...,
7(n)) thod man

min (@, Oagey) S MUN (Bayy Ageyy) (12)
voimoik=1,2,.., n1.

Ching minh. Thuc vay gia st
n = (n'(1), 1'Q2),..., '(n))

12 lich gia cong t6i wu. Néu ' khong thoa min (12), thi theo b6 dé 1, khi thay déi vi tri
cua hai phan tir lién nhau tuong ing trong né, ta thu dugc lich gia cong méi ©t v6i dy(m)
khong 16n hon dy(n'). Qua trinh niy duoc lap lai d6i véi © cho dén khi thu duge lich
thoa man (12). B6 dé 2 dam bao dugc rang viéc lap nhu thé 12 két thic. Dinh Iy dugc
ching minh. '

Dinh 1y vira ching minh chi cho ching ta co s& xay dung thuét todn giai bai toan
dit ra. Gia st
x= min (a,b).
1<ign
Xét hai truong hop:
1) Néu x = g, v6i mot k nao dé thi ta cé min (4, b) < min (b, a) véi moi j #k. Vi
th€ chi tiét D, phai duoc gia cong dau tién trong lich t6i uvu.
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2) Néu x = b, v6i mét p nao dé thi ta ¢é min (a,, b) = min (b, ¢) vdi moi j #p. Vi
thé chi tiét D, phai dugc gia cong cuéi cling trong lich t6i uu.
Tl d6 nhan dugc thuat toan sau day

Thuat toan JOHNSON

1. Chia cdc chi tiét thanh 2 nhém: nhém N, gébm céc chi tiét D, thoa man a, < b,,
tdc 1a min (q;, b;) dat dugc tai a,, va nhém N, gébm cdc chi tiét D, thoa man aq; >
b,, tic 1a min (a;, b;) dat dugc tai b. Cic chi tiét D, thoa man a; = b, x€p vao
nhém nao ciing dugc.

2. Sap xép cac chi tiét trong N, theo chiéu tang cia cic g, va sap x€p cac chi tiét
trong N, theo chiéu giam cua cic b,.

3. NG6i N, vao dudi N,. Day thu dugc (doc tir trdi sang phai) s€ la lich gia cong t6i
uu.

Quay trd lai giai bai todn trong thi dul theo thuat todn Johnson: Cic két qua duoc tinh
trong tirng budc nhur sau:
1. Chianhém: N, = {D,, D,}; N,={D,, D,, D}

2. Sap xép N, theo chiéu tang clia cdc a; va sip xép N, theo chiéu gidm cua céc b;:
Nl = (Dh D4); NZ = (D29 DS’ D3)

3. N6i N, vao dudi ctia N, ta duge lich gia cong t6i wu:
n=(D,, D, D,, Ds, D).

So d6 Gantt cua lich nay dugc cho boi hinh 3 vdi thdi gian hoan thanh viéc gia cong la
T(n) =26:

May
B D1 D4 D2[ D5 3]
Al D1| D4 D2 D5 D3
t
T | 1 4 1 1 I | | I A | | I T O S S T I |

Hinh 3,

R& rang ¢6 nhiéu lich t6i wu, chiing c6 thé khic nhau vé thoi diém bat ddu cha may B
nhung déu chung nhau moét thoi diém két thic. Chang han mét lich t6i wu khdc cta thi
du trén la ' = (D,, D, Ds, D,, D) v6i so d6 Gantt cho bdi hinh 4:
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May
B D4 D1 DS D2 3
A D4 D1 D5 D2 D3
t
[ I S T S T N T A T (N N U P T (S U N S S O I I
Hinh 4.
Cha y.

1) C6 thé ching minh duoc rang viéc tim lich gia cong dudi dang méi may mot
trinh tu gia cong riéng khong dén téi viéc hoan thanh gia cong céc chi tiét.sém hon. Vi
vay, thudt todn Johnson van cho két qua ding cua bai todn ma khong cén c6 gia thiét
rang trinh tu gia cong trén hai may phai nhu nhau.

2) Ky thuat ching minh dinh 1y Johnson dua trén bé dé 1 1a mét ky thuat co ban
trong ly thuyét lap lich, né dugc biét dudi tén goi: Thu thudt hodn vi.

3) Khong thé thu dugc dinh 1y tuong ty nhu dinh 1y Johnson cho trudng hgp bai
toin 3 mdy hoac nhiéu hon. Trong trudng hop téng quat, hién nay chua ¢6 phuong phap
hitu hiéu ndo d€ giai chiing ngoai viéc sir dung phuong phép nhédnh can.

Mot s truong hop riéng c6 thé dan vé bai toan 2 may.

Xét bai todn gia cong n chi tiét trén 3 may theo thit tu A, B, C v6i bang thdi gian a, b,

c,i=1,2,.., n, thoa man:

maxb;, < ming; hoac max), < ming;

! i ! i

tic la thoi gian gia cong ciia may B khd nho so véi A hoac C.,

Khi dé, lich gia cong t6i uu trén 3 may sé trung vdi lich gia cong t6i wu trén 2 may:
may thi nhét véi thdi gian a, + b, v mdy thd hai véi thoi gian b, + ¢, (dé ¥ rang chi ¢6
lich t6i wu cha chiing la trung nhau con thoi gian gia cong cta ching 1a khac nhau).

Thi du 2. Thai gian gia cong 5 chi tiét trén cdc mdy A, B, C cho bdi bang sau:

Chi tiét p, | b, | b, | b, | D,
May

A 7 11 8 7 6

B 6 5 3 5

C 4 12 7
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Thu lai max b, = 6 < min @, = 6, do d6 bai todn dugc din vé viéc tim lich gia cong 16i
uu trén 2 may A', B":

Chi tiél
N Dl D2 D3 D4 D5
May

A 13 16 1 12 9
B 10 17 10 13 6

Lich gia cong t6i uwu tim duge la &t = (D,, D,, D,, D, Ds) v6i1 thoi gian hoan thanh T(n) =
49 va so d6 Gantt cho bdi hinh S:

May
C 5
B
Al 4
t

Hinh 5.
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Bai tap

1. Ap dung thuat todn nhdnh can gidi bai todn ngudi du lich véi ma tran chi phi sau

a)
A B C D E
:\ 0 8 5 2211
B 4 0 o 17 27
C 18 7 C 12 35
D 5 27170 29
E 23 21197 0
b)
A B C D E
A 0 5 37 21 29
B 42 0 31 7 33
C 31 27 0 31 8
D 49 33 14 0 39
E 6 41 32 38 0
c)
A B C D E
A 0 8 5 2211
B 4 0 9 17 27
C 15 7 0 12 35
D 5 27170 29
E 23 21197 0

Thanh ph6 xudt phdt 12 A. Qud trinh gidi theo thuat todn trinh bay trén cay 10i giai.

2. Gidi cdc bai todn cdi tdi sau day bang thuat toan nhanh cin

a)
17x,+ 8x,+6x;+3 x, > max
Tx,+ 6x,+4x,+2x, <19
x; 20, nguyeén, j=1,2, 3, 4.
b)
16 x,+ 9x,+ 7 x;+5x, - max
6x + 5x,+3x;+2x, <17
x;20,nguyeén, j=1.2,3,4.
c)

16 x, + 8x,+ 6 .x;+x, » max
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Phdn 1. Ly thuyét t6 hop

Tx,+ 6x,+4x,+ x, <26
X2 0,nguyén,j=1,2,3,4.
Qua trinh thuc hién thuat todn mo ta trén cay tim ki€m loi giai.

3. M6 ta thuat toan quay lui dé gidi bai todn sau:
Cho n s6 nguyén duong a,, a,, ...,a,. Timcdc s6 5, € {-1,1},i=1, 2, ..., n sao cho

n
|2 as |
i=1

la nhd nhat.

4. Bat dang thiic sau day cé tén la bat ding thiic hodn vi dugc sir dung trong viéc phat
trién thuat todn giai nhi€u bai todn 14p lich: Cho hai ddy s6 thuc a,, a,, ..., a, va b,, b,,
., b, trong dé b, > b, > ... = b,. Gia st (c(1), o(2), ..., o(n)) va (y(1), y(2), ..., y(n)) 1a
cac hodn vi cua cic s6 1, 2, ..., n thoa man

Ay Zyz) 22 Ayys Aoy S gy S..5a

Khi d6 b4t dang thitc

n n n
Z d,amb < Z Arpb; < Z a,pb: »
i=| i=1 i=l

dugce thuc hién véi moi hoan vi (n(1), m(2), ..., n(n)) chtacics6 1,2, ..., n.

o{n)*

Nhu la vi du iing dung, xét bai toan lap lich sau day: C6 n khach hang dén thué
thyc hién chuong trinh trén may tinh song song tai trung tdim mday tinh hiéu nang cao.
Biét rang thoi gian cin thiét dé chay xong chuong trinh clia khach hang i lat, i = 1, 2,
..., 1. Gia thiét 1a thdi gian dé mdy chuyén tir viéc thuc hién chuong trinh nay sang thuc
hién chuong trinh khéc 13 bing 0, hdy tim trinh tu thyc hién c4c chuong trinh sao cho
téng thai gian cho doi clia t4t ca n khdch hang 1a nhé nhét.

Sir dung b4t déng thic hodn vi dé chi ra ring trinh ty c4n tim 12 trinh tu khong giam
cuia thoi gian thuc hién cdc chuong trinh.
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Chuong 1. Cdc khdi niém co ban ciia Is thuyét do thi

CAC KHAI NIEM CO BAN
cUA LY THUYET 80 TH|

Ly thuyét d6 thi 1a mot [inh vue nghién ciru da ¢6 tir 1au va ¢é nhiéu ing dung hién
dai. Nhitng tur tudng co ban cua ly thuyét do thi dugc dé xuat vao nhimg nam déu cla
thé ky 18 boi nha todn hoc 16i lac ngudi Thuy s§ Leonhard Euler. Chinh 6ng 1a ngudi
di st dung dé thi dé giai bai todn ndi tiéng vé cdc cdi ciu ¢ thanh phd Konigsberg.

D§ thi duoc sir dung dé giai cdc bai todn trong nhiéu linh vuc khdc nhau. Chéng
han, dé thi c6 thé sit dung dé xdc dinh cdc mach vdng trong van dé giai tich mach dién.
Chiing ta c6 thé phan biét cic hop chét hod hoc hitu co khdc nhau véi ciing cong thitc
phén tir nhung khdc nhau vé cau tric phan tr nho dé thi. Ching ta ¢6 thé xdc dinh xem
hai mdy tinh trong mang c6 thé trao doi thong tin duge véi nhau hay khéng nhd mo
hinh dé thi ctia mang mdy tinh. D6 thi ¢6 trong s6 trén cdc canh ¢4 thé sir dung dé giai
cdc bai todn nhu: Tim dudng di ngan nhat gita hai thanh phd trong moét mang giao
théng. Ching ta cling con sir dung dé thi dé gidi cac bai toan vé 1ap lich, thoi khoa biéu,
va phan bo tan s§ cho cdc tram phdt thanh va truyén hinh...

1.1. Dinh nghia do thi

D4 thi 1a mot cdu tric roi rac bao gébm cédc dinh va cdc canh noi cdc dinh nay. Ching ta
phan biét cdc loai d6 thi khdc nhau bdi kiéu va s6 lueng canh néi hai dinh nao dé cha
dé thi. D€ c6 thé hinh dung duogc tai sao lai can dén cdc loai dé thi khac nhau, chiing ta

s€ néu vi du sir dung ching dé moé ta mot mang mdy tinh. Gia sl ta c6 mdt mang gém
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Phdn 2. Ly thuyét dé thi

cdc mdy tinh va cac kénh dién thoai (goi tat 12 kénh thoai) néi cdc may tinh nay. Chiing
ta c6 thé biéu dién cdc vi tri dat mdy tinh bdi cic diém va cac kénh thoai néi ching bdi
cédc doan ndi, xem hinh 1.

Ha tay boéng nai Hué An Giang

Ha n6i

Khinh hoa
Hé Chi Minh

Quaéng ngii Dong thap Long An
Hinh 1. Su 46 mang mdy tinh

Nhan th4y rang trong mang & hinh 1, giita hai mdy bat k¥ chi ¢6 nhiéu nhat 1a mot kénh
thoai n6i ching, kénh thoai nay cho phép lién lac ca hai chiéu va khéng cé mdy tinh
nao lai dugc néi véi chinh né. So d6 mang mdy tinh cho trong hinh 1 duoc goi 1a don do
thi v6 huong. Ta di dén dinh nghia sau

Pinh nghia 1. Don do thi vé hudong G = (V,E) bao gém V 1a tdp cdc dinh, va E la tdp
cdc cdp khong co thie ty gom hai phdn tit khdc nhau cua V goi la cdc canh.

Trong trudng hop giita hai mdy tinh nao d6 thudng xuyén phéi truyén tai nhiéu thong
tin nguoi ta phai ndi hai may nay boi nhiéu kénh thoai. Mang véi da kénh thoai gifta céc
may dugc cho trong hinh 2,

Ha tay Déng nai Hué An Giang

¥ Khénh hoa

Quang ngai

Hinh 2. So d6 mang mdy tinh véi da kénh thoai

DPinh nghia 2. Da do thi vo huong G = (V E) bao gom'V a tdp cdc dinh, va E la ho cdc
cdp khong cé thir ty gom hai phdn i khdc nhau cia 'V goi la cdc canh. Hai canh e, va
e, dugc goi la canh ldp néu chiing cang twong ung voi mot cdp dinh.
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Chuong 1. Cdc khai niém co ban cua Iy thuyét do thi

Ha tay Pong nai Hué An Giang

T Long an

Qudng ngai bBéng thip
Hinh 3. So d6 mang mady tinh véi kénh thong bio

R6 rang mbi don dé thi déu 1a da d6 thi, nhung khéng phai da d6 thi nao cling 1a
don dd thi, vi trong da dé thi ¢6 thé ¢6 hai (hodc nhiéu hon) canh néi mét cip dinh ndo
dé.

Trong mang mdy tinh c6 thé c6 nhitng kénh thoai néi mot may ndo dd véi chinh né
(chang han véi muc dich thong bdo). Mang nhu vay dugc cho trong hinh 3. Khi dé da
dé thi khong thé mé ta dugc mang nhu vay, bdi vi ¢6 nhimg khuyén (canh ndi moét dinh
v6i chinh nd). Trong trudng hop nay chiing ta can st dung dén khai niém gid do thi vé
huong, duge dinh nghia nhu sau

Dinh nghia 3. Gia doé thi vé huomg G = (V,E) bao gom V 1a tdp cdc dinh, va E la ho
cdc cdp khong cé thir i gom hai phdn ik (khong nhdt thiét phdi khdac nhau) cia 'V goi la
cde canh. Canh e duoc goi la khuyén néu né c6 dang e=(u,u).

Céc keénh thoai trong mang mdy tinh ¢6 thé chi cho phép truyén tin theo moét chiéu.
Chang han, trong hinh 4 may chit & Ha noi chi ¢é thé nhin tin tit cdc mdy & dia phuong,
c6 mot s6 may chi ¢6 thé gl tin di, con cdc kénh thoai cho phép truyén tin theo ca hai
chiéu duoc thay thé bdi hai canh ¢6 huéng nguge chiéu nhau.

Quing ngai @ Pong thip

Hinh 4. Mang may v6i cdc kénh thoai mot chiéu
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Phdn 2. Ly thuyét do thi

Ta di dén dinh nghia sau.

Dinh nghia 4. Bon 46 thi ¢6 hucng G = (V, E) bao gom V 14 tdp cdc dinh, va E la tdp
cdc cdp 6 thie ty gom hai phan ur khdc nhau cua V goi la cde cung.

Néu trong mang cé thé c6 da keénh thoai mot chiéu, ta sé phai st dung dén khdi
niém da do thi ¢6 huong:

Pinh nghia 5. Da dd thi ¢6 huong G = (V, E) bao gom V 1a tdp cdc dinh, va E la ho cdc
cdp ¢6 thie tw gom hai phan tr khdc nhau cia 'V goi la cdc cung. Hai cung e,, e, twong
wng vor cang mét ¢dp dinh dvoc goi la cung lap.

Trong céc phan ti€p theo chu y&u ching ta sé lam viéc vdi don d6 thy vo hudng va
don dé thi c6 hudng. Vi vay, dé cho ngin gon, ta s& bd qua tinh tir don khi nhic dén
ching.

1.2. Cac thuat ngir cd ban

Trong muc nay ching ta sé trinh bay mot s§ thudt ngit co ban ciia 1y thuyét dé thi.
Trudc tién, ta xét cic thuat ngit mo ta cac dinh va canh ctia do thi vo hudng.

Dinh nghia 1. Hai dinh u va v cua do thi vé huong G dugc goi la ké nhau néu (u,v) la
canh cua do thi G. Néu e=(u,v) la canh cua dé thi thi ta néi canh nay la lién thudc voi
hai dinh u va v, hodc cing néi la canh e la n6i dinh u va dinh v, dong thoi cdc dinh u va
v 5€ dugc goi la cdc dinh ddu ciia canh (u,v).

Dé ¢6 thé biét ¢6 bao nhiéu canh lién thudc véi mot dinh, ta dua vao dinh nghia sau

Dinh nghia 2. Ta goi bdc cia dinh v trong do thi vo hudng la s6 canh lién thudc voi né
va sé€ ky hiéu la deg(v).
b ¢ d

&
*

a / € g
Hinh 1. D6 thi vé huéng G

Thi du 1. Xét d6 thi cho trong hinh 1, tacé
deg(a) =1, deg(b) =4, deg(c) =4, deg(f) = 3,
deg(d) =1, deg(e) = 3, deg(g) = 0.
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Chuong 1. Céc khdi niém co bdn ciia 1y thuyet dé thi

Dinh bac 0 goi 1a dinh c6 lap. Dinh bac 1 dugc goi 1a dirh treo. Trong vi du trén dinh g
14 dinh c6 lap, a va d 1a céc dinh trco. Bac cua dinh ¢6 tinh chat sau:
binh ly 1. Giasie G =(V, E) la do thi vé huéng vdi m canh. Khi dé

2m= Zdeg(v)

vel
Chirng minh. R6 rang méi canh e=(u,v) dugc tinh mot lan trong deg(u) va mot lan
trong deg(v). Tit d6 suy ra téng tat ca cdc bac cua cdc dinh bang hai 14n s6 canh.

Thi du 2. D6 thi vdi n dinh va moi dinh ¢ bac 14 6 ¢6 bao nhiéu canh?

Giai: Theo dinh Iy 1, tacd 2m = 6 n. Tir d6 suy ra s6 canh cta do thi 1a 3.

Hé qua. Trong do thi vo huong, sé dinh bdc Ié (nghia la cé bdc la s6'l€) la mét s6 chdn.
Chitng minh. Thyc vay, goi O va U tuong tng la tap dinh bac 1é va tap dinh bac chin
cta do thi. Ta cé

2m = Zdeg(v) :Zdeg(v) + Zdeg(v)

veV ve( vel
Do deg(v) 1a chin v&i v 1a dinh trong U nén t8ng thi hai trong v€ phai & trén 1a s6 chén.
Tir d6 suy ra tdng thir nhét (chinh 12 tong bic cla céc dinh bac 1¢) cling phai 1a s6 chén,
do t4t ca cdc s6 hang cla né 1a s 1é, nén tdng nay phai gébm mot s6 chin cdc s6 hang.
Vi vay, s6 dinh bac 1é phai la s6 chan.

Ta xét cac thuat ngir twong tu cho d6 thi cé huéng.
Dinh nghia 3. Néu e=(u,v) la cung ciia do thi c6 huong G thi ta néi hai dinh u va v

la ké nhau, va néi cung (u,v) néi dinh u voi dinh v hode ciing ndi cung nay la di ra khoi
dinh u va di vao dinh v. Dinh u (v) s¢ dwoe goi la dinh ddu (cudi) cua cung (u,v).

Tuong tu nhu khdi niém bac, d6i véi dé thi c6 hudng ta c6 khdi niém bédn bic ra (vao)
ctia moét dinh.

Dinh nghia 4. Ta goi hdn bdc ra (bdn bdc vao) cia cia dinh v trong dé thi cé hudng
la s& cung cua do thi di ra khoi né (di vao né) va ky hiéu la deg”(v) (deg'(v))

Hinh 2. Do thi ¢é huéng G
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Phdn 2. Ly thuyét do thi

Thi du 3. Xét d6 thi cho trong hinh 2. Ta c6
deg(A) = 2,deg(B) =3,deg(C) = 1,deg (D) =2, deg(E) = 2.
deg*(A) = 3, deg*(B) = 2, deg*(C) = 2, deg*(D) = 2, deg’(E) = 1.

Do méi cung (u,v) s& duge tinh mot 14n trong ban bac vao cua dinh v va mot ldn
trong ban béc ra cla dinh u nén ta co:

Pinh Iy 2. Gid sit G=(V,E) la dé thi c6 hudng. Khi dé

S.deg (v) = Ydeg” (v) =|E]
velV vel

R4t nhiéu tinh chat cla dé thi c6 hudng khong phu thudc vao hudng trén céc cung ctia
né. Vi vay, trong nhiéu trudng hgp s€ thuan tién hon néu ta bé qua hudng trén céc cung
cua dé thi. D4 thi vo huéng thu duge bang cach bé qua hudng trén cic cung duge goi Ja
do thi v6 hudng tuong ting v6i do thi c6 huéng da cho.

1.3. Dudng di, Chu trinh. D thj lién thong

Dinh nghia 1. Puong di dé ddi n 1 dinh u dén dinh v, trong dé n la s6 nguyén duong,
trén do thi vé huéng G=(V,E) la day

Xor Xps + + o 2 Xy X
trongdou=x, v=x, (x,x,)ekE, i=0,1,2,..,n-1.
Duomg di néi trén con c6 thé biéu dién dudi dang diy cdc canh:

(Xg X0 (X, X0, « ooy (Kys X))
Dinh u goi la dinh dau, con dinh v goi la dinh cudi cia duong di. Puong di ¢6 dinh ddu
triung voi dinh cudi (tic la u = v) dwoce goi la chu trinh. Duong di hay chu trinh dugc
goi la don néu nhu khdng cé canh ndo bi ldp lai.

Thi du 1. Xét d6 thi vo huéng cho trong hinh 1:
a b c a b c

N\

d e f d e f

Hinh 1. Dudng di trén do thi
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Chuong 1. Cde khai niént co ban ciia ¥ thuyét dd thi

Ta cé: a, d, ¢, f, e 1a dudng di don do dai 4. Con d, ¢, ¢, « khong 1a dudng di, do (e, ¢)
khong phai 12 canh clia d6 thi. Day b, ¢. f, ¢, b 1a chu trinh d6 dai 4. Pudng dia, b, ¢, d,
a, b c6 do dai 1a 5 khong phai la dudng di don, do canh (q, b) ¢é mat trong nd hai lan.

Khdt niém dudng di va chu trinh trén do thi c6 hudng dugc dinh nghia hoan toan
trong tu nhu truong hgp do thi vo hudng, chi khac 1a ta ¢6 chd y dén hudng trén cic
cung.

Dinh nghia 2. Duong di do dai n tiv dinh u dén dink v, 1rong do n la s¢ nguyén duwong,
trén do thi ¢é huong G=(V A) la day

Xo» Xpo o oo X X,
trongdo u=x, v=ux, (x,x,) €A, =012 ... nl.
Puong di néi trén con cé thé biéu dién duci dang ddy cic cung:

(xp X)) (X X0 -0, (X, ).
Dinh u goi la dinh ddu, con dinh v goi la dinh cudi ciia diong di. Puong di cé dinh ddu
trang voi dinh cudi (nic la u = v) duoc goi la chu trinh. Duong di hay chu trinh dugc
gol la don néu nhu khéng c6 cung nao bi ldp lai.

Thi du 2. Trén do thi c6 hudng cho trong hinh 1: «, d, ¢, f, e 1a dudng di don do dai 4.
Con d, e, ¢, a khong la dudng di, do (e,¢) khong phai la cung ctia d6 thi. Day b, ¢, f, e, b
1a chu trinh d6 dai 4. Duong di a. , ¢, d. a, b c6 d¢ dai 1a 5 khéng phai 1a duong di don,
do cung (a,h) c6 mat trong nd hai lan,

Xét mot mang mdy tinh. Mot cau hoi dat ra 14 hai mdy tinh bt k¥ trong mang nay
c6 thé trao d6i thong tin duge véi nhau hoic 13 truc ti€p qua kénh ndi ching hoic thong
qua mot hodc vai mdy tinh trung gian trong mang? N¢u sir dung do thi dé biéu dién
mang mdy tinh nay (trong d6 cdc dinh cha dé thi tuong 1ing vdi cdc mdy tinh, con céc
canh tuong ng vdi cdc kénh ndi) cau hot dé dugc phat biéu trong ngdn ngir do6 thi nhu
sau: Ton tai hay chang dudng di gilta moi cap dinh cla do thi?

Dinh nghia 3. D thi vé hucng G= (V,E) dugc goi la lién thong néu luon tim dugc
duong di gifta hai dinh bdt ky cia né.

Nhu vay hai mdy tinh bat ky trong mang c6 thé trao déi théng tin dugc véi nhau khi va
chi khi do thi tvong ting v6i mang nay 12 do thi lién thong.

Thi du 3. Trong hinh 2: D6 thi G la lién thong, con dé thi H 12 khong lién thong.
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Phdn 2. Ly thuyét do thi

g f H
G
Hinh 2. D6 thi lién thong G va d6 th1 H gém 3
thanh phén lién thong H,, H., H,.
Pinh nghia 4. Ta goi do thi con cua d6 thi G = (V.E) la dé thi H = (W, F), trong do
Wc Vva Fc E.
Trong trudng hop d6 thi 1a khong lién thong, né sé ra ra thanh mot s6 dé6 thi con lién

thong doi mot khong ¢6 dinh chung. Nhitng d6 thi con lién thong nhu vay ta s goi 1a
céc thanh phdn lién théng cta do thi.

Thi du 4. D6 thi H trong hinh 2 gém 3 thanh phan lién thong H,, H,, Hs.

Trong mang mdy tinh c6 thé ¢é nhimg mdy (nhiing kénh néi) ma sy hong héc clia
né s& anh hudng dén viéc trao déi thong tin trong mang. Cac khdi niém tuong ung véi
tinh huéng nay dugc dua ra trong dinh nghia sau.

Dinh nghia 5. Dinh v dugc goi la dinh ré nhdnh néu viéc loai bo v cung véi cdc canh
lién thudc véi né khoi 6 thi lam tdng s6 thanh phdn lién thong cua do thi. Canh e dugc
gol la cau néu viéc loai b né khdi do thi lam tdng s6 thanh phdn lién thong cia do thi.

Thi du 5. Trong d6 thi G & hinh 2, dinh d v e la dinh r€ nhanh, cdn cdc canh (d,g) va
(e 1a clu.

Dai v6i d6 thi cé hudng cb hai khdi niém lién thong phu thudc vao viéc ta cé xét
dén hudng trén cic cung hay khong. '

binh nghia 6. D6 thi c6 huong G= (V,A) duoc goi la lién thong manh néu luon tim
duoc duong di giita hai dinh bdt ky cua né.

Dinh nghia 7. D6 thi ¢6 huomg G= (V,A) dugc goi la lién thong yéu néu do thi vé huing
tuong g voi né la do thi vo hudng lién thong.

R4 rang néu d6 thi 1a lién thong manh thi n6 ciing 1a lién thong yé&u, nhung diéu nguogc
lai 12 khong ludn diing, nhu chi ra trong thi du du6i day.
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Chuong 1. Cdc khdi niém co bdn cua ly thuyét do thi

Thi du 6. Trong hinh 3 d6 thi G la lién thong manh, con A 1a lién théng yéu nhung
khong la lién théng manh.

Hinh 3. D6 thi lién thong manh G va do thi lién théng yéu H

Mot cau hdi dat ra 12 khi ndo ¢6 thé dinh hudng céc canh ctia mot dé thi vo huéng
lién thong dé c6 thé thu duogc dé thi c6 hudng lién théng manh? Ta s€ goi d6 thi nhu vay
1a d6 thi dinh huéng dugc. Dinh 1y dudi day cho ta tiéu chudn nhan biét mot d6 thi cé 1a
dinh huéng dugc hay khong.

Binh Iy 1. D6 thi vo huong lién thong la dinh hudng duoc khi va chi khi méi canh cuia
né ndm trén it nhdt moét chu trinh.

Chimg minh. Piéu kién can. Gia sit (1,v) 1a mot canh cta d6 thi. Tir su ton tai dudng
di c6 hudng tir # dén v va nguge lai suy ra (4,v) phdi ndm trén it nh4t mét chu trinh.

Piéu kién di. Thi tuc sau day cho phép dinh hudng cic canh clia d6 thi dé thu dugc d6
thi ¢6 hudng lién thong manh. Gia sit C 1a mot chu trinh nao d6 trong dé thi. Dinh
huéng cac canh trén chu trinh nay theo mét hudng di vong theo né. Néu tat ca cdc canh
cha do thi la da duge dinh hudng thi két thic tha tuc. Nguoc lai, chon e 1a mét canh
chua dinh huéng c6 chung dinh véi it nhat mét trong s6 cic canh di dinh huéng. Theo
gia thi€t tim dugc chu trinh C’ chda canh e. Dinh huéng céc canh chua duge dinh
huéng cta C’ theo mét huéng doc theo chu trinh nay (khong dinh huéng lai cdc canh di
c6é hudng). Tha tuc trén s& duoc lap lai cho dén khi t4t ca cdc canh cta d6 thi duge dinh
hudng. Khi dé ta thu duoc do thi ¢6 hudng lién thong manh.

1.4. Mot sd dang do thi dac biét

Trong muc ndy ta xét mot s6 dang don dé thi vo6 huéng dic biét xuat hién trong nhiéu
vén dé img dung thuc t€.

Do thi day did. D6 thi ddy di » dinh, ky hiéu boi K|

n

12 don d6 thi v6 hudng ma giita
hai dinh bat ky ctia né luén c6 canh néi.
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Phdn 2. Ly thuyét do thi

Céc do thi K,, K, K cho trong hinh 1 dudi day.

2NN
\ </

K, K, K,

Hinh 1. D6 thi day du

D4 thi ddy dii K, c¢6 tat ca n(n-1)/2 canh, nd 1a don d6 thi cé nhiéu canh nhat.

D6 thi vong. D6 thivong C,, » 2 3. gébm ndinh v, v,, ..., v,va cdc canh
(vl' VZ)' (VZ’ \’3), e (vn—l’ vn)I (V,,, vl)'

b6 thi vong C,, C,, Cs, C, cho trong hinh 2.

A0 &

C, C,
Hinh 2. D6 thi vong C,, C, , Cs, C

D6 thi banh xe, D6 thi W, thu duogc tir C, bing cdch b6 sung vao mot dinh mdi ndi
vdi t4t cd cdc dinh clia C, (xem hinh 3).

4

Hinh 3. D6 thi banh xe W,, W,, W,, W,

Do thi lap phuong. D6 thi lap phuong n dinh Q, 13 d6 thi vé6i cdc dinh biéu dién 2"
xau nhi phan d6 dai n. Hai dinh cta n6 12 ké nhau néu nhu hai x4u nhi phan tuong iing
chi khéc nhau 1 bit. Hinh 4 cho thdy Q,. vdin =0,1, 2, 3, 4.
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Chuong 1. Cdc khai niém co bdn cua ly thuyét doé thi

n=

Hinh 4. D6 thi 1ap phuong Q,

D6 thi hai phia. Don d6 thi G = (V,E) dugc goi la hai phia néu nhu tap dinh V cha né
c6 thé phan hoach thanh hai tap X vd ¥ sao cho méi canh clia d6 thi chi n6i mot dinh
nao do trong X v6i mét dinh nao dé trong Y. Khi dé ta s& sir dung ky hiéu G=(X U Y, E)
dé chi dé thj hai phia vdi tap dinh XUY.

Dinh ly sau day cho phép nhan biét mot don do thi cé phai 1a hai phia hay khong.

Dinh Iy 1. Don dé thi la do thi hai phia khi va chi khi n6 khong chita chu trinh d¢ dai
le.

Pé kiém tra xem mot dé thi lién thong c6 phai 14 hai phia hay khong c6 thé 4p
dung tha tuc sau. Chon v 1a mot dinh bat ki clia d6 thi. Bat X = {v}, con Y la tap cac
dinh ké ciia v. Khi d6 cdc dinh ké ciia cac dinh trong ¥ phai thuéc vao X. Ky hiéu tap
cac dinh nhu vay la T. Vi thé néu phdt hién TY = & thi do thi khong phai ]a hai phfa,
két thiic. Nguoc lai, dat X=X U T. Tiép tuc xét nhu vay d6i véi T’ 1a tap cac dinh ké

cuaT,...

D6 thi hai phia G = (XUY, E) véi | X|=m,|Y|=n dugc goi 1a dé thi hai phia
ddy du va ky hiéu 1a K, néu méi dinh trong tap X dugc n6i v6i méi dinh trong Y. Cic
do thi K, 3, K;3, K5, duoc cho trong hinh S.
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Phdn 2. Ly thuyét do thi

N\

K2.3 K3,3 K3,4
Hinh 5. D6 thi hai phia
Po thi phang. D6 thi dugc goi 1a dd thi phdng néu ta c6 thé vé n6 trén mat phang sao

cho céc canh clia né khong cit nhau ngoai & dinh. Céch vé nhu vay sé dugc goi la biéu
dién phdng clia d6 thi.

Thi du d6 thi K, 12 phing, vi c6 thé v& né trén mat phing sao cho cic canh cla né
khong cit nhau ngodi & dinh (xem hinh 6).

Hinh 6. D6 thi K, 13 d6 thi phéng

Mot diém dédng luu § 12 néu d6 thi ta phang thi ludn cé thé v& né trén mat phéng
v6i cdc canh ndi 14 cic doan thing khéng cit nhau ngoai & dinh (vi du xem cach vé K,
trong hinh 3).

D€ nhin bi€t xem mot dd thi c¢6 phai 12 dé thi phang cé thé si dung dinh ly
Kuratovski, ma dé phat biéu né ta cAn mot s6 khai niém sau: Ta goi mot phép chia
canh (u,v) clia d6 thi 12 viéc loai bd canh nay khoéi d6 thi va thém vao d6 thi mét dinh
md&i w clng véi hai canh (4,w), (w,u). Hai d6 thi G = (V, E) va H = (W, F) dugc goi la
dong cdu néu ching cé thé thu dugc tir cling mot dé thi ndo d6 nhd cdc phép chia canh.

Dinh Iy 2 (Kuratovski). D6 thi la phdng khi va chi khi né khéng chita dé thi con dong
cdu voi Ky 5 hodc K.

Trong trudng hop riéng, d6 thi K, vd K, khong phai 1a d6 thi phing. Bai todn vé
tinh phang ctia dé thi K, 12 bai todn d6 ndi ti€ng vé ba cdn hé va ba hé théng cung cdp
ndang luong cho ching: Cin xay dung hé théng dudng cung cap dién, hoi d6t va nudc
cho ba can hg, n6i mdi mot trong ba ngudén cung cip ning luong véi mdi moét can ho
néi trén sao cho chiing khong cét nhau.
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Chuong 1. Cdc khdi niém co bdn cua ly thuyét dé thi

D4 thi phing con tim duogc nhing tng dung quan trong trong cong nghé ché tao mach
in. Biéu dién phing clia d6 thj s& chia mat phing ra thanh cdc mién, trong d6 c6 thé cé
ca mién khéng bi chan. Thi du, biéu dién phang cta dé thi cho trong hinh 7 chia mat
phang ra thanh 6 mién R, R,, ..., R,

Hinh 7. Cdc mién twong tng véi biéu dién phang cha dé thi

Euler di ching minh duoc rang cdc cdch biéu dién phang khic nhau clia mot dé thi
déu chia mat phing ra thanh cing mét s6 mién. D€ chiing minh diéu dé, Euler da tim
dugc m6i lién hé giita s6 mién, s6 dinh clia d6 thi va s6 canh clia d6 thi phing sau day.

Dinh Iy 3 (Cong thirc Euler). Gid s G 1a d6 thi phang lién théng véi n dinh, m canh,
Goi r 14 s6 mién clia mat phang bi chia bdi biéu dién phang clia G. Khi dé

r=m-n+2.

C6 thé chitng minh dinh ly bang qui nap. Xét thi du minh hoa cho dp dung cong
thiic Euler.

Thi du. Cho G 12 do6 thi phéng lién thong v6i 20 dinh, méi dinh déu c6 bac la 3. Hai
mat phing bi chia 1am bao nhiéu phdn bai biéu dién phang cta dé thi G?
Giai. Do méi dinh clia do thi déu c6 bac 12 3, nén téng bic cta cdc dinh 1a 3x 20 = 60.
Tur d6 suy ra s6 canh ctia dé thi m = 60/2 = 30. Vi vy, theo cong thic Euler, s6 mién
can tim la

r=30-20+2=12.
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Phan 2. Ly thuyét dé thi

Bai tap

1. Xdc dinh bac cha cdc dinh trong d6 thi G,. Xé4c dinh bdn bac ra va ban bac vao cua
céc dinh cta do thi Gy,

2. V& d6 thi vo huéng G = (V,E) cho boi:
V={AB,C,D,EF}
E = ((E,G), (B,F), (D,C), (D,F), (F.B), (C,F), (A,F), (E,D)}
3. Vé6i mdi do6 thi trong cac do thi sau day hay cho biét n6 c6 1a do thi hai phia hay

khoéng? Néu cau tra 13 13 khang dinh, hiy chi 18 cdch phan hoach tap dinh thanh hai tap
dinh sao cho canh néi chi c6 giita hai dinh thudc hai tap khic nhau.

a. b.
__»
d. 1 W 2 €. 1 5
; 6
5 —e 2 [
3 4 3 9 7
4 8
1
2
3 5
4 6

3. Cho don d6 thi vo huéng lién thong G = (V, E) v6i n dinh.
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Chuong 1. Cdc khdi ni¢m co bidn cua Iy thuyet dé thi

a) Chiing minh rang lu6n tén tai dudng di don néi hai dinh u, v bat ky cta dé thi.

(Goi y: Puong di cdn tim la dudng di ngdn nhdt theo s¢ canh)

b) Ching minh rang ludn tén tai dudng di qua khong qua n dinh néi hai dinh u, v
bat ky caa do thi.

(Goi y: Puong di can tim la ditong di ngdn nhdt theo sé canh).

4. Cho G la don d6 thi vo hudng véi n dinh, m canh, k thanh phan lién thong. Ching
ninh rarg:

n-k < (n-k) (n-k+1) /2.
Tir d6 suy ra d6 thi n dinh v6i s6 canh I6n hon (n-1)(1-2)/2 la lién thong.

(Goi y: Chitng minh bdng qui nap theo s6 canh ciia do thi).

5. Chitng minh ring trong don dé thi véi # > 1 dinh luon tim dugc hai dinh khong la
dinh ré nhanh.

6. Ching minh ring dinh u trong don d6 thi lién thong G la dinh ré nhanh khi va chi
khi tim dugc hai dinh v va w (v,w # u) sao cho moi duong di n8i v va w déu di qua dinh

u.
7. Ching minh rang canh e trong don d6 thi G la cau khi va chi khi né khong thuéc bat
ct chu trinh nao trong G.

8. Cho G la dé thi hai phia véi n dinh va m canh. Ching minh rdng m < n*/4,

9. Cho G la d6 thi hai phia v6i n dinh va m canh. Goi K va & 1a bac 16n nhat va nho nhat
clia cdc dinh ctia G. Chitng minh rang
m <2min £M,

10. D4 thi vo hudng duge goi 1a chinh qui bac & néu tat ca céc dinh cia né déu cé bac
1a k. Véi gid tri nao cta » d6 thi sau la chinh qui?

a) kK,

b)C

n

)W,

d) @,
11. Ta goi d6 thi G’ 1a d6 thi ba cda don d6 thi G néu cdc dinh clia né 14 dinh clia d6
thi G va hai dinh ca G’la k& nhau khi va chi khi ching 12 khéng ké nhau trén G. Hay
vé cicdothibucuak, K,,, C, O,
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Phén 2. Ly thuyét dé thi

12. Hai don d6 thi vo huéng G, = (V,, E,) va G, = (V,, E,) dugc goi 1 ddng cdu néu tén
tai mot song 4nh f: V, — V, sao cho (,v) € E| khi va chi khi (f(u), f(v)) € E,. Thi du,
hai dé thi G, va G, cho trong hinh duéi day la ding ciu

o

G, | 2
Song 4nh f durge x4c dinh nhu sau: fA)=1, AB)=2, AC)=3: AD)=4, (E)=5, f(F)=6.
Hai hai dé thi sau day c6 dang cau hay khong?

b)
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Chuwong 1. Cdc khdi ni¢m co ban cta ly thuyét do thi

13. Vé6i médi dé thi trong cdc dd thi sau day hdy cho biét né c6 la dé thi phing hay
khéng. Néu cau tra 13i 12 khang dinh hiy trinh bay cdch vé& dé thi sao cho cdc canh
khong cét nhau ngoai & dinh:

a) b)

R
c) d)
e) f)

14. Hoi rang d6 thi Q, c6 phdi 12 phing khong? Trong truong hgp cau tra 19i 1 khéng
dinh hdy v& né trén mat phéng sao cho khong c¢é canh nio cit nhau.

15. Cho G 1a don d6 thi phéng lién théng véi 20 dinh va méi dinh cha né déu c6 bac 1a
3. Hoi rang khi v& G trén mat phang thi mat phang bi chia Iam bao nhiéu phén ?

16. Bai toan t6 mau do thi: Cho don dé thi vo hudng G = (V,E). Hay tim céach gén cho
mbi dinh cta d6 thi mot mau sao cho hai dinh ké nhau khong bi t6 bdi cing mdt mau.
Mot phép gén mau cho cédc dinh nhu vy duoc goi 12 mot phép t6 mau do thi. Bai todn
t6 mau doi hoi tim phép té mau véi s6 mau phai sir dung 1a it nhat.

Ta goi séc s6 cha d6 thi G, ky hiéu 12 y(G), 12 s6 mau it nhat cdn ding d€ t6 mau dé
thi. Duéi day 1a mot s6 két qua lién quan dén t6 mau d6 thi

a) Pinh 1y 4 mau: “Moi dé thi phang déu c6 thé to boi 4 mau”.

b) Bon d6 thi G 1a hai phia khi va chi khi %(G) = 2.
Hay ching minh ménh dé b).
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Phan 2. Ly thuyeéi do thi

17. Hay tinh sédc s clia cdc do thi cho trong cdc hinh vé sau

a) Do thi Petersen

b) D6 thi 14p phuong

¢) D6 thi Herschel
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Chuong 2. Bicu dién dé thi trén mdy tinh

BIEU DIEN DO TH|
TREN MAY TINH

Dé luu trit do thi va thuc hién cdc thuat todn khic nhau véi dé thi trén mdy tinh
can phai tim nhitng cdu tric dit liéu thich hop dé mé ta do thi. Viéc chon ciu tric dit
liéu ndo dé biéu dién do thi c6 tic dong rat I6n dén hiéu qua clia thuat todn. Vi vay, viéc
chon lua cdu trdc dit liéu dé bidu dién d6 thi phu thudc vao tiing tinh hudng cu thé (bai
todn va thuat todn cu thé), Trong muyc nay ching ta s& xét mét s6 phuong phap co ban
dugc sir dung dé biéu dién d6 thi trén mdy tinh, déng thi cling phan tich mot cdch ngén
gon nhiing wu diém cling nhu nhitng nhuoc diém cla chiing.

2.1. Ma tran ké. Ma tran trong sé

Xét don d6 thi vo huéng G = (V, E), véi tip dinh V = {1, 2,..., n}, tdp canh E={e|, e,,...,
e,}. Ta goi ma tran ké cta do thi G 1a (0,1)-ma tran

A={a;:

johg=1 20}
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Phdn 2. Ly thuyét do thi

véi céac phan tir duoc xédc dinh theo quy tac sau day:

a, =0, néu (i,)e E va a; =1, néu(ij)ekE,

Y )

i,j=12,..,n.

Thi du 1. Ma tran ké cua dé thi vo huéng G cho trong hinh 1 14

1 2 3 4, 5 6
1T 0o 1 1 0 1 0
21 1 0 1 0 1 0
i1 1 6 1 0 0
41 0 0 1 0 1 1
s 11 0 1 0 1
6l 0 o 0 1 1 o

3 4 2 5

2 5 3 6

G G,

Hinh 1. D6 thi v6 huéng G va Dé thi c6 huéng G,

Cac tinh chit ciia ma tran ké:

1) RS rang ma tran ké ciia d6 thj vo6 hudéng 1a ma tran d6i xdng, tic 1a

ali, jl=aly, i1, i,j=1,2,...,n.

Nguoc lai, méi (0,1)-ma tran d6i xting cdp n sé tuong tng, chinh xdc dén cich ddnh s6
dinh (con néi 1a: chinh x4c dén déng ciu) , v6i mot don dé thi vo huéng n dinh.

2) Téng céc phén tir trén dong i (cot j) cla ma trAn ké chinh bing bac cta dinh {
(dinh j).

3) Néuky hiéu

P

a; .

ihj=1,2,..,n

1a cac phén tir cia ma tran tich
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Chuong 2. Biéu dién do thi trén mdy tinh

Khi dé

P
y o

cho ta s6 dudng di khic nhau tir dinh i dén dinh j qua p-1 dinh trung gian.

al i, j=12,.,n

Ma trén ké cua d6 thi cé huéng duge dinh nghia mét cich hoan toan tuong tu.

Thi du 2. P6 thi cé hudng G, cho trong hinh 1 ¢6 ma tran ké 1a ma tran sau

1 2 3 4 5 o
1r0 1 1 0 0 0N
2 o 0 0 0 0 ©
3 0 1 0 1 0 O
4 0 0 0 0 0 O
5 o 0 0 1 0 1
6LOOOOlO_

Luu v ring ma tran ké cta dé thi c6 huéng khéng phai 1 ma tran d6i ximg.

Chi y: Trén day ching ta chi xét don dé thi. Ma tran ké clia da d6 thi c¢6 thé xay dung
hoan toan tuong tu, chi khdc 1a thay vi ghi 1 vao vi tri ali j] néu (i, j) la canh cuia d6 thi,
chiing ta sé ghi & 12 s6 canh ndi hai dinh 7 va j.

Trong rat nhiéu van dé tng dung cla 1y thuyé&t do thi, mdi canh e = (4, v) cla dé thi
dugc gdn vdi mot con s6 c(e) (con viét 1a ¢(u,v) ) goi la trong s6 cia canh e. D6 thi
trong trudng hgp nhu vay dugc goi la d6 thi ¢6 trong s6. Trong trudng hgp d6 thi c6
trong s6, thay vi ma tran ké, dé biéu dién do thi ta sit dung ma trn trong s¢
C=cli,jl, i,j=1,2.n,
véi
cli, jl1=cl, ), néu(i,j) e E
va

cli, j1=0, néu (i, )) ¢ E,

trong d6 s6 0, tuy timg trudng hop cu thé, c6 thé dugc dat bang mot trong cdc gid tri
sau: 0, 4o, -00.

Uu diém 16n nhat cha phuong phdp biéu dién dé thi bing ma tran ké (hodc ma tran
trong s6) 14 d€ tra 10i cau hoi: Hai dinh u, v ¢6 ké nhau trén d6 thi hay khong, ching ta
chi phéi thuc hién mét phép so sdnh. Nhuge di€ém 16n nhat cliia phuong phdp nay la:
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Phan 2. Ly thuyét do thi

khong phu thudc vao s6 canh cia dé thi, ta luén phai st dung #* don vi bd nhé dé luu
trit ma tran ké cua no.

2.2. Ma tréan lién thudc dinh-canh
XeG=(V,E),V={12,..,.n},E={e,e, .. e, 1adon do thi c6 huéng. Xay dung
matranA=(a,;i=1,2,.,mj=1,2, .., m),trong d6
1, néu dinh i la dinh ddu cla cung ¢,
a,= - 1, néu dinh 7 1a dinh cu6i cua cung ¢,
[ 0, néu dinh i khong la ddu mit cta cung ¢,

Ma tran A xay dung theo qui tic vira néu duge goi 1& ma tran lién thuéc dinh-canh.

Vi du. Xét d6 thi cho trén hinh 3

1 1 1.0 00 0 0 00O
2 /-1 01 1 0 0 0 -1 0
3/ 0-1-1 0 1 0 0 0 O
A=
41000-1 01 1t 00
3 0 00 0-1 0 O 1 I
610 00 00 0-1 0-1

Hinh 2. D6 thi ¢6 huéng va ma tran lién thudc dinh canh

Ma tran lién thudc dinh-canh 1a moét trong nhitng cdch biéu dién rat hay dugc st dung
trong cdc bai todn lién quan dén dé thi ¢é huéng ma trong dé phai xit 1y cac cung cla
dé thi.
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Chuwong 2. Biéu dién do thi trén nidy tinh

2.3. Danh sach canh (cung)

Trong trudng hop dé thi thua (dé thi ¢6 s6 canh m thoa min bat dang thic: m < 6n)
ngudi ta thuong dung cach biéu dién dé thi dudi dang dani sach canh.

Trong céch biéu dién dé thi bdi danh sdch canh (cung) ching ta sé luu trit danh
sdch tdt ca cac canh (cung) cia d6 thi vo hudng (cé hudng). Mbi canh (cung) e = (x, y)
cda dd thi s¢ wrong vng v6i Lai biéh Daule]. Cuoife]. Whu vay, d2 luu trit d3 thi ta can
su dung 2m don vi bd nhé. Nhuoc diém cua cdch biéu dién ndy 1a dé x4c dinh nhiing
dinh nao cla d6 thi 1a k& véi mot dinh cho truée chiing ta phai lam ¢& m phép so sdnh
(khi duyét qua danh séch tdt ca cdc canh cta do thi).

Chii y: Trong trudng hop d6 thi ¢ trong s6 ta cin thém m don vi bé nhd dé luu trix

trong s6 cla céc canh.

Thi du 3. Danh sidch canh (cung) cua do thi G (G,) cho trong hinh | 1a:

Dau Cuoi Dau Cuoi

1 2 1 2
1 3 1 3
1 5 3 2
2 3 3 4
2 5 5 4
3 4 5 6
4 5 6 5
4 6

5 6

Danh sach canh cua G Danh sich cung cua G,

2.4. Danh sach ké

Trong rat nhiéu van dé ung dung ctia ly thuyét dé thi, cich biéu dién db thi dudi dang
danh sdch ké 1a cach biéu dién thich hop nhat duoc sir dung.
Trong cach biéu dién nay, véi mdi dinh v clia d6 thi chiing ta luu trit danh sich céc
dinh ké v&i nd, ma ta sé ky hiéu 1a Ke(v), tic la
Ke(v)= {fueV.:(vu) e E }.
Khi d6 vong lap thuc hién véi méi mot phan tir trong danh sdch nay theo thit tw cac
phan tir duoc xap x€p trong né sé duge viét nhu sau:

for ue Ke(v) do...
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Phdn 2. Ly thuyér do thi

Chang han, trén PASCAL c6 thé mé ta danh siach nay nhu sau (Goi la ciu triic
Forward Star):

Const
m = 1000; { m - s6 canh}
n= 100; { n-s6dinh})
var
Ke : array[1..m] of integer;
Tro: array[l..n+1} of integer;

trong d6 Troli] ghi nhan vi tri bdt ddu cla danh séch ké cla dinh i, i=1,2,...,n, Tro[n+1]
=2m+1.
Khi d6 dong 1énh qui uéc
for ue Kefv) do
begin
end;
¢6 thé thay thé bdi cau tric lénh cu thé trén PASCAL sau

for i:= Tro[v] to Trol[v+1l]-1 do
begin
u:=Kefli];

end;

Trong rét nhi€u thuit todn lam viéc v&i dS thi ching ta thudng xuyén phai thuc
hién cdc thao tdc: Thém hodc bét mot sé canh. Trong trudng hop nay céu tric dir lidu
diing & trén 12 khong thuan tién. Khi d6 nén chuyén sang sir dung danh sach ké lién két
(Linked Adjancency List) nhu mo ta trong chuong trinh nhap danh sich ké cua dé thi
tlr ban phim va dua danh sach dé ra man hinh sau day:

program AdjList;
const
maxV = 100;
type
link = ™ode;
node = record
v ! Integer;
next : link
end;
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Chuong 2. Bicu dién dé thi trén mdy tinh

var
J, X,y o, n,u, v integer,
t SMink;
Ke carvavf.maxV] of link,
BEGIN
write(’Cho s6 canh va dinh cia do thi: ) readln( m,n);
(* Khditao *)
SJor j:=1tondoKefj]:=nil;
for j:=1 tc mdo
begin
write(’Cho dinh dau va cudi cita canh 'j, " %),
readin(x,y);
new(t); \v:=x; \next:=Ke[y]; Ke[v]:=t;
new(t); thv:=y; Mnext:=Ke[x]; Ke[x]:=t;
end;
writeln(’ Danh sdch ké cia cac dinh cua do thi: ),
for j:=1to mdo
begin
writeln(’Danh sdch cdc dinh ké cua dinh ', j, " );
t:=Kelj/.
while t"next < > nil do
begin
write(i™v:4);
t:=t\next,
end;
end;
readin;
END.

Thi du 4. Danh sdch ké clia cdc d6 thi trong hinh 1 duge m6 ta trong hinh sau:

Pinh diu

1 [ =2 T F-3 T -5 Tnil |

2 1 3

5

nil

3 [ 34—t | 52 |

4

nil

¢ 0T 3G -]

s L0 [ 52 [ 14

F—{6 {nil |

6 [ ———[4 [ {5 [nil ]

Dinh dau
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Phdn 2. Ly thuyét do thi

B R EESEN
3 1 2| F— 4 [ni]
4 nil

5 —+— 4] ——{ 6 |nil]
6 —[ 5 Tnil |

Hinh 2. Danh siach ké cua d6 thi vé hudéng G
va ¢6 huéng G, cho trong hinh 1.

DE y ring trong cach biéu dién nay chiing ta cin phai st dung ¢& m+n don vi bo
nhd.

Trong céc thuét todn mo ta d cac phan ti€p theo hai ciu tric danh sich ké va ma
tran trong s6 duge st dung thudng xuyén.
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Chuong 2. Bidu dién do thi trén mdy tinh

Bai tap

1. Lap trinh nhap do6 thi véi cdc cau tric dit liéu da mo ta.

2. Lap trinh cho phép chuyén doi tir cau tric dif liéu bieu dién d6 thi dudi dang ma tran
ké sang danh sach ké va nguoc lai.

3. Hay xay dung ma tran ké, danh sach ké ctia cdc do thi cho trong cdc hinh vé sau day

a)
L GA — — Gﬂ —
{ c’l‘} J\_b H ( } ..( )
5 W 24 P
\ . r-”_‘\l ./ \\\ \’, e /
VT T VAR
\ " \n‘< >< " \
/ # _‘f" "t\ { ‘_‘\ \'" \
! o, /
foler——{E N / }f_..’ £ \
£ - f\ Y
{g) {h) (g} ~(b)
b)

4. Hay xay dung ma tran lién thuoc dinh canh cta céc do6 thi cho trong céc hinh vé sau
a) b)
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Phdn 2. Ly thuyét do thi

5. Hay x4y dung ma tran trong s cta cdc do thi cho trong céc hinh vé sau

6. Ma tran lién thudc dinh canh cé mot tinh chat rat dac biét hay duoc sir dung trong
viéc phat trién thuat todn t6i vu trén dé thi. D€ phét biéu tinh chat nay ta cdn khai niém
sau.

Pinh nghia. Ma trin A dugc goi la ma tran hoan toan don mé dun, néu moi dinh thdc
con khdc khong cta né déu cé tri tuyét di 1a bang 1.

Chimg minh rdng ma tran lién thudc dinh canh ctia don dé6 thi ¢6 hudng 12 hoan toan
don mo6 dun.
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Clueeng 3. Tim kiéhn trén do thi va ing dung

CAC THUAT TOAN Tim KIEM
TREN DO THI VA UNG DUNG

Rat nhiéu thuat todn trén dé6 thi duoc xdy dung dua trén co s& duyét tit ca cdc dinh
cta d6 thi sao cho moi dinh cta nd duge viéng tham ding mot 1an. Vi vay, viée xdy
dung nhiing thuat todn cho phép duy¢t ot cdch hé théng tat ca cdc dinh cua do thi la
mot viin dé quan trong thu hit su quan tdm nghién ctu clia nhiéu tdc gid. Nhing thuat
todn nhu vay chiing ta s& goi 14 thuat todn tim kiém trén do thi. Cdc thuat todn nay gift
mot vai trd quan trong trong viéc thiét k& cdc thuat todn trén do thi. Trong muc nay
ching ta s€ gi6i thiéu hai thuat toan tim ki€m co ban trén dé thi: Thudt todn tim kiém
theo chiéu sau (Depth First Search) va Thudt todn tim kiém theo chiéu rong (Breadth
First Search) va tng dung clia chdng vio viée gidi mot s6 bai todn trén do thi.

Trong muc nay ching ta s xét dé thi vo hudng G = (V, E), vdi n dinh va m canh.
Chdng ta s& quan tam dén viéc ddnh gia hiéu qua cla cdc thuat todn trén do thi, ma mot
trong nhitng dac trung quan trong nhit 1a dé phitc tap tinh todn, tic 1a so phép todn ma
thudt todn cdn phdi thuc hién trong tinh huéng xdu nhdr duoc biéu dién nhu 1 ham ciia
kich thude ddu vao clia bai todn. Trong cdc thuat todn trén dé thi, ddu vao 1a d6 thi G =
(V, E), vi vay, kich thudc cua bii todn 1a s6 dinh n vi s6 canh m cta dé thi. Khi dé do
phifc tap tinh todn cua thuat todn sé duge biéu dién nhu 12 ham cua hai bién s6 fin,m) la
$& phép wcidn nhiéu nhat cin phai thuc hién theo thuat todn d6i véi mei dé thi vé6i n dinh
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vi m canh. Khi so sdnh t6c do ting cla hai hdim nhan gid tri khong am f{n) va g(n)
chiing ta sé su dung ky hiéu sau:
fin) = O(g(n))
<> tim dugc cac hing s6 C, N > 0 sao cho
fin) < Cg(n) véimoi n=>N.
Tuong ty nhu vay néu fin,, n,...., n), g(n,, n,,....n,) 1a cdc ham nhiéu bién, ta viét
fin,, ny,...n) = O(g(n,, n,,....n.))
<> tim duoc cic hdng s6 C, N > () sao cho
fin, ny,on) 5 Cg(ny, ny,..n) voimol ny, n,,...0n, = N.
Néu do phic tap tinh todn cia thuit todn 1a O(g(n)) thi ta s€ con néi 1a né doi hoi thoi
gian tinh c&d O(g(n)).

3.1. Tim kiém theo chiéu sau trén dé thi

Y tudng chinh cia thuat todn <6 thé trinh bay nhu sau. Ta s& bat ddu tim ki€m tir mot
dinh v, ndo d6 cla d6 thi. Sau d6 chon u 12 mot dinh tuy ¥ ké véi v, va lap lai qua trinh
d6i véi u. & bude téng quat, gia sir ta dang xét dinh v. Néu nhu trong s8 céc dinh ké véi
v tim duogc dinh w 12 chua duge xét thi ta s€ xét dinh nay (né sé€ trd thanh di xét) va bét
ddu tir n6 ta s& ti€p tuc qud trinh tim ki€ém. Con néu nhu khong con dinh nao ké vdi v 1a
chua xét thi ta s& néi ring dinh nay 1a da duyét xong va quay trd lai ti€p tuc tim ki€m tir
dinh ma trudc d6 ta dén duoc dinh v (néu v = v,, thi két thiic tim ki€m). C6 thé néi ndom
na 14 tim ki€m theo chiéu sau bat ddu tir dinh v dugc thyc hién trén co s& tim kiém theo
chiéu sau tir tat ca cic dinh chua xét ké véi v. Qud trinh nay ¢d thé mo ta boi thi tuc dé
qui sau day,
procedure DFS(v);
(* Tim kiém theo chiéu sdu bét ddu tir dinh v;
Cdc bién Chuaxet, Ke la bién toan cuc *)
begin
Tham_dinh(v);
Chuaxet[v]:=false;
for u € Ke(v) do
if Chuaxet{u] then DFS(u);
end; (*dinhvladaduyét xong *)
Khi d6, Tim kiém theo chiéu sau trén do thi duoc thuc hién nhd thuat todn sau:
BEGIN
(* Initialization *)
for v €V do Chuaxet[v]:=true;
for v eV do
if Chuaxet{v] then DFS(v);
END.
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R& rang lénh goi DFES(v) s& cho phép dén tham tit ci cic dinh thudc cing thanh phan
lién thong va6i dinh v, boi vi sau khi thim dinh 12 1énh goi dén thu tuc DFS d6i vdi tat ca
cdc dinh ké vdi n6. Mat khdc, do méi khi tham dinh v xong, bién Chuaxet[v] dugc dat
lai gid tri false nén mdi dinh s& duge tham ding mot lan. Thuat todn 4n lugt & tién
hanh tim kiém tir cic dinh chua duge tham, vi vy, né s& xét qua tat ca cdac dinh ctia d6
thi (khang nhat thiét phai la lién thong).

Dé dinli gid do phic tap tich todn cia thi we, trude hét nhan thay ring s6 phép
todn can thuc hién trong hai chu trinh cha theat todn (hai vong for & chuong trinh chinh)
14 ¢& n. Thu tuc DFS phai thyc hién khong qué # 1an. Tong s6 phép todn cdn phai thuc
hién trong cdc tha tuc nay 1a O(n+m), do trong céc tha tuc nay ta phai xét qua tét ca cdc
canh va cdc dinh ctia d6 thi. Vay do phic tap tinh todn cta thuat todn 1a O(n+m).

Thi du 1. Xét d6 thi cho trong hinh 1. Cic dinh cla né duge dénh s6 lai theo thi wur
ching duge tham theo thi tuc tim kiém theo chiéu sdu mo ta & trén. Gia thiét rdng cdc
dinh trong danh sich ké cia dinh v (Ke(v)) dugc sdp xép theo thit tu ting ddn cta chi
s0.

39)

I(1)

4(3)
12¢11) 9T

1X10)

\11(!3)
10(12

Hinh 1. Chi s6 md&i (trong ngoic) cua cic dinh duge danh lai theo thit ty
ching duge tham trong thuat todn tim ki¢m theo chiéu sau

Thuat todn tim ki¢m theo chiéu sau trén dé thi vo hudng trinh bay & trén dé dang c6
thé mo té lai cho d6 thi c¢6 huéng. Trong trudng hgp dé thi c6 hudng, thi tuc DFS(v) s&

cho phép tham tat ca cdc dinh 4 nac ma tr v ¢6 dudng di dén u. Do phic tap tinh todn
cua thuat todn 1a O(n+m).

3.2. Tim kiém theo chiéu réng trén dé thi

Dé y ring trong thuat todn tim kiém theo chiéu sau dinh dugc tham ¢ing mudn s& cang
som trg thanh da duyét xong. Diéu dé 1a hé qud it yéu cla viée cac ¢ ‘nh dugc tham sé
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duoc két nap vao trong ngan xép (STACK). Tim kiém theo chiéu rong trén do thi, néu
néi mot cdch ngin gon, duoc xay dung dua trén co sd thay thé ngan x€p (STACK) boi
hang doi (QUEUE). Vdi sy cai bién nhu vay, dinh dugc tham cang sém s€ cang sém tro
thanh di duyét xong (tdc 1a cang sdm ddi khoi hang doi). Mot dinh sé trd thanh da
duyét xong ngay sau khi ta xét xong tit ca cic dinh ké (chua duge tham) véi né. Thi
tuc ¢6 thé mo ta nhu sau:

procedure BFS(v);
(* Tim kiém theo chiéu réng bdr ddu rie dinh v;
Cdc bién Chuaxet, Ke la bién toan cuc  *)
begin
QUEUE:. =&
QUEUE <v; (* Két nap v vao QUEUE *)
Chuaxet[v]:=false;
while QUEUE = &7 do
begin
p < QUEUE; (* Ldy p tir QUEUE *)
Tham_dinh(p),
for u € Ke(p) do
if Chuaxet[u] then
begin
QUEUE & u; Chuaxet{u]:=false;
end;
end;

end;
Khi dé, Tim kiém theo chiéu rong trén dé thi duge thuc hién nho thuat todn sau:

BEGIN
(* Imirialization *)
for v eV do Chuaxet{v]:=true;
for v eV do
if Chuaxet{v] then BFS(v);
END.

Lap luan tuong tu nhu trong thi tuc tim ki€m theo chiéu sau, cé thé chi ra dugc
rang 1énh goi BFS(v) s& cho phép dén tham tdt ca cdc dinh thudc cing thanh phén lién
théng véi dinh v, va méi dinh cba dé thi s& duge thim ding mot [dn. DO phic tap tinh
todn cia thuat todn 1a O(n+m).

Thi du 2. Xét d6 thi trong hinh 2. Thi ty thiam dinh cua d6 thi nay theo thuat todn tim
ki€m theo chiéu rong dugc ghi trong ngoic.
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8(13)
(D)

RIGNE

AN

. 113)
N

Y
10(7) %

Hinh 2. Chi $6 méi (trong ngoic) cua cic dinh duge dédnh lai theo thit tu
chiing duoc thim trong thuat todn tim kiém theo chiéu sau

3.3. Tim dudng di va kiém tra tinh lién théng

Trong muc nay ta xét ing dung cdc thuat toan tim ki€m mé ta trong cic muc trude vao
viéc giai hai bai todn co bian trén do thi: bai todn tim duong di va bai todn vé xdc dinh
cidc thanh phén lién thong cta do thi.

a) Bai toan tim duong di gitra hat dinh: Gid sir s va 1 1a hai dinh nao dé ciia do thi.
Hay tim duong di tir s dén 1.

Nhu trén did phan tich, thu tuc DES(s) (BFS(s)) s&¢ cho phép tham tdt cd cic dinh
thudc cting mot thanh phan lién thong véi x. Vi vay. sau khi thuc hién xong tha tuc, néu
Chuaxet[r]=true, thi dicu d6 c6 nghia la khong c6 dudmg di tir s dén 1, con néu Chua
xet[r]=false thi r thudc ciing thinh phén lién thong véi s, hay néi mot cich khdc: ton tai
duong di tr s dén r. Trong truomg hop ton tai dudng di, dé ghi nhan dudng di, ta ding
thém bién Truoc[v] dé ghi nhan dinh di trudc dinh v trong duong di tim kiém tir s dén v.
Khi dé, d6i véi thli tuc DFS(1) ciin sita sira d6i cau 1énh if trong né nhu sau:

if Chuaxetfu] then
begin
Truocfuf:=v;
DFStu),
end;
Con d6i véi thil tuc BFS(v) cén sira sita doi cAu lénh if trong né nhur sau:
if Chuaxetfuf then
begin
QUEUE <= u; Chuaxet[u]:=false;
Truociu]:=p;
end:

179



Phan 2. Ly thuyéi do thi

Pudng di cin tim sé duge khoi phuc theo quy tac sau:

t « pl:=Truocft] « p2:=Truocpl] ... «5s.

Cha y: Duong di tim dugc theo thuét todn tim ki€m theo chiéu rong 1a duong di ngdn
nhdt (theo s6 canh ) tir dinh s dén dinh 1. Diéu nay suy truc tiép tir thit tu tham dinh theo
thuat toédn tim ki€m thec chiéu rong.

b) Tim cac thanh phan lién thong cha do thi: Hay che bié: do thi gom bao nhiéu
thanh phdn lién théng va titng thanh phan lién thong ciia né la gém nhimng dinh nao.

Do thit tuc DFS(s) (BFS(s)) cho phép tham tat ca cdc dinh thudc ciing mot thanh
phén lién théng vdi s, nén 56 thanh phén lién thong cia déthi chinh bang s6 lan goi dén
thi tuc ndy. Van dé c¢dn lai 1a céch ghi nhan cédc dinh trong titng thanh phan lién thong.
Ta ding thém bién Index[v] dé ghi nhan chi s& clia thanh phdn lién thong chia dinh v,
vi dung thém bién Inconnect dé dém s6 thanh phén lién thong (bi€n ndy cén duge khoi
tao gid tri 12 0). Tha tuc Tham_dinh(v) trong cdc tha tuc DFS(v) va BFS(v) ¢é nhiém vu
gan: Index[v]:= Inconnect, con cau lénh if trong cdc chuong trinh chinh goi dén cdc
thlt tuc nay cin duge sira lai nhu sau

Inconnect:=0;

if Chuaxet{v] then

begin
Inconnect:=Inconnect+1;
DFS{(v); (* BFS(v) *)

end;

Két thic vong lap thi hai trong chuong trinh chinh, Inconect cho s6 thanh phan lién
thong cia d6 thi, con bién mang Index[v], v € V cho phép liét ké cic dinh thudc cing
mot thanh phén lién théng.

Cliwong trinh trén PASCAL gidi hai bai todn néi trén ¢6 thé viét nhu sau.

{ CHUONG TRINH TIM DUONG DI VA KIEM TRA TINH LIEN THONG
THEO CAC THUAT TOAN TIM KIEM TREN DO THI

uses crt;

var
a s array[1..20,1..20] of byte;
QUEUE, Chuaxet, Truoc : array[1..20] of byte;
1,j,n,Solt.k,s,t  :integer;
stop : boolean;
ch : char;
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pre ~edure Nhapsolieu,
begin
write('Cho so dinh cua do thi:");readIn(n);
writeln('Nhap so lieu ma tran ke:');
fori:=1 tondo
begin
forj;:=1+1 tondo
beyin

writel' a[,1,"," ). 1="); read(a{ij]); afji]1=a[ij]:

end;
a[i,i]:=0; writeln;
end;
end;

procedure ReadFile;

var fitext; fn:string;

begin
write('Cho ten file du lieu:");readIn(fn);
assign(f,fn);reset(f); readIn(t,n);
writeln('Nhap so lieu ma tran ke:');
fori:=1tondo

for j:=1 to n do read(f,a[i,}});

close(f);

end;

procedure Insolicu;
begin
writeln('Ma tran ke:');
fori:=1tondo
begin ‘
for j:=1 to n do write(a[i,j]:3); writeln;
end,;
end;

procedure Ketqualienthong,
begin
Insolieu;

if Solt=1 then writeln('Do thi la lien thong')

else
begin

writeln('So thanh phan lien thong cua do thi la

-, Solt);
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for 1:=1 to Solt do
begin
writeln("Thanh phan lien thong thu i, ' goin cac dinh:');
for j:==1 to n do if Chuaxet[j]=i then write(j:3); writeln;
end;
end;
write("Go Enter de tiep tuc...'#7);readln;

end;

procedure BFS(i:integer);
(* Tim kiém theo chiéu rong bat dau tic dinh i *)
var u, dauQ, cuoiQ: integer;
begin
dauQQ:=1; cuoiQ):=1;
QUEUE[cu01Q]:=i; Chuaxet[i]:=Solt;
while dauQ <= cuoiQ do
begin
u:=QUEUE[dauQ]; dauQ:=dauQ+1;
for j:=1 tondo
if (a[u,j]=1)and(Chuaxet[j]=0) then
begin
cuoiQ:=cuoiQ+1; QUEUE[cuoiQ]:=j;
Chuaxet[j]:=Solt; Truoc[j]:=u;
end;
end;
end; { of procedure BFS }

procedure DFS(v.integer),
(* Tim kiém theo chiéu sau bdt dau tir dinh v *)
var u:integer;
begin
Chuaxet[v]:=Solt;
for u:=1 ton do
if (a[v,u]=1)and(Chuaxet[u]=0) then
begin
Truoc[u]:=v; DFS(u);
end;
end;

procedure Lienthong
begin

{ Khoi tao so lieu }
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for j:=1 to n do Chuaxet[)]:=0; Solt:=:0;
fori:=1 ton do
if Chuaxet[i]=0 then
begin
Solt:=Solt+1;
{ BFS(1);} DFS(i);
end;
Ketqualienthong;
end;

procedure Ketquaduongdi;
begin
if Truoc[t]=0 then writeln('Khong co duong di tu',s,' den ',t)
else
begin
writeln('Duong di tu',s," den '.t,' la:'");
J=t;
write(t,' <==");
while Truoc{j]<>s do
begin
write(Truoclj], <==");
j:=Truoclj];
end;
writeln(s);
end;
write('Go Enter de tiep tuc...'#7);readlIn;
end;

procedure Duongdi;

begin
Insolieu;
write(' Tim duong di tu dinh: '); readin(s);
write(' den dinh:'); readIn(t);
forj:=Itondo { Khoi tao so lieu }
begin

Truoc[j]:=0; Chuaxet[j]:=0;

end;
Solt:=1; BFS(s); { DFS(s); }
Ketquaduongdi,

end;
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procedure Menu;

begin
clrscr;
writeln(' TiIM DUONG DI VA KIEM TRA TINH LIEN THONG');
writeln(' CUA DO THI THEO THUAT TOAN TIM KIiEM TREN DO THI");
writeln(' 3R

writeln(" 1. Nhap so lieu tu ban phim.");

writeln(" 2. Nhap so lieu tu file.");

writeln(" 3. Kiem tra tinh lien thong.");

writeln(' 4. Tim duong di giua hai dinh.");

writeln(" 3. Thoat.");

writeln('-----===-eemeee e s — Y

write (' Hay go phim so de chon chuc nang...'"#7);
ch:=readkey;writeln(ch);
end;

{ Main program }
BEGIN
repeat
Menu;
case < of
'l' : Nhapsolieu;
‘2" : ReadFile;
'3': Lienthong;
'4' : Duongdi;
end;
until (ch="'5") or (upcase(ch)="Q");
END.
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Bai tap

I. Gid sir d6 thi G = (V.E) duoc cho bdi danh sich ké. Hay viét thu tuc loai bo canh
(n,v), thém canh (x.y) vao do thi.

2. Thi tuc sau day cho phép duyét qua tit ca cic dinh cua d6 thi duge cho boi danh sach
ké:
procedure Find(x);

begin
Thamdinh(x); Chuatham[x]:= Dda than;
while (Trong V con dinh dd tham) do
begin
v.= dinh da tham nao do,
if (Tim duoe dinh chia tham u € Ke(v) ) then
begin '
w:= dinh chua tham ddu tién rong Ke(v);
Thamdinh(u); Chuatham[u}:= Da thdm,
end
else Chuatham[v] := Pd duvét xong;
end;
end;
BEGIN
for v e Vdo Chuatham[v]:=Chua tham;
for ve Vdo
if (Chuatham[v]= C/ea tham) then Find(v);
END.

Haiy chi ra ring ¢4 hai th{ tuc tim kiém theo chiéu sau va tim ki€m theo chiéu rong
déu ¢6 thé xem nhu trudng hop rieéng cda tha uc nay. Viét chuong trinh trén PASCAL
thuc hién thuat todn mo ta & trén.

3. Ap dung thi tuc tim ki€m theo chiéu sau tim tdt ci cdc ciu trén dé thi vo hudng.
(Ciu la canh ma viéc loai bo né Iam tang s6 thanh phin lién thong cta do thi).

4. Ap dung thi tuc tim ki€m theo chiéu sau kiém tra xem d8 thi cé hudng G = (V,A) ¢6
chira chu trinh hay khong?

5. Cho mot bang ¢ vuong gém m x 1 0, 6 nam trén dong i ¢otj goila o (i), i=1,2,..,
m, j=1,2,.., n. Trong mdi 6 (/, j) cia né ta viet mot s6 a[i,j] €{0,1}. T mét 6 nao do
ta chi ¢6 thé di chuyén sang 6 chita s6 | ¢6 chung canh véind . Gia st cho 6 (p, ¢) 1a 6
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xudt phat, hdy viét chuong trinh tim xem ¢6 cach di chuyén tir & ndy ra mot 6 & mép cua
bang hay khong? (O (i, v) goi 1a 6 & mép bang néu hodc 1a u = 1, hoac 1a u = m, hoac
lav=1,hoaclav=n).

6. Cho moét bang 6 vuong gém m x n 0, é nam trén dong i cot j goi la 6 (i), i = 1, 2,...,
m, j =1, 2,.., n. Trong méi 6 (7, j) cha nd ta viét mot s& ali,j| €{0,1}. Hay viét chuong
trinh dém s6 mién con todn 0 ctia bang. Vi du s6 mién con todn 0 ctia bang kich thudc
5x5 duge chi ra trong hinh sau day

t o]0 0]
o

0
1{0
110

7. C6 N ngudi kiiich (N < 100) mang s6 hiéu tir 1 dén N. dugc mai dén du tiec. Gida
ho c6 mét s6 ngudi quen biét nhau. Dit liéu vé mdéi quan hé quen biét nay duge cho
trong mot file van ban cé tén 1la KHACH.DAT ¢6 céu tric nhu sau: Dong dau tién cla
n6 chita s6 lugng khach moi N. M6i dong thi i trong s6 N dong tiép theo chifa s6 hiéu
cua cdc ngudi quen cua khédch i, cdc s8 hiéu duge ghi cdch nhau béi it nhat mot ddu
cach.

S O O O DO

]
1
1 1
1 1

Nguoi ta mudn x€p cac khdch nay vao cdc phong tiéc, sao cho hai khich & trong ciing
mot phong hodc 12 quen biét nhau hoac 14 ¢6 thé lam quen nhau théng qua nhimg ngudi
quen biét trung gian cta ho.

Viét chuong trinh nhap dir liéu vao tir file, sau d6 tim cdch phan khdch vao céic
phong tiéc sao cho s6 phong phai sir dung la it nhat. Két qua phan cong dua ra mot file
van ban, dong ddu tién chita s6 phong tiéc cdn st dung K, moi dong thi i trong s¢ K
dong tiép theo ghi s6 hiéu clia khach xép vao phong tiéc 1.

8. Ban d6 giao thong duge cho boi n ndt giao thong ddnh s6 12 1, 2,..., n va hé théng
gdém m doan dudng E,, E,,..., E,, mbi doan n6i 2 trong s6 n nit giao théng ndi trén. Bén
do6 giao thong dugce goi 12 lién thong don néu giita hai nit giao théng bat ky chi cé ding
mot duong di néi ching. Dir liéu cho trong file van ban c6 tén GT.DAT, dong d4u tién
chtta cdc s6 n, m, hai s6 ghi cach nhau bdi ddu cdch. Méi dong i trong s6 m dong tiép
theo chifa s6 hiéu hai niit giao théng dugce néi bdi doan dudng E,.

Viét chuong trinh nhap dit liéu vao tir file sau d6 thong bdo xem ban d6 cé phai la
lién thong don hay khong. Trong trudng hop ban d6 1a khong lién thong don hay tim
cich xay dung b6 sung va loai bd mét s6 doan duong dé cho ban dé 1a lién thong don va
sao cho s0 doan dudng phai xay dung bé sung 12 it nhét. Cdc két qua dva ra man hinh.
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90 THI EULER
VA
90 THI HAMILTON

Trong chuong nay ching ta s& nghién citu hai dang d6 thi déc biét 1a d6 thj Euler va
dé thi Hamilton. Duéi day, néu khong cé giai thich bo sung, thuat ngit d6 thi duge diing
dé chi chung da do thi vé huéng va cé hudng. va thuat ngit canh s& diing dé chi chung
canh cta d6 thi vo hudng ciing nhu cung cia dé thi ¢ hudng.

4.1. Bo thj Euler

BPinh nghia 1. Chu trinh don trong G di qua mdi canh cua né mét lan duwoc goi la chu
trinh Euler. Dudng di don trong G di qua méi canh ctia né mér lan duoc goi la duong
di Euler. D6 thi dwoc goi la do thi Euler néu né ¢6 chu trinh Euler, va goi la d6 thi
nua Euler néu né cé duong di Euler.

RO rang moi do thi Euler luon 1a nira Euler, nhung diéu nguoc lai khong luén ding.
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Thi du 1. D6 thi G, trong hinh 1 12 d6 thi Euler vi né ¢6 chu trinh Euler a, e, ¢, d, ¢, b,
a. Do thi G, khong cé chu trinh Euler nhung né c¢6 duong di Euler a, ¢, d, e, b, d, a, b,
vi thé€ G, 1a d6 thi ntra Euler. D6 thi G, khong c6 chu trinh ciing nhu duong di Euler.

a ) a h a b

d & d ¢ c d e
Gl Gz 63
Hinh 1. D6 thi G|, G,. G,

Thi du 2. D6 thi H, trong hinh 2 1a d6 thi Euler vi n6 ¢6 chu trinh Euler g, b, ¢, d. ¢, a.

D6 thi H, khong cé chu trinh Euler nhung né ¢6 dudong di Euler ¢, a, b, ¢, d, b vith€ H,
14 d6 thi nira Euler. D6 thi H, khong cé chu trinh ciing nhu dudng di Euler.

a b a b ¢ a

D D ¢ N\
a b e d d b

H, H, H,
Hinh 2. D6 thi H,, H,. H,

Diéu kién cdn va di dé mét dé thi 13 mo6t d6 thi Euler duge Euler tim ra vao nam 1736
khi 6ng gidi quyét bai todn héc bda ndi ti€ng thdi dé vé bay cdi cdu & thanh pho
Konigsberg, va day 1a dinh 1y ddu tién cha ly thuyét d6 thi.

Pinh 1y 1 (Euler). D6 thi vé hudng lién thong G la dé thi Euler khi va chi khi moi
dinh cia G déu cé bgc chdn.

Dé chiing minh dinh ly trudc hét ta ching minh bé dé:
Bé dé. Néu bdc cuia mdi dinh ciia dé thi G khong nhd hon 2 thi G chita chu trinh.
Chirng minh. Néu G ¢6 canh lap thi khang dinh clia bé dé 13 hién nhién. Vi vay gia sl

G la don do6 thi. Goi v 1a mét dinh nao d6 ctia G. Ta sé xay dung theo quy nap dudng di

Vo v oy, .
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Churang 4. D6 thi Euler va do thi Ham ilton

trong dé v, la dinh ké véi v, con véi i > | chon v, la ké wéi v, va v,,, # v, (c6 thé chon
v,,, nhu vay 1a vi deg(v,) > 2). Do tap dinh ciz G la hiru han, nén sau moét s6 hitu han
budc ta phai quay lai mot dinh da xuat hién trude do. Goi dinh dau tién nhu thé la v,
Khi d6, doan clia dudng di xay dung nim giira hai dinh v, 1a 1 chu trinh can tim.

Chiing minh dinh ly.

Can. Gia st G la d6 thi Euler tic [a ton tai chu trinh Euler P trong G. Khi d6 ¢ méi
lan chu trinh P di qua ] dinh nao do cua (7 thi bac cua dinh d6 tang 1én 2. Mat khdc
méi canh ctia d6 thi xuat hién trong £ ding 1 lan, suy ra mai dinh clia d6 thj déu ¢4 bac

chén.

Pu. Quy nap theo s6 canh clia G. Do G lién thong va deg(v) 1a s6 chdn nén bic cla
méi dinh cda né khéng nhd hon 2. Tir dé theo bd dé G phai chida chu trinh C. Néu C di
qua tat ca cdc canh clia G thi né chinh la chu trinh Euler. Gia sir C khong di qua tat ca
cac canh cta G. Khi d6 loai bo khoi G tat cé cic canh thuge C ta thu duge 1 d6 thi méi
H (khong nhét thiét 1a lién thong). S6 canh trong H nho hon trong G va rd rang mdi
dinh clia H van c6 béc 1a chan. Theo gia thiét quy nap trong moi thanh phan lién thong
cia H déu tim duoc chu trinh Euler. Do G 12 lién thong nén méi thanh phan trong H ¢6
it nhat 1 dinh chung véi chu trinh C. Vi vay, ta c6 thé xay dung chu trinh Euler trong G
nhu sau: Bat ddu tir mét dinh nao dé cia chu trinh C, di theo cic canh cta chu trinh C
chirng nao chua gap phai dinh khong c6 lap cua H. Néu gap phai dinh nhu vay thi ta di
theo chu trinh Euler cda thanh phan lién thong cta H chita dinh d6. Sau dé lai tiép tuc
di theo canh cta C cho dén khi gap phai dinh khong c6 1ap cua H thi lai theo chu trinh
Euler cla thanh phén lién thong tuong tng trong H v.v... (xem hinh 3). Qua trinh sé két
thic khi ta trd vé dinh xudt phdt, tic 1a thu duge chu trinh di qua mdi canh ctia do thi
ding mot lan.

Hinh 3. Minh hoa cho ching minh dinh 1y 1
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Phadn 2. Ly thuyét do thi

Heé qua 2. Do thi v6 hudng lién thong G la mia Euler khi va chi khi né co kliong qua 2
dinh bdc lé.

Chitng minh. Thuc vy néu G cé khong qué 2 dinh bac 1€ thi s6 dinh bac 1¢é cla né chi
c6 thé 12 0 hoac 2. Néu G khong c6 dinh bac 1€ thi theo dinh 1y 1 n6 12 dé thi Euler. Gia
st G ¢6 hai dinh bac ié 1a u va v. Goi H 1a d6 thi thu dugc tir G bang céach thém vao G
mot dinh méi w va hai canh (w,u) va (w,v). Khi d6 tit ca cic dinh cta H déu c6 bac la
chédn, vi thé theo dinh Iy I né ¢6 chu trinh Euler C. Xo4 bd khoi chu trinh nay dinh w va
hai canh ké né ta thu dugc duong di Euler trong dé thi G.

Gia sit G 1a d6 thi Euler, tir chimg minh dinh 1y ta ¢6 th tuc sau d€ tim chu trinh
Euler trong G.

procedure Euler_Cycle;
begin
STACK = :; CE:=O;
Chon u la mot dinh ndao dé cia do thi;
STACK <= u;
while STACK # & do
begin
x:= top(STACK); (* xla phdn tw ¢ ddau STACK *)
if Ke(x)=& then
begin
y:= dinh dau tién trong danh sach Ke(x);
STACK <« vy; ,
(* Loai bo canh (x,y) khoi dé thi *)
Ke(x) := Ke(x)\ {y}; Ke(y) :=Ke(y)\ {x};
end else
begin x <= STACK; CE < x: end;
end;
end;

Gia st G la dé thi Euler, thuat todn don gian sau day cho phép xdc dinh chu trinh Euler
khi lam bang tay.

Thuat toan Flor

Xuét phat tir 1 dinh 4 ndo dé cia G ta di theo cac canh ctta né 1 cdch tuy y chi cén tuan
tha 2 quy tic sau:
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Chuong 4. D6 thi Euler va do thi Hamilton

i) Xod bo canh da di qua va déng thoi xod cd nhitng dinh co ldp tao thanh.

it) & moi budc ta chi di qua cdu khi khéng con cach lua chon nao khdc.

Chitng minh tinh diing din cua thuat toan. Trudc tién ta chi ra rdng thi tuc trén ¢d
thé thuc hién duge & méi bude. Gia skt ta di dén mot dinh v nao dd, khi dé néu v # u thi
d6 thi con con lai H 1a lién thong va chia ding hai dinh bac 1€ 1a v va 4. Theo hé qua
trong H ¢6 duong di Euler P tir v dén u. Do viéc xo0d bo canh dau tién coa duong di P
khong (am mat tinh lién thong cda K. r do suy ra tht tuc co taé thye hien & mdi budc.
Neéu v = i thi 1ap luén & trén s€ vin ding chimg ndo van con canh ké vdéi u.

Nhu vay chi con phai chi ra la thu tuc trén dan dén dudng di Euler. Thuc vay trong
G khong thé con canh chua di qua khi ma ta st dung canh cudi ciing ké véi u (trong
trudng hop nguoc lai, viéc loai bo 1 canh nao dé ké véi 1 trong sG nhiing canh con lai
chua di qua $& dan dén mot dé thi khong lién thong, va dieu d6 12 mau thuan vdi gia
thiét ii) ).

Ching minh tuong tu nhu trong dinh [y 1 ta thu duge két qua sau day cho d6 thi cé
hudng.

Dinh 1y 2. D6 thi ¢6 huong lién thong manh la do thi Euler khi va chi khi
deg”(v)=deg (v), Vvel.

4.2. D6 thi Hamilton

Trong muc nay ching ta xét bi todn tuong ty nhu trong muc truéc chi khdc 1a ta quan
tam dén dudng di qua tit ci cdc dinh cda dé thi, mdi dinh ding mot 1an. Su thay déi
tudng chimg nhu 1a khéng dang ké nay trén thuc t€ da dn dén su phic tap hod van dé
can giai quyét.

Pinh nghia 2. Puong di qua tdt cd cdc dinh cia do thi méi dinh ding mot lan dugc goi
la duong di Hamilton. Chu trinh bdrt dau tr mor dinh v ndo dé qua tdt cd cdc dinh con
lai méi dinh ditng mét ldn réi quay trc vé v duoc goi la chu trinh Hamilton. D6 thi G
duoc goi la do thi Hamilton néu né chita chu trinh Hamilton, va goi la nia Hamilton
néu né chita duong di Hamilton.

R rang d6 thi Hamilton 14 ntra Hamilton, nhung diéu nguge lai khong ludn ding.
Thi du 3. Trong hinh 3: G, la Hamilton, G, la nlta Hamilton con G, khong 1a nira

Hamilton.
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Phdn 2. Ly thuyét do thi

G, G, G,
Hinh 3. D6 thi Hamilton G,, nira Hamilton G, , va G,

Cho dén nay viéc tim mot tiéu chuin nhén biét dé thi Hamilton van con 12 md, mac
du day 12 moét van dé trung thm cla 1y thuyét dé thi. Hon thé nita, cho dén hién nay
ciing chua ¢6 thuat todn hiéu qui 4€ ki€ém tra mot d6 thi c6 ia Hamilton hay khong.
Cac két qua thu duogc phan 16n 1a cic diéu kién dd dé mot do thi la d6 thi Hamilton.
Phan 16n chiing déu c6 dang "néu G cé sé' canh dii lon thi G la Hamilton”. Mot két qua
nhu vay duge phat biéu trong dinh 1y sau day:

Dinh 1y 3 (Dirak 1952). Don dé thi vo huing G vdi n >2 dinh, méi dinh ¢é bdc khong
nho hon n/2 la do thi Hamilton.

Chitng minh. Thém vao d6 thi G k dinh méi va néi ching véi tat ca cdc dinh clia G.
Gia st k 14 s6 nho nhat céc dinh can thém vao dé cho d6 thi thu duoc G' 1a d6 thi
Hamilton. Ta s& chi ra rang k = 0. Thuc vay, gia st ngugc lai 1a & > 0. Ky hiéu
V, Dy W,V

la chu trinh Hamilton trong G, trong d6 v, w la dinh cua G con p 1a mot trong s6 cdc
dinh mdi. Khi d6é w khong ké véi v vi néu nguge lai, ta khong can su dung p va diéu dé
12 mau thuin véi gia thiét k nho nhat. Hon thé nita dinh (w’chéng han) ké v6i w khong
thé di lién sau dinh v’ (ké v6i v) i rdng khi d6 c6 thé thay

R e 3 2 SR Y
boi

e S e S R e
bing cach dao nguge doan cla chu trinh nam gilta w va v'. Tit d6 suy ra la s6 dinh cla
do thi G' khong ké véi w 1a khong nho hon s6 dinh ké véi né (tirc la it nhat cling 13 bang
n/2 + k), ddng thoi s6 dinh cia G' ké véi w cling it ra 1a phai bang n/2 + k. Do khong ¢6
dinh nao cha G' vira khong ké, lai vira ké véi w, cho nén téng sé dinh cta dé thi G' (G’
cé n + k dinh) khong it hon » + 2k. Mau thuan thu duoc di chimg minh dinh 1¥.

Dinh 1y sau 1 téng quét hoa cla dinh 1y Dirak cho dé thi c6 huéng:
binh 1y 4. Gid sit G la dé thi ¢6 huong lién thong manh véi n dinh. Néu
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Chitong 4. D6 thi Euler va do thi Hamilton

deg"(v)2n/2, deg (v)2n/2, Vv
thi G la Hamilton.

C6 mot s6 dang d6 thi ma ta cé thé biét khi nao né la dé thi Hamilton. Mt vi du
nhu vay 1a d6 thi dau loai. PJ thi ddu loai 1a d6 thi ¢6 hudng ma trong d6 2 dinh bat ky
ctia n6é dugc ndi véi nhau bdi ding mot cung. Tén goi ddu loai xudt hién vi dé thi nhu
vay c6 thé ding dé bi€u dién két qua thi dau bong chuyén, bong ban hay bat cir mot tro
choi 1@0 ma khong cho php hoa. Ta c¢ dinh ¥ sau.

Dinh ly 5. i) Moi do thi ddu loai la nua Hamilton;
i) Moi do thi ddu loai lién thong manh la Hamilton.
Thi du 4, D6 thi dau loai D, D, dugce cho trong hinh 4.

/

D, Dy

Hinh 4. D6 thj dau loai D., diu loai lién thong manh D

Thudt todn liét ké tdt cd cdc chu trinh Hamilton cia do thi.

Thuét todn sau day duogc xay dung dua trén co sd thuat todn quay lui cho phép liét ké tat
ca cac chu trinh Hamilton ctia d6 thi.

procedure Hamilton(k);
(* Liét ké cdc chu trinh Hamilton thu digc bdang viéc
phdt trién day dinh (X{1], . . ., X[k-1])

cua do thi G=(V, E) cho boi danh sich ké: Ke(v),ve V
*)
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Phdn 2. Ly thuyét do thi

begin
for y e Ke(X[k-1])do
if (k=n+1) and (y=v0)then Ghinhan(X{1],....X[n],v0)

else
if Chuaxet[y] then
vegin
X[k] :=y;
Chuaxet[y] := false:
Hamilton(k+1);
Chuaxet(y] := true;
end;

end;

(* Main Program *)
BEGIN
for v e V do Chuaxet[v] := true;
X[11:=v0: (* vO la mér dinh nao dé cua dé thi *)
Chuaxet[v0] := false ;
Hamilton(2);
END.

Vi du 5. Hinh 5 dudi day mo ta cay tim kiém theo thuét todn vira mo ta.
2 1

Hinh 5. D6 thi va cay liét ké chu trinh Hamilton
cla né theo thuat todn quay lui

Trong truong hop dé thi cé khong qué nhiéu canh thuat todn trén c6 thé sir dung dé
kiém tra xem d6 thi ¢6 phai 1a Hamilton hay khéng.
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Chirong 4.8 thi Fuder va da ithi Hamition

Bai tap

1. Chiing minh rang da do thi ¢ hudng ¢d duomg di Euler khi va chi khi nd [ lien
thong y&u vit bin bic vio v bin bac ra cua tat ca cic dinh 1 bang nhau, ngoai trir hat
dinh dic biét u, vta¢o

deg (1) =deg o+l deg (1) =deg (r+]

2. a) Vai nhing gid tri ndo cua v udo thi had phia day de K, 1 do thi Euler, do thi
nua Euler?
b) Ching minh ring do thi Q, luon ¢6 chu trinh Hamilton.

3. Vi méi do thi sau st dung thudt todn Fleury dé dua ra chu trinh Euler cia do thi

hodc chi ra rang do thi khong phai 1a do thi Euler:

d.

Q- ? N @ -0 |

.
-
./‘.V‘
.-""

.
;
-
™\
N
\

4. Viét chuong trinh kiém tra xem mot do thi ¢d la d6 thi Euler. dé thi nua Euler, va
trong truong hop cau tra 131 1 khang dinh. hiy tim chu trinh Euler hoac duomg di Euler

trong d6 thi theo thuat todn mo ti trong 4.1.

5. Viét chuong trinh kiem tra xem mot do thi ¢6 phai i do thi Hamilton, do thi nua

Hamilton hay khong? (St dung thudt todn mé 1a trong 4.2)

6. Trong giai vo dich bong chuyén ¢é n doi dianh so thr 1 dén n thi ddu vong tron mot
lugt. Két qua thi diu duge cho bdi mat bang sotafij). 1. j =1, 2, ... n). trong dé6 a[i. j]=1
néu doi i thang trong tran gap doi j va alijl=0. trong trudng hop doi i thua trong tran
gap doi j. D Liéu vio duoe cho trong mét file van bin ¢d ten 1a KQTD.INP, dong dau
tién chita $6 n, cac dong teép theo chia cde so alijl. =1, 2....n, cdc s6 ciach nhau
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b&i ddu cach hodc diu xudng dong. Két thic giai, ban t6 chitc muén mai cac doi trudng
cua doi bong ra x&p thanh mot hang ngang dé chup anh. Hay tim cdch xép cédc doi
trudng thanh mot hang ngang sao ngoai trir hai ngudi ding & hai mép clia hang moi
ngudi trong hang déu ding canh mot doi trudng clia doi thang, mot doi truong cua doi
thua d6i minh & iran ddu cia giai. K&t qua dua ra man hinh: thit tu dimg cic doi truong
cta cdc doi trong hang ngang tim dugc,

7. Tim cach viét 956 1,956 2, 9 s6 3 thanh day
2 - SO N

sao cho 27 s0 ¢o 3 chir sO

A13ydy, 0,030, . ... Uys0y Aoy s Dy A3 0, Ty A A,

la doi mot khéc nhau,

8. Cho n xau ky tr S, S,,..., S,, mdi xdu cé do dai khong qua 80 ky tu. Cic xau nay
dugce ghi trong mot file van ban ¢6 tén 1a XAU.INP, méi dong cha né chira mét xau ky
tu néi trén. Gia st P va Q 1a hai xau nao dé trong cdc xau di cho. Ta néi P ¢6 thé noi
dugc vdi Q néu ky tu ddu tién cla P 1a tring véi ky tu cudi cing ctia Q. Lap trinh kiém
tra xem c6 thé ndi n xau di cho thanh mot x4u theo quy tic néu trén hay khong.

9. M6t mang mdy tinh gébm n mdy tinh ddnh s& tir 1 dén n, trong dé ¢6 mot may goi la
mdy chi dugc ddnh s6 1a 1. Hai mdy trong mang ¢6 thé dugc néi vdi nhau bai nhiéu
hon mot kénh truyén tin. T4t cd ¢6 m kénh truyén tin gilta cdic mdy dugc dénh s6 tir 1,
2,..., m. Dit liéu n6i mang duge cho trong mot file vin ban ¢6 tén 1a NET.INP, mdi dong
cia né chifa thong tin vé mot kénh truyén tin trong mang goém hai s6 d,, ¢; 1a chi s6 cla
hai mdy duoc néi bdi kénh truyén tin thd i trong mang (i = 1, 2,..., m). Dé kiém tra cic
kénh truyén tin, ngudi ta glti mot thong diép tr mdy chd trong mang, thong diép nay
cdn phai lan lugt théng qua cdc mdy trong mang truyén di qua tat ca cdc kénh truyén tin
trong mang mdi kénh diing mét 14n réi lai quay tré vé mdy chi. Hay 1ap trinh nhap dir
lidu vao tir file, sau dé cho biét ¢ cdch truyén tin nhu vira mé6 ta & trén hay khong.
Trong trudng hgp céu tra 1i 1a khing dinh hdy dua ra man hinh trinh tu cdc kénh troug
mang ma thong diép cin lan luot duge truyén qua.

10. C6 17 ngudi ban gap nhau & moét 16p bdi dudng nang cao trinh do. Trong sudt thoi
gian cla dgt hoc tap ho cling nhau 4n t6i & mot nha hang ¢6 nhiéu mén an hop khau vi
vdi ho. Biét ring trong tét ca cdc bita an t6i d6, ho déu ngdi quanh mot cdi ban tron va
mdi cap chi ngéi canh nhau didng mot 1an. Hoi rang dot hoc tap dé kéo dai nhiéu nhat
bao nhiéu ngay? Hay lap trinh dua ra cich x&p chd ngdi cua ho trong nhiing ngay dé.
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Chirong 5. Cav va Cay khung ctia do th

CAY VA CAY KHUNG
cUA 90 TH|

D6 thi vo huéng lién thong khong ¢6 chu trinh duge goi la cay. Khdi niém cay lan
dau tien duge Cayley dua ra vao nam 1857, khi 6ng str dung chiing dé dém mot s6 dang
cdu tric phan t cia cdc hop chdt hoa hoc trong hod hoc hitu co. Cay con dugc st dung
rong rai trong rat nhiéu linh vuc khdc nhau, dic biét trong tin hoc, cay dugc st dung dé
xay dung céc thuat todn té chitc cic thu muc, cic thuat todn cat gii, truyén dit liéu va
tim kiém ...

5.1. Cay va cac tinh chit cd ban cua cay

Dinh nghia 1. Ta goi cdy la do thi vé huong lién thong khong ¢é chu trinh. Do thi
khong co chu trinh dwoc goi la rung.

Nhu vay, ring [a d6 thi ma méi thanh phan lién thong cta né 1a mot cay.
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Phan 2. Ly thuvét do thi

Thi du 1. Trong hink | lamot ring gdm 3 cay 7. 7. T,.

.

. /\ VAN

T, T. T,

Hinh 1. Rung gdbmbacay T, T,, T,

C5 thé néi cay la do thi vo hudng don gian nhit. Dinh ly sau diy cho ta méi so iinh
chat cla cay.

binh Iy L. Gid sur T=(V.E) la do thi vo lwong n dinh. Khi do cae meénh de sare div G
riong diong:

(1) Tlacay:

(2) T khong chita chu trinh va ¢6 n-1 canh;

(3) T liénthong va ¢é n-1 canh;

(4) T lién thong va moi canh cia né déu la cdu;

(5) Hai dinhi bat k» ciia T duwoe néi véi nhau boi diing mér duomyg di don;

(6) T khong chita chu trinh nhung hé ciw thém vao né mor canh ta thu diroc
duing mot chu trinh.

Ching minh. Ta s& ching minh dinh ly theo so dé sau:
M=2)=2>F)=>@W=>0)=>0)=(1).

(1) = (2) Theo dinh nghia T khong chita chu trinh. Ta s& chdng minh biang quy nap
theo s dinh 12 khang dinh: S§ canh clia cay véi n dinh 12 n-1. R3 rang khing dinh diing
vdi n = 1. Gia st > 1. Trude hét nhan thiy ring wrong moi cay T ¢d nn dinh déu fim
duoce it nhat mat dinh & dinh treo (tic 1 dinh ¢6 bac 1a 1). Thuc vay, goi v, v v Lo
dudng di dai nhat (theo 56 canh) trong 7. Khi d6 ro rang v, va v, la cdc dinh treo, vi v,
(v,) khong ¢6 canh noi t¢i bat ¢t dinh ndo trong so cac dinh v, v,.....v, (do d6 thi khong
chita chu trinh). ciing nhu tdi bat cir dinh ndo khic cia dé thi (do dudng di dang xét [a
dai nhat). Loai bd v, va canh (v,. v,) khoi T ta thu duoc cay T, véi n-1 dinh, mi theo gia
thiét qui na)p’,;cé n-2 canh. Vay cay T c6 n-2+1 = n-1 canh.
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(2) = (3) Ta ching minh bing phan ching. Gia sir T khéng lién thong. Khi dé T phan
rd thanh k > 2 thanh phan lien thong T',. 7,.....,T,. Do T khong chia chu trinh nén méi 7,
(i = 1, 2,..., k) cling khong chita chu trinh, vi thé€ moi T, 1 cay. Do dé néu goi n(T)) va
e(T,) theo thit tu la s6 dinh va canh cta T, ta cé

eT)=nT)-1, i=12,..,k

suy ra
n-t=ce=e(T)+...+e(Ty)
=nI)+ ... +nT) -k
=nM)-k<n-17
Mau thuén thu dugc ching to T la lién thong.

(3) = (4) Viéc loai boé mot canh bat ky khoi T dan dén dé thi v&i n dinh va n-2 canh rd
rang 12 dé thi khong lién thong. Vay moi canh trong T déu 13 cdu.

(4) = (5) Do T la lién thong nén hai dinh bat ky cta né dugc ndi véi nhau bdi mét
dudng di don. Néu c6 cip dinh nao cia T ¢é hai duong di don khac nhau n6i ching, thi
tir d6 suy ra dé thi chita chu trinh, va vi th€ cdc canh trén chu trinh ndy khong phdi la

cau !

(5) => (6) T khong chita chu trinh, bdi vi néu ¢6 chu trinh thi hod ra tim duge cap dinh
ctia T duoc néi v6i nhau boi hai dudmg di don. Bay gid, néu thém vao T mot canh e ndi
hai dinh u va v ndo d6 cua T. Khi dé canh nay ctung véi dudng di don néi u véi v sé tao
thanh chu trinh trong T. Chu trinh thu duge ndy [1 duy nhit, vi néu thu dugc nhiéu hon
mot chu trinh thi suy ra trong T trude d6 phai ¢6 san chu trinh.

(6) = (1) Gia su T khong lién thong. Khi d6 né gém it ra la 2 thanh phan lién thong.
Vi vay, néu thém vao T mot canh ndi hai dinh thugc hai thanh phan lién thong khac

nhau ta khong thu dugc thém mot chu trinh ndo ca. Diéu d6 mau thuan véi gia thiét (6).
Dinh ly dugc chitng minh.

5.2. Cay khung cua do thi

Pinh nghia 2. Gia su G=(V ,E) la do thi vo huong lién thong. Cay T=(V F)voi Fc E
duoc goi la cdy khung cua do thi G.

Thidu 2. D6 thi G va cay khung ctia né duge cho trong hinh 2
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Phdn 2. Ly thuyét do thi

c b C b c

a d ad » d a/\) d

e e e
Hinh 2. D6 thi va cdc cay khung cta né

Dinh Iy sau diy cho biét s6 lugng cay khung cua dé thi day du K

-2
Pinh 1y 2 (Cayley). 56 cdy khung cia dé thi K la 7" .

Dinh 1y 2 cho thdy s6 lugng cay khung ctia mét dé thi la mot s6 rat 16n. Bay gid ta xét
dp dung cla thuat toan tim kiém theo chiéu sau va theo chiéu rong trén dé thi dé xay
dung cay khung cla d6 thi vo hudng lién thong. Trong ca hai trudong hgp moi khi ta dén
dugc dinh méi u (tic Chuaxet[u] = true) ti dinh v thi canh (v, u) s€ dugc két nap vao
cay khung. Hai thuat todn tuong tmg duoc trinh bay trong hai thi tuc sau day.

procedure STREE DFS(v);
(* Tim kiém theo chiéu sau dp dung vao tim 1dp canh cuia cdy khung T
cua do thi vo huéng lién théng G cho bdi danh sdch ké.
Cdc bién Chuaxet, Ke, T la toan cuc *)
begin
Chuaxet[v] := false ;
for ue Ke(v) do
if Chuaxet{u] then

begin
T:=T U (v,u);
STREE_DFS(u);
end;
end;
(* Main Program *)
BEGIN

(* Initialiation *)

for ueV do Chuaxet[u]:=true;

T:=0; (* T la tdp canh cua cdy khung *)

STREE_DFS(root); (* root la dinh ndo dé cua dé thi  *)
END.
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Chuong 5. Cay va Cdy khung ctia do thi

procedure STRE BFS(r);
(* Tim kiém theo chiéu rong dp dung tim tdp canh cia cay khung T
cua do thi vo hudng lién thong G cho bdi danh sdch Ke — *)
begin
QUEUE = ;
QUEUE <}
Chuaxet[r]:=false;
while: QUEUE= & db
begin
v < QUEUE;
for u € Ke(v) do
if Chuaxet{u] then

begin
QUEUE < u; Chuaxet[u]:=false;
T:=T v (v,u);

end;

end;
end;

(* Main Program *)
BEGIN
for ueV do Chuaxetfu]:=true;

T:=0; (* T ia tdp canh cua cdy khung *)
STREE_BFS (root); (* root la mot dinh tuy ¥ cua do thi *)
END.
Chu y:

1. Lap luan twong tu nhu trong phan trude ¢6 thé chi ra duge ring céc thuat todn
mo ta & trén ¢6 do phuc tap tinh todn O(n+m).

2. Cay khung tim duogc theo tha tuc STREE_BFS(r) |4 cay dudng di ngin nhat tir
goc r dén tat ca cac dinh con lai cha dé thi.

5.3. Xay dung tap cac chu trinh co ban cua do thi

Bai todn x4y dung céy khung cua do6 thi lién quan chat ché v4i mét bai todn ng dung
khdc cla ly thuyét do thi: Bai todn xay dung tap cac chu trinh co ban cta dé thi ma ta sé
xét trong muc nay.

TRR - 14 A 201



Phdn 2. Ly thuyét do thi

Gia st G = (V, E) 1a don d6 thi vo huéng lién thong, H=(V.T) la cay khung cua né.
Ciéc canh ctia do thi thudc cay khung ta s€ goi la cdc canh trong, con cdc canh con lai sé
goi la canh ngoai.

Pinh nghia 3. Néu thém mér canh ngodi e € E\ T vao cdy khung H chiing ta sé thu

dugc ding mot chu trinh trong H, ky hiéu chu trinh nay la C, . Tdp cdc chu trinh
2={C,.ec E\XT}

duogc goi la tdp cdc chu trinh co bdn ciia do thi G.

Gia sir A va B 1a hai tap hop, ta dua vao phép todn sau
A® B = (AuB)\N(ANB).

Tap A @ B duoc goi 1a hiéu doi xing clia hai tap hop A va B.
Tén goi chu trinh co ban gén lién véi su kién 1a mdi chu trinh clia do thi déu c6 thé
thu dugce tir cdc ¢iiu trinh co ban nhu chi ra trong dinh ly sau day:

DPinh ly 3. Gid su G=(V,E) la do thi vo hudng lién théng, H=(V.T) la cdy khung cia né.
Khi dé moi chu trinh ciia dé thi G déu c6 thé biéu dién nhu la hiéu doi ximng ctia mot sé
cdc chu trinh co ban.

Viéc tim tap cdc chu trinh co ban gilt mot vai trd quan trong trong van dé giai tich
mang dién. Cu thé hon, theo mdi chu trinh co ban clia dé thi tuong ing véi mang dién
can phan tich ta sé thiét lap dugc moét phuong trinh tuyén tinh theo dinh luat Kirchoff:
Tong hiéu dién thé doc theo mot mach vong la bdng khéng. Hé théng phuong trinh
tuyén tinh thu duge cho phép tinh todn hiéu dién thé trén moi doan dudmg day cla ludi
dién.

Ta s€ mo ta thuat todn xay dung tap cdc chu trinh co ban dua trén tha tuc tim ki€ém
theo chiéu séu trén do thi. Thuat todn c6 cau tric tuong tu nhu thuét todn xay dung cay
khung theo thit tuc tim kiém theo chiéu sdu mé ta trong muc trudc.

Thudt todn xdy dung tdp cdc chu trinh co bdn.
Gia thiét ring d6 thi G = (V, E) duoc mo td bing danh sich ké Ke(v),v e V.

procedure Cycle(v);
(* Tim tdp cdc chu trinh co bdn cia thanh phdn lién théng chira dinh v;
Cdc bién d, num, STACK, Index la toan cuc ~ *)
begin
d:=d+1;
STACKI[d] :=v;
num := num-+1;
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Index[v] ;= num;
for ue Ke(v) do
if Index[u]=0 then Cycle(u)
else
if (u #STACK{d-1]) and (Index{v] > Index[u]) then
< Ghi nhan chu trinh véi cdc dinh:
STACK/[d], STACK[d-1], ..., STACK/[c], voi STACK[c]=u >;
d:=d-I;
end;

(* Main Program *)
BEGIN
for ve V do Index[v]:=0;
num :=0; d:=0; STACK[0] :=0;
for veV do
if Index[v] =0 then Cycle(v);
END.

Chi y: D¢ phiic tap tinh todn cua thuat toan viamo td la O(|E ||V ]).

5.4. Bai toan cay khung nhé nhat

Bii todn ciy khuig nhd nhit ctia do thi 13 mot trong sO nhitng bai todn t6i wu trén do thi
tim dugc Ung dung trong nhiéu linh vuc khdc nhau cla doi séng. Trong muc nay ching
ta s€ trinh bay nhitng thuét todn co ban dé giai bai todan nay. Trudc hét ching ta phat
biéu ndi dung clia bai toan.

Cho G = (V, E) 1a d6 thi vo huéng lién théng véi tap dinh V = (1, 2,..., n} va tap
canh £ gém m canh. Mdi canh ¢ cta dé thi G duge gén véi mét s thuc c(e), goi l1a do
dai cta né. Gia st H = (V.T) 1a ciy khung cta d6 thi G. Ta goi do dai c¢(H) cla cay
khung H la tdng do dai cha céc canh cha né:

c(H) = Z cle).
eecT

Bai todn dat ra 1a trong s tat ca cdc cay khung cta d6 thi G hdy tim cdy khung véi do
dai nho nhat. Cay khung nhu vay duoc goi 1a cay khung nho nhat ctia do thi va bai todn
dat ra dugc goi 12 bai todn cay khung nhé nhat.
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Thi du 3. Hinh 3 cho mot thi du vé d6 thi ¢é trong s6 trén canh va cdy khung nhd nhat
cua dd thi dugc chi ra bai cdc canh t6 dam,

Hinh 3. Cay khung nho nhat cda do thi

Pé minh hoa cho nhimg ng dung cta bai todn cay khung nhé nhat, duéi day, ta
phét biéu hai mo hinh thuc t€ tiéu biéu cta nd.

Bai todn xdy dung hé thong duong sdt. Gia st ta muén xay dung mot hé thong dudng
sét n6i 7 thanh phd sao cho hanh khach c6 thé di tir bat ¢t mot thanh pho nao dén bat
ky mét trong s6 cac thanh phé con lai. Mat khic trén quan diém kinh t€ doi hoi 1a chi
phi vé xay dung hé théng duong phai la nho nhdt. R rang 1a d6 thi ma dinh 1a céc
thanh ph& cdn cdc canh 14 cdc tuyén dudng sat ndi cdc thanh phé tuong ting véi phuong
an xay dung t6i wu phai 1a cay. Vi vay, bai todn dat ra din vé bai todn tim cay khung
nho nhét trén d6 thi ddy dd » dinh, méi dinh tuong dng véi mot thanh phd, véi do dai
trén cdc canh chinh 1a chi phi xay dung dudng ray ndi hai thanh phé tuong ing (chi y la
trong bai todn nay ta gia thiét 1a khong duoc xiy dung tuyén dudng sit c6 céc nha ga
phan tuyén nim ngodi cdc thanh pho).

Badi todn néi mang mdy tinh. Cin n6i mang mét hé théng gom »# mdy vi tinh danh s6 tir
1 dén n. Biét chi phi n6i mdy / véi mdy jlacli, jI,7,j =1, 2,..., n (thong thudng chi phi
nay phu thudc vao do dai cdp néi can st dung). Hay tim cdch néi mang sao cho tong chi
phi ndi mang la nhoé nhat.

Pé gidi bai toan cay khung nho nhat, tat nhién c6 thé liét ke tat ca cdc cay khung
cua do thi va chon trong s6 ching cdy khung nho nhét. Phuong phdp nhu vay, trong
trudng hop dé thi ddy du, s& doi hoi thoi gian ¢ #"?, va rd rang khong thé thuc hién
dugc ngay ca véi nhitng do thi véi s6 dinh ¢& hang chuc. R4t may 1a déi véi bai toan
cay khung nho nhat chiing ta da cé nhiing thuat toan rét hiéu qua dé giai ching. Chiing
ta s€ xét hai trong s6 nhiing thuat toan nhu vay: Thuat toan Kruskal va Thuat todn Prim.
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5.4.1. Thuat toan Kruskal

Thuat todn s€ xay dung tdp canh 7 cta ciy khung nho nhit H = (V,T) theo ting budc.
Trudc hét xdp x€p cdc canh cla dé thi G theo thd tr khong gidm cta do dai. Bat dau tir
tap T = &, & mdi budc ta sé lan luot duyét trong danh sach canh da xap xép, tit canh cé
do6 dai nho dén canh c6 d6 dai 16n hon, dé tim ra canh ma viéc b6 sung né vao tap T
khong tao thanh chu trinh trong tap nay. Thuat todn sé& két thdc khi ta thu duge tap T
26m n-1 cenh, Cu th€, thuat tcdr ¢ hé rg tZ nhu s

procedure Kruskal;

begin
T:=9;
while ITI<{(n-1)and (E# Q) do
begin
Chon e la canh ¢6 do dai nho nhdt trong E;
E = EN{e}; ,
if (Tw {e} khong chita chu trinh') then T: =T ulel;
end;

if (1Tl<n-1) then Do 1hi khong lién thong,

end;
Thi du 4. Tim c4y khung nho nhat cta dé thi cho trong hinh 4.
Buoc khdi tao. Dat T := . Sap xép cdc canh cta do6 thi theo thit tr khong giam cia do
dai ta c6 day:

(3.5), (4,6), (4.5), (5,6). (3,4). (1,3), (2,3), 2,4), (1,2)
day do dai trong ing cla ching

4, 8, 9, 14, 16, 17, 18, 20, 23.

& ba ldn lap ddu tién ta Idn luot bo sung vao tap T cac canh (3,5), (4,6), (4,5). RS rang
néu thém canh (5,6) vao T thi n6 sé tao thanh véi 2 canh (4,5), (4,6) da ¢6 trong T chu
trinh. Tinh huéng tuong tu ciling xay ra d6i v6i canh (3.4) 1a canh ti€p theo trong day.
Tiép theo ta bd sung canh (1,3), (2,3) vao T va thu dugc tap T goém S canh:

T =1{(3,5), (4,6), (4.5), (1,3), (2,3)}

chinh 1a tap canh ciia cdy khung nho nhat can tim.

205



Phdn 2. Ly thuyét do thi

17 7 14

Hinh 4. D5 thi ¢6 trong 50

Thi du 5. Hinh 5 minh hoa qué trinh tim cay khung nhd nhit ctaa d6 thi cho trong hinh
2: Céc canh dam la cic canh duge chon vao cay khung, cdc canh dit nét 14 cdc canh
duoc bod qua trong qud trinh duyét qua cdc canh.,

Hinh S. Tim cay khung nho nhét theo thuat toin Kruscal

Chitng minh tinh ding din cua thuat toan.

RS rang dé thi thu duoc theo thuat todn ¢6 n-1 canh va khong ¢6 chu trinh, vi vay theo
dinh 1y 1 né 1a cay khung cta do thi G. Nhu vay, chi con phai chi ra rang T cé d6 dai
nn¢ nhat. Gia sir ton tai cay S cta d6 thi G ma c(S) < o(T). Ky hiéu e, la canh dau tién
trong day cdc canh cta T xay dung theo thuat todn vira mo ta khong thuoc S. Khi d6 dé
thi con cia G sinh boi cay § duge bd sung canh e, sé chita 1 chu trinh duy nhét C di qua
e,.. Do chu trinh C phai chifa canh e thuoc S nhung khong thudc T nén dé thi con thu
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dugc tir S bang cdch thay canh ¢ cia nd bdi e, ( ky hiéu do thi nay 1a §°) sé la cay
khung. Theo cich xay dung c¢(¢;) € ¢(e) do dd ¢(S) < ¢(S), dbng thdi s canh chung
cua §' va T da tang them mot so véi s6 canh chung cta § va T. Lap lai qua trinh trén
timg budc mot ta ¢ thé bién déi S thanh T va trong méi bude téng do dai khong tang,
tiic 1a ¢(T) < e(S). Mau thuin thu dugc chiing 16 7' 1a cay khung nhé nhat.

Vé viéc lap trinh thuc hién thuat toan.

Khéi luong vinh codn nhicu nh& cda thudt todn chinh 13 6 burde 34 &) cde carh cla dd
thi theo thit tv khong giam cua do dai dé lua chon canh bo sung. DI v6i db thi ¢ m
canh cin phai thuc hién c¢d m log m phép toén dé sap xép céc canh ciia d6 thi thanh
day khéong giam theo do dai. Tuy nhién. dé xay dung cay khung nhd nhat véi n-1 canh,
nét chung, ta khong can phéi sap thi ty toan bo cdc canh ma chi can xét phan trén cua
day d6 chia » < m canh. D€ lam viéc d6 ta cé thé str dung cdc thi tuc sap xép dang
Vun déng (Heap Sort). Trong thi tuc nay, dé tao doéng diu tién ta mat cd O(m) phép
todn, moi phan tir 16n tiép theo trong déng co thé tim sau thoi gian O(log m). Vi vay,
vdi cai tién ndy thudt todn s& mat thoi gian ¢d O(mn+p log m) cho viéc sip xép cdc canh.
Trong thuc t€ tinh todn s6 p nho hon rit nhiéu so véi m.

Vian dé thi hai trong viéc thé hién thuat todn Kruskal 14 viéc lua chon canh dé bo
sung doi hoi phdi c6 mot tha tuc hiéu qua kiém tra tap canh TUle} ¢6 chita chu trinh
hay khong. D€ ¥ ring, cdc canh trong T & cdc budc 1ap trung gian s€ tao thanh mot
rimg. Canh e can khdo sdt s€ tao thanh chu trinh v&i cdc canh trong T khi va chi khi ca
hai dinh diu cua né thudc vao cung mot cily con cta rimg noi trén. Do d6, néu canh e
khong tao thanh chu trinh véi cdc canh trong 7', thl n6 phai n6i hai ciy khdc nhau trong
T. Vi thé, dé kiém tra xem cé thé bd sung canh ¢ vao T 1a chi can kiém tra xem né cé
néi hai cay khdc nhau trong T hay khong. Mot trong cic phuong phap hiéu qua dé thuc
hién viéc kiém tra nay la ta sé phan hoach tap cic dinh cta dé thi ra thanh cic tap con
khong giao nhau, méi tap xdc dinh bdi mot ciy con trong T (dugc hinh thanh & céc
budc do viéc bd sung canh vao T). Chang han, déi véi do thi trong vi du 3, ddu tién ta cé
sdu tap con | phan tir:{ 1}, {2}, {3}, {4}, {5}, {6}. Sau khi bé sung canh (3, 5), ta cé
cac tap con {1}, {2}, {3, 5}, {4}, {6}. Tiép theo, sau khi canh (4,6) dugc chon, ta c6
cac tap con {1}, {2}, {3, 5}, {4, 6}. & budc thit 3, ta chon canh (4,5), khi dé hai tap con
dugc ndéi lai va danh siach cac tap con la {1}, {2]. {3, 4, 5, 6}. Canh c6 d6 dai ti€p theo
la (4, 6), do hai dau cua né thudc vao cing mot tap con {3, 4, 5, 6}, nén né sé tao thanh
chu trinh trong tap nay. Vi vay canh nay khong dugc chon. Va thuat todn sé tiép tuc
chon canh tiép theo dé khéo sat ...

Nhu vay, dé giai quyét van dé thyd hai nay ta phai xay dung hai thu tuc: Kiém tra
xem hai dau u, v coa canh e=(u, v) c6 thudc vao hai tap con khac nhau hay khong, va
trong trudng hop cau tra 16i 1a khing dinh, n6i hai tap con tuong itng thanh mot tap.
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Chi y ring mbi tap con trong phan hoach c6 thé luu trit nhu 12 mot cay cé goc, va khi
d6 mbi goe sé duge sir dung 1am nhan nhan biét tap con tuong ing.

Chuong trinh trén Pascal thuc hién thudt todn Kruskal véi nhiing nhan xét vira néu
c6 thé viét nhu sau:

(* Tim cay Khung nho nhit theo thuat toan Kruskal
cua do thi cho b6i danh siach canh *)
uses crt;
type
arn = array{1..50} of integer;
arrm = array[1..5000] of integer;
var
n, m, MinL : integer;
Dau, Cuoi, W ;arrm;
DauT, CuoiT, Father: armn;
Connect : boolean;

procedure Nhapdl;
var  1:integer;
fname: string;
f : text;
begin
write('Cho Tén file dif liéu: '); readin(fname);
assign(f, fname);
reset(f);
readin(f,n,m);
for i := 1 to m do readln( f, Dau{i], Cuoi{i], WIi] );
close(f);
end;

procedure Indulieu;
var 1:integer;
begin
writeln('S6 dinh: ',n,. So canh: ',m);
writeln(' Dinh ddu Dinh cuéi Do dai');
for i:=1tomdo
writeln(Dau[i]:4, Cuoi[i]:10, W{i]:12);
end;
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procedure Heap(First, Last:integer);
var J, k, tl, t2, t3: integer;

begin
J = first;
while (j <= trunc(last/2) ) do
begin
if (2*j < last) and (W[2*j+1] < W[2%j]) then
k= 2%j+1
else
k :=2%;
if W[k] < W(j] then
begin
tl :=Dau[j]; 2 :=Cuoi{j]; 13 := W{j];
Dau[j] := Dau[k]; Cuoi[j] := Cuoifk]; W[j] ;= W[k]
Daulk] :=tl; Cuoi[k] :=t2; W[k] :=1t3;
]:=k;
end
else j := Last;
end;
end;

function Find(i: integer) : integer;
var Tro: integer;
begin
Tro := i
while Father[Tro] > 0 do
Tro:= Father[Tro];
Find:=Tro;
end;

procedure Union(i,j : integer);
var X: integer;
begin
x := Father[i] + Father[j];
if Father[i]> Father[j] then

begin
Father(i] := j;
Father{j] = x;
end
else

’
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begin
Father[j] := 1;
Father[i] := x;
end;

end;

procedure Kruskal;
var 1, Last, u, v, rl, 12, Ncanh, Ndinh ; integer;
begin
(* Khoi tao mang Father ddnh d4u cay con
v2 khdi tao Heap  *)
for 1:=1 to n do Father[i]:=-1;
for 1:= trunc(m/2) downto 1 do Heap(i,m);
last:=m; Ncanh := 0; Ndinh :=0;
MinL := 0;
Connect := true;
while (Ndinh < n-1) and (Ncanh < m) do
begin
Ncanh := Ncanh+1;
u := Dau[l]; v := Cuoi[1];
(* Kiém tra u va v ¢6 thudc ciing mat cay con? *)
rl := Find(u);
r2 := Find{v);
if rl<>r2then
begin
(* K&t nap canh (u,v) vao cdy khung *)
Ndinh:=Ndinh+1; Union(r!,r2);
DauT[Ndinh]:=u;
CuoiT[Ndinh]:=v;
MinL:=MinL+W[1];;
end;
(* Té chic lai Heap *)
Dau[1] := Dau[Last];
Cuoi[1] := Cuoi[Last];
W(1] := W{Last];

Last := Last-1;
Heap(1,Last);
end;

if Ndinh <> n-1 then Connect := false;
end;
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procedure Inketqua;

var

1 Integer;

begin

Wri[eln('*************=k*11'<**********************');
writeln('*** Két qua tinh todn ookokty,
Writeln( F%d skt ok s s s s s ok sk sk kR SOR A KRR R
writeln("D¢ dai cua cay khung nho nhat: " \MinL);
writeln('Cédc canh ctia cv khung nhé nhat:"):
for 1:=1 to n-1 do

writeln('(,DauT[i]:2,, ",CuoiT[i]:2.") ):

Writeln('**************************************');

end;

BEGIN

clrscr;
Nhapdl;
Indulieu;
Kruskal;
if Connect then Inketqua
else
writeIn('Dé thi khong lién théng');
readln;

END.

File di liéu cla bai toan trong thi du 4 co dang sau:

— NN =W BB W

9

5 4

6 8

5 9
6 14
4 16
3 17
3 18
4 20
2 23

Két qua tim dugc: Do dai cha ciay khung nhé nhat va tap canh cua cay khung nho
nhat dugc dua ra man hinh
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5.4.2. Thuat toan Prim

Thuat todn Kruskal 1am viéc kém hiéu qua déi vdi nhiing dé thi day (d6 thi vdi s6 canh
m = n(n-1)/2). Trong trudng hop d6 thuat todn Prim to ra hiéu qua hon. Thuat todn Prim
cdn duoc goi 1a phuong phdp lan can gan nhat. Trong phuong phép nay, bat ddu tr mot
Ainh tuy y cta dé thi s, ddu tién ta n6i s vSi dinh 1an can gan né nhét. chang han 12 dinh
y. Nghia 12 trong s6 cdc canh k& cha dinh s, canh (s, y) ¢6 d6 dai nho nhat. Tiép theo,
trong s6 cac canh ké vdi hai dinh s hoac y ta tim canh ¢6 d6 dai nho nhat, canh nay dan
dén dinh thd ba z, va ta thu duogc cay bd phan gdm ba dinh va hai canh. Qud trinh nay sé
dugc ti€p tuc cho dén khi ta thu duoc cay gom n dinh va n-1 canh s& chinh 12 cay khung
nhd nhat can tim.

Gia str do thi cho bdi ma tran trong s6 C = {cli,j], i, j = 1, 2,..., n}. Trong qua trinh
thuc hién thuat toan, & méi budc dé c6 thé nhanh chéng chon dinh va canh cin bé sung
vao cay khung, céc dinh cua d6 thi s& duge gan cho cdc nhdn. Nhan cua moét dinh v s&
gdm hai phan va cé dang [ d[v], near[v] ], trong d6 d{v] ding dé ghi nhan do dai cua
canh ¢6 d6 dai nho nhat trong s cdc canh néi dinh v vdi cdc dinh cia cay khung dang
xay dung (ta s& goi 12 khoang cdch tir dinh v dén tap dinh cta cdy khung), n6i mot cach
chinh xac

d[v] :==min{ c[v,w]: w € Vg } (=c[v, z]),
con near{v] ghi nhan dinh cla cay khung gan v nhat (near[v] := z).

Thuat todn Prim dugc mo ta day da trong thii tuc sau:

procedure Prim;
begin
(*  Budc khdai tao *)
Chon s la mot dinh nao dé ciia dé thi ;
Vi ={s}; T=9;
d[s] :=0; near[s] :=s.
for ve VN Vu do

begin
d[v] :=c[s,v];
near[v] :=s;
end;

(* Buoc ldp *)
Stop := false;
while not Stop do
begin
Tim ueV\ Vu thodman: dlu]l = min {d[v]:ue V\ Vi };
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Chieomg 5. Cay va Cdy khung ctia doé thi

VH = Viulu}): T=T w{(unearfu]));
if IVal=n then

begin
H=(Vu.T) lacdy khung nhd nhdt ciia dé thi ;
Stop := true;

end

clse

for ve V\ Vu do

if dlvl>cluyv] then

begin
d[v] = cfu,v];
near[v] ;= u;

end;

end;
end;

Thi du 6. Tim cay khung nhoé nhat cho d6 thi xét trong thi du 4 theo thuat toan Prim.

Ma tran trong s6 cta do thi ¢é dang

12 3 4 5 6
1[0 3 17 o o o
24 33 0 18 20 ® w
C= 3| 17 18 0 16 4 o
4| o 20 16 0 9 8
5 W 4 9 0 14
6 L o o « 8 14 0

Bang dudi day ghi nhan ctia cdc dinh trong cdc budc ldp cha thuat todn, dinh ddnh
ddu * 1a dinh dugc chon dé bé sung vao cay khung (khi d6 nhin cla né khong con bi
bién déi trong cdc budc lap tiép theo, vi vay ta danh dau - dé ghi nhén diéu d6) :

Buac
lap binh 1| Binh2 | Dinh 3 | Dinh 4 | Pinh 5 | Pinh 6 \ T
Khaitao | 0,11 (33, 1] (17,00 [, 1] | {0, 1] | [, 1] 1 &
1 - (18, 3] - (16, 3] | [4, 3]1* | [0, 1] 1,3 3.n
2 (18, 3] - [9.5]* - {14, 5] 1, 3.5 (3,1),(5,3)
3 [18, 3] - - - | [8,4]* 1,3,5,4 (3,1), (5,3), (4.5)
4 - 118, 3)* - - - - 1.3,5,4,6 ((3,1),(5,3), (4,5), (6,4)
5 - - - - - 1,3,5,4,6,21 (3.1),(5,3),(4,5),
(6,4), (2,3)
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Phan 2. Ly thuyét do thi

Thi du 6. Hinh 6 minh hoa qua trinh tim cay khung nho nhét cla do thi cho trong hinh
3: Céc canh dam la cac canh dugc chon vao cay khung, Miii tén chi hudng chon dinh
ti€p theo, Canh dit nét khong can phai xét trong cdc bude tiép theo.

Hinh 6. Tim cay khung theo thuat todn Prim

5.4.3. Mot s6 bai toan dan vé bai toan cay khung nhé nhat

Trong muc nay ta néu hai bai todn c6 thé dan vé bai todn cay khung nho nhat, va vi thé
c6 thé gidi duoc nhd cdc thuat todn md ta trong muc truéc

a) Bai rodn cdy khung Ién nhdt. Dé dang nhan thay rang trong cdc thuat todn trén ta
khong cén sir dung dén doi hdi vé ddu chia do dai. Vi vay c6 thé ap dung ching déi véi
dé thi ¢6 cdc canh véi do dai c6 ddu tuy y. Vi vay, gid su ta phai tim cdy 16n nhat (tic
12 ¢6 40 dai ¢(H) 16n nhat) thi chi c4n d6i ddu tat ca cdc do do va dp dung mot trong
hai thuat todn vira mo ta.

b) Bai todn tim mang dién véi dé tin cdy lom nhdt. Cho |udi dién cd n nit. Dudng
day ndi nit i véi niit j ¢6 do tin cay 1 > pli, 1> 0,7, j =1, 2., n. Goi G = (V, E) 1a d6
thi tuong ng véi ludi dién nay. Hay tim cay khung H cua do thi G véi do tin cay

I1 rte

eeH
16n nhat.
Bai todn nay din vé bai todn tim cay khung v6i téng d6 dai nhd nhét trén dé thi G
vGi do dai cia méi canh e € E 12 - log p(e). Thuc vay, gia st H 1a cay khung nho
nhat trén d6 thi voi do dai - log n(e), ta cd
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Chieong 5. Cay va Cay khung cua do thi

~[] logple) < -] logple)

eell eetl’

véi moi cay khung H’cta d6 thi G. Tir d6 suy ra

D logple) = > logple)
ecH eeH'
do doé
log[ ple) = log]] ple
ecH eei’
hay 1a

[Tre 2 []re

eel eeH’

v&i moi cay khung H'. Vay H la cay khung cé dé tin cdy 16n nhat.

215



Phdn 2. Ly thuyét do thi

Bai tap

1. Hay viét cac chuong trinh trén Pascal thuc hién cac thuat todn:
a) Xay dung ciy khung ctia do thi;
b) Xay dung tap cac chu trinh co ban cua dé6 thi;
¢) Xay dung cay khung nho nhat theo thuét todn Prim.

2. Ap dung thuat 1odn Kruscal tim cay khung ngén nhat cho dé thi sau day

7
3 11 2
5 3 18
8
1 13 1
4 12
5

3. Ap dung thuat todn Prim tim cay khung ngén nhét cho dé thi sau day, 14y dinh xuat phat [a
dinh 1

4. Tim cay khung ngén nhat cho dé thi ¢6 trong s6 cho trong hinh vé dudi day theo
thuét toan Kruscal va thuét todn Prim
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8 12 g 2
1
2 5 6
3z S
a) 9 4 b) 8 6 9
4 &
2
1 3 S
z 5 1 4
€
7 1
1 3 1 z
5} 3 7
83654?222 .
4 ]
C) tf 2 B 7 931142 d)
626
8569 5 ¢ |12 7 |4 8 2
31y P s z

5. Xét d6 thi gom 6 dinh A, B, C, D, E, F cho bdi ma tran trong s6
A B C D E F

0 33 17 85 85 85
330 18 20 85 85
17 18 0 16 4 85
85 20 16 0 9 8
85 8 4 9 0 14
85 85 8 8 14 0

MmO NOw

Tim cay khung ngan nhat theo thuat todn Prim. Yéu ciu viét rd két qua trung gian
trong timg budc. Két qua cudi cling: TAp canh cla cay khung nho nhét va do dai ciia n6.

6. Mot cong ty lap mot du dn méc dién thoai cho n (n<100) nhin vién cia minh bang
mot ludi cac doan ndi tr mdy cia mot ngudi dén mdy clia mot s& ngudi khac (khéng
phai hai ngudi nao ciing duge ndi véi nhau). Du 4n phai dam bao yéu cdu sau (goi 1a
yéu ciu Vvé tinh thong suot clia mang): Trén ludi dién thoai d6 moi nhdn vién cua
Cong ty déu co thé nhdn tin cho badt cit mét nhdn vién khdc hodc truc tiép hodc

TRR - 15 217



Phan 2. Ly thuyét do thi

thong qua mot s6 nhdn vién trung gian. Dit liéu vé du 4n duge ghi trong file vin ban
c6 tén NETW.INP c6 ciu tric nhu sau:

- Dong dau tién chita s6 n;

- Dong tiép theo chita s6 dudng ndi;

- Trong cdc dong tiép theo chita cdc dudng ndi cua du dn: méi dong gém 3 s6
nguyén theo thit tu 1a chi s6 cua hai may duoc n6i va chi phi ndi hai mdy nay.

Hay lap trinh nhap dit lidu vao tu file, sau do:

a) Kiém tra xem du 4n c6 ddp ing yéu cdu vé tinh thong suét hay khong?

b) Trong trudng hop du dn dap tng yéu cau thong sudt, hiy tim cdch loai boé mot so6
dudng néi sao cho mang vén la thong suét dong thoi giam dén mic t6i thiéu chi phi néi
mang.

7. Ngudi ta dinh 8 chiic mot mang mdy tinh gdm mixn may dugce bd tri theo mot mang
6 vuong gom mxn nit. Nt cia Iudi & hang i cot j goi 1a ndt (if), i=1,2,....,m; j=12,....n.
Moéi may sé duge dat & mot nit va cic mdy duge ndi v&i nhau theo canh cua cidc 6
vudng (goi la cdc dudng ndi ciia mang). Trong khi mang con dang trong qud trinh xay
dung (m&i chi ¢6 mot s6 dudng n6i nao dé duge xay dung xong), vi phai dua mang vao
phuc vu kip thoi ky thi Olimpic Tin hoc Quéc t&, ngudi ta muén kiém tra xem tét ca céc
mdy da trao déi thong tin dugc véi nhau hay chua (hai may bét ky trong mang goi la
trao déi théng tin dugc véi nhau néu nhu chiing c6 thé trao déi thong tin dude véi nhau
hoac la truc ti€p, hoac thong qua cdc mdy trung gian). Trong truong hop cau tra 16i 1a
phu dinh, can xac dinh s6 dudng ndi it nhat can phai gdp rat xy dung trudce sao cho tat
cé cdc mdy déu trao déi thong tin duge véi nhau, nhdm phuc vu kip thdi nhiém vu dot
xuét néi trén. D lieu vé cac dudng ndi da xay dung xong dugc cho trong mot file van
ban c¢6 tén COMNET.INP ¢6 cdu tric nhu sau

- Dong dau tién chda hai s6 m, n;

- Trong cac dong ti€p theo, mébi dong chita thong tin vé mot dudng ndi di xay dung
xong trong thdi diém hién tai gém 4 s6 nguyén duong xac dinh toa do cla hai mdy dugc
nodi v6i nhau bdi dudng noi nay.

Hay 1ap trinh nhap dit liéu vao tir file, sau dé thyuc hién cdc yéu cau néi trén.
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Chueong 6. Bat todn duong di ngéin nhat

BAI TOAN DUGNG DI NGAN NHAT

Trong cdc tng dung thyc t€, Bai todn tim dudng di ngan nhat gitta hai dinh cita mot
dé thi lien thong c6 mot ¥ nghia to 16n. C6 thé din vé bai todn nhu vay nhiéu bai todn
thuc t€ quan trong. Vi du, Bai toan chon mot hanh trinh tiét kiém nhét (theo tiéu chuén
khoang cdch hodc thoi gian hoac chi phi) trén mot mang giao thong dudng bo, duong
thuy hoac dudng khong; Bai toan chon mét phuong phap tiét kiem nhat dé dua mot hé
dong luc luc tir trang thdi xuat phdt dén mot trang thai dich, Bai todn 1ap lich thi cong
cdc cong doan trong mot cong trinh thi cong 16n, Bai toan lua chon dudng truyén tin vdi
chi phi nhd nhit trong mang thong tin, v..v... Hién nay c6 rét nhiéu phuong phap dé giai
céc bai todn nhu vay. Th€ nhung, théng thudng, cac thuit toan dugc xay dung dua trén
co sa 1y thuyét do thi to ra l1a cdc thuat todn ¢é hiéu qua cao nhat. Trong chuong nay

ching ta s& xét mot s6 thuét toan nhu vay.
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Phdn 2. Ly thuyét do thi

6.1. Cac khai niém ma dau

Trong chuong nay chiing ta chi xét d6 thi ¢6 huéng G = (V, E), WVi=n, |El=m véi cic
cung dugc gan trong s6, nghia 1a, mdi cung (4, v) € E cta né duge dit tuong Gng véi
mot s6 thuc a(u,v) goi la trong s6 cliia nd. Chiing ta sé dat a(u, v) = o, néu (u, v) ¢ F.
Néu day

Voo Vire oo ¥y

1a mot dudmg di trén G, thi d dai cha né duge dinh nghia Ia t0ng sau

p

Z av,_,v,)

i=|
tirc 14, do dai clia dudng di chinh 1a téng cédc trong s6 trén cdc cung clia nd. (Chi ¥ rang
néu ching ta gan trong s6 cho tat ca cdc cung déu béang 1, thi ta thu duoc dinh nghia do
dai ctia dudng di nhu 1a s6 cung clia dudng di gidong nhu trong cc chuong trude da xét).

Bai to4n tim dudong di ngan nhat trén do thi dudi dang téng quat c6 thé phét bjéu
nhu sau: Tim duong di cé do dai nho nhat tir mot dinh xudt phat s € V dén dinh cudi
(dich) r € V. Dudng di nhu vay ta s€ goi 1a duong di ngdn nhdt tr s dén t con do dai
cua né ta s& ky hiéu la d(s,r) va con goi 1a khodng cdch tit s dén ¢ (khoang cich dinh
nghia nhu vay c6 thé 1a s6 4m). Néu nhu khong t6n tai dudng di tr s dén ¢ thi ta s& dat
d(s,) = 0. RG rang, néu nhu médi chu trinh trong dé thi déu c¢6 do dai duong, thi trong
dudng di ngan nhat khong ¢6 dinh no bj lap lai (dudng di khong c6 dinh lap lai s& duoc
goi 1a dudmg di co bdn). Mat khdc, néu trong do6 thi ¢é chu trinh véi do dai am (chu
trinh nhu vay, dé ngén gon, ta s& goi 1a chu trinh dm) thi khodng cdch gifra mot s6 cap
dinh nao dé clia dé thi cé thé 1a khéng x4c dinh, bdi vi, bing cdch di vong theo chu
trinh nay mot s6 da 16n 14n, ta ¢6 thé chi ra dudng di giita cac dinh nay cé do dai nhd
hon bat ci s6 thuc cho trudc nao. Trong nhitng trudng hgp nhu vay, ¢ thé dat van dé
tim duong di co ban ngdn nhit, tuy nhién bai todn dat ra sé trd nén phic tap hon rat
nhiéu, boi vi nd chita bai todn xét sy t6n tai dudng di Hamilton trong d6 thi nhu 1a mot
trudng hgp riéng. Mot tinh chét clia dudng di ngin nhat nifa c¢6 thé phat biéu mot cich
khéng hinh thifc nhu sau: Moi doan dudng con cia dudng di ngin nhat cling 1a dudng di
ngan nhat. Tinh chat tuy rat hién nhién ndy nhung lai hdm chita mot néi dung rat sau
sac, va ngudi ta thudng goi no 1a nguyén 1y t6i vu. Viéc ching minh tinh diing dan cla
hau hét cdc thuat todn tim dudong di ngin nhit déu dugc xay dung dua vao nguyén ly
nay.

Trude hét can chi ¥ ring néu biét khodng céch tir s dén ¢, thi dudng di ngan nhat tir
s dén ¢, trong trudng hop trong s khong &m, ¢6 thé tim dugc mot cach dé dang. Dé tim
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Chuong 6. Bai toan duwong di ngdan nhat

dutng di, chi can dé y 12 d6i véi cap dinh s, 1 € V tuy y (s # £) luén tim duoc dinh v sao
chr

d(s.t) = d(s,v) + a(v,n).

Thuc vay, dinh v nhu vay chinh 12 dinh di trude dinh 1 trong dudng di ngén nhat tir s
dén 1. Tiép theo ta lai ¢6 thé tim dugc dinh u sao cho d(s,v) = d(s,u) + a(u,v), ... T gia
thiét vé tinh khong 4m cda céc trong s6 dé dang suy ra rang day ¢, v, u, ... khéng chita
dirh 1a» 'ai va k€t thic 6 dinh s P06 réng dav thu dunc x4c dinh (néu 15t nguoc thi ty
céc dinh trong né) duong di ngan nhat tt s dén 1. Tir d6 ta ¢6 thuét todn sau day dé tim
dudng di ngan nhat tir s dén 1 khi biét do dai cta nd.

procedure Find_Path;
(*
Pau vao:
d[v] - khoang cdch tlr dinh s dén tit ca cdc dinh con lai v € V;
t - dinh dich;
a[u,v], u, v e V - ma tran trong s trén cdc cung.
Pau ra:
Miéng STACK chita day dinh xdc dinh duong di ngan nhat tir s dén t
*)
begin
STACK = &J; STACK <t; v:.i=t;

while v=#sdo

begin
u:= dinh thoa man d|v] = dlu] + aju,v] ;
STACK «<u;
vi=u;

end;

end;

Chi ¥ ridng do phiic tap tinh todn cua thuat todn 12 O(x?), do dé tim dinh « ta phai
xét qua tdt ca cdc dinh cia d6 thi. Tat nhién, ta cling c6 thé sit dung k¥ thuat ghi nhan
dudng di da trinh bay trong chuong 3: ding bién méng Truoc[v], v € V, dé ghi nhd dinh
di trude v trong dudng di tim kiém.

Ciing can luu y thém 14 trong trudng hop trong s6 trén cic canh 1a khong am, bai
todn tim dudng di ngan nh4t trén d6 thi vo hudng cé thé dan vé bai todn trén do thi c6
hudng, bang cach thay mdi canh ciia né bdi hai cung c6 huéng ngugc chiéu nhau véi
cung trong so 1a trong s6 cta canh tuong tng. Tuy nhién, trong trudng hgp cé trong s
am, viéc thay nhu vay cé thé dan dén chu trinh 4m.
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Phdn 2. Ly thuyét dé thi

6.2. Pudng di ngan nhat xuit phat tod mét dinh

Phan 16n cdc thuat todn tim khoang cdch gitta hai dinh s va r duge xay dung nho k¥
thuat tinh todn ma ta c6 thé mo ta dai thé nhu sau: tr ma tran trong s6 alu,v], u,v e V,

ta tinh can trén d{v] cua khoang cich tlr s dén tat ca cic dinh v € V. Mbi khi phdt hién
dlu] + a{u,v] < d[v] (1
can trén d[v] s€ duoc latot 1én: d[v] := d[u] + alu,v).

Qud trinh do s& két thic khi nao ching ta khong 1am t6t thém duoc bit i can trén
nzo. Khi d6, ro rang gid tri cia méi d[v] s& cho ta khoang cdch tir dinh s dén dinh v.
Khi thé hién ky thuat tinh todn ndy trén mdy tinh, céan trén d[v] s& duoc goi la nhin clia
dinh v, con viéc tinh lai cdc can trén nay s& goi la phép gin nhidn cho d6 thi va toan bo
thi tuc thudng goi la thl tuc gan nhan. Nhan thay rang dé tinh khodng cach tir s dén ¢, &
day, ta phai tinh khoang céch tir s dén tat ca cdc dinh con lai cia d6 thi. Hién nay van
chura biét thuat todn nao cho phép tim dudng di ngdn nhat giira hai dinh lam viéc thuc su
hiéu qua hon nhitng thuat todn tim dudng di ngan nhdt t mot dinh dén tat ca cic dinh
con lai.

So d6 tinh todn ma ta vira mo ta con chua l1a xdc dinh, bdi vi con phai chi ra thit tu
chon cdc dinh u va v dé kiém tra diéu kién (1). Thit tu chon nay c6 anh hudng rat 16n
dén hiéu qua cua thuat todn.

Bay gid ta s&€ mo ta thuat todn Ford - Bellman tim duong di ngdn nhat tir dinh s dén
tat ca cdc dinh con lai cla d6 thi. Thuat todn lam viéc trong truong hop trong s6 cla cic
cung la tuy ¥, nhung gia thiét rang trong d6 thi khong ¢6 chu trinh am.

procedure Ford_Bellman;

(*

Pau vao: Do thi ¢6 huong G=(V,E) vdi n dinh,
s € V la dinh xudt phdt,

aluyv], u,v € V, ma trdn trong so;

Paura: Khodng cach tir dinh s dén tdt cd cdc dinh con lai d[v], v € V.
Truoc[v], v € V, ghi nhdn dinh di truée v trong duong di ngin
nhdt tir s dén v

Gia thiét: Da thi khong c6 chu trinh am.
*)

begin

222



Chuwong 6. Bai todn diwong di ngdn nhat

(* Khditao *)
for veV do

begin
d[v] ;= afs,v];
Truoc[v]:=s;
end;
dfs]:=0;

for k:=1 to n-2 do
for ve V\{s} do
for ue Vdo
if df{v]>d[u] + a[u,v] then
begin
d[v] :==d[u] + au,v] ;
Truoc[v] :=u;
end;
end;

Tinh ding din cia thuat toan c6 thé ching minh trén co s& nguyén 1y t6i wu cla
quy hoach dong. R rang 1a do phic tap tinh toan cha thuat toan 1a O(’).

Luu y rang chdng ta c6 thé cham dit vong lap theo k khi phdt hién trong qud trinh
thuc hién hai vong lap trong khong c6 bién d[v] nao bi déi gia tri. Viéc nay c6 thé xay
ra doi véi k < n-2, va diéu d6 lam ting hiéu qua cuta thuat todn trong viéc giai cac bai
todn thuc t€, Tuy nhién, cai ti€n dé khong thuc sur cai thién duge ddnh gid do phic tap
cla ban than thuat todn.

D6i véi dé thi thua tot hon la st dung danh sich ké Ke(v), v € V, dé biéu dién d6
thi, khi d6 vong lap theo u can viét lai dudi dang

for u e Ke(v) do
if d{v]>d{u}+ afu,v] then
begin
dfv] := d[u] + a[u,v] ;
Truoc{v] :=u;
end;

Trong trudng hop nay ta thu duge thuat todn véi do phic tap O(n.m).

Thi du 1. Xét d6 thi cho trong hinh 1. C4c két qua tinh todn theo thuat todn duoc mé ta
trong bang dudi day
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5 4) 4
Hinh 1. Minh hoa cho thuat todn Ford - Bellman

k d[1}, dfz2j, df3], d(4], dfs],
Truoc[1] | Truoc[2] | Truoc[3] | Truoc[4] | Truoc(S]

0,1 5,1 o, 1 w, 1 3,1

1 0,1 1,1 4,2 4,2 -1,3

2 0,1 1,1 4,2 3,5 -1,3

3 0,1 1,1 4,2 3,5 -1,3

Béang két qua tinh toédn theo thuit todn Ford - Bellman

Trong cdc muc ti€p theo chiing ta s& xét mot s8 trudong hop riéng cua bai todn tim
dudng di ngan nhét ma dé giai ching c6 thé xay dung nhimg thuat todn hiéu qua hon
thuat todn Ford - Bellman. D6 1a khi trong s@ cua tat ca céc cung 12 céc s6 khong am
hoac 1a khi d6 thi khong c6 chu trinh.

6.3. Trudng hop ma tran trong s khéng am.
Thuat toan Dijkstra

Trong trudng hop trong s6 trén céc cung 12 khong &m thuat todn do Dijkstra dé nghi dé
giai bai todn tim dudng di ngin nhat tir dinh s dén cdc dinh con lai chia d6 thi lam viéc
hitu hiéu hon rdt nhiéu so véi thuat toan trinh bay trong muc trude. Thuat todn duge xay
dung dua trén ¢o s& gin cho cdc dinh cdc nhan tam thoi. Nhan cia méi dinh cho biét
can trén clia d6 dai dudng di ngédn nhat tir s dén né. Cac nhan nay s& duoc bién déi theo
mot thu tuc 1ap, ma & mbéi mot budc 1ap ¢6 mot nhin tam thoi trd thanh nhan ¢6 dinh.
Néu nhan ¢tia mot dinh nao d6 trd thanh cd dinh thi né s€ cho ta khong phai l1a can trén
ma 12 d¢ dai cha dudng di ngan nhat tir dinh s dén né. Thuat toan dugc mo ta cy thé nhu
sau.
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procedure Dijkstra;
(* Dauvao: D6 thi ¢ hiuong G=(V ,E) véi n dinh,
s € V la dinh xudt phdt, aluv), u,v € V, ma trdn trong so;
Gia thiét: a[u,v]2 0, u,ve V.
Pau ra: Khodng cdch ti dinh s dén tat cd cdc dinh con lai d[v)], ve V.
Truoc[v], ve V, ghi nhdn dinh di truoc v trong duomg di ngdn nhdt tw s dén v.
*)
begin
(* Khoitao *)
for ve V do

begin
dfv] := afs,v] ;
Truoc[v]:=s;
end;

d[s]:=0; T:=V\{s}; (* Tlatapcdcdinhc6 nhin tam thoi *)
(* Buéclap *)
while T # & do
begin
Tim dinh u € Tthoaman d{u] =min{ d[z]: z € T};
T:= T\{u}; (* C&dinh nhan cla dinh u *)
for ve T do (* Gén nhan lai cho cdc dinh trong T *)
if d[v]>d[u] +a[u.v] then
begin
d[v] :=d[u] + a[u,v] ;
Truocfv] :=u;
end;
end;
end;

Dinh Iy 1. Thudt todn Dijkstra tim duoc diong di ngdn nhdt trén do thi sau thoi gian c&
o).

Chitng minh. Trudc hét ta ching minh 13 thuat todn tim dugc dudng di ngén nhat tir
dinh s dén cdc dinh con lai cha dé thi. Gia sl ring & mot budc 1ap nao dé cdc nhan ¢6
dinh cho ta dé dai cdc dudng di ngén nhat t¥ s dén cdc dinh ¢ nhan c6 dinh, ta s&
ching minh rang & 14n lap ti€p theo néu dinh «* thu dugc nhan c6 dinh thi d[u*] chinh
12 do dai duong di ngan nhat tir s dén u*.
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Phdn 2. Ly thuyét dé thi

Ky hiéu S, 1a tap cac dinh c¢6 nhidn ¢6 dinh ¢con S, 1a tip cic dinh c¢6 nhan tam thai o
budc lap dang xét. Két thdc méi bude lap nhan tam thoi d[v] cho ta do dai cla dudng di
ngin nhat tir s dén v chi qua nhing dinh ndm hoan toan trong tap S,. Gia su rang dudng
di ngén nhat tr s dén u* khong nam tron trong tap S,. tdc 1a né di qua it nhat mot dinh
cta tiap S,. Goi z € §, la dinh dau tién nhu vay trén duong di nay. Do trong s6 trén cac
cung ia khong am, nén doan dudng tir z dén w* ¢c6 do dai L >0 va

dlz] < dlu*] - L < d[i*].

Bit dang thdc nay 12 mau thudn vdi cach xéc dinh dinh u* 1a dinh c6 nhidn tam thoi nho
nhat. Vay dudng di ngan nhat tir s dén #* phai nam tron trong §,, va vi thé d[u*] 1a do
dai ctia né. Do & lan lap ddu iién S, = {s} va sau moi lan lap 1a chi thém vio S, mot dinh
w* nén gia thi€t 12 d[v] cho do dai dudng di ngdn nhat tir s dén v vdi moi ve S, l1a ding
v6i bude lap dau tién. Theo qui nap suy ra thuat todn cho ta dudng di ngan nhat tr s dén
moi dinh cta do thi.

Bay git s€ ddnh gid s6 phép todn can thuc hién theo thuat todn. G méi bude lap dé
tim ra dinh « c4n phai thuc hién O(n) phép toédn, va dé gdn nhan lai cling cdn phai thuc
hién mot s6 lugng phép todn cling 12 O(n). Thuat todn phai thuc hién n-1 budc lap, vay
thdi gian tinh todn cia thuat toan 1a c& O(n?).

binh Iy dugc chitng minh.

Khi da tim dugc do dai cha dudng di ngan nhat d[v] thi duong di nay ¢é thé tim dua
vao nhan Truoc[v], v € V, theo qui tac giong nhu chiing ta da xét trong chuong 3.

Thi du 2. Tim dudng di ngan nhat tir dinh 1 dén c4c dinh con lai cia d6 thi & hinh 2.

(7)
e

2 . by

N® (1)
(1
COF SNC, NEY IO} !
(4)
) . e
1 @) &\\\-4/-/’15
3)

Hinh 2. Minh hoa thuét toan Dijkstra

Két qua tinh todn theo thuat toin dugc trinh bay trong bang duéi day. Qui udc viét
hai thanh phan ctua nhan theo thi tu: d[v], Truoc[v]. Dinh dugc ddnh dau ‘*’ 1a dinh
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Chucong 6. Bai todn deecng di ngdn nhdt

duogc chon dé c6 dinh nhin & bude lap dang xét, nhin ctia né khong bién déi & céc buée
tiép theo. vi thé ta danh dau -

Budc lap | DBinh 1 | Binh2 | Dinh 3 | Dinh4 | Dinh 5 | Dinh 6
Khai tao 0,1 IL1* oo, ) «, | o, | w0, 1
1 - 6,2 3,2 % |oo 8,2
2 - - 4,4 % - 7, 4 8,2
3 . j - 7,4 537%
4 - - - 6, 6% | -
5

Bang két qua tinh todn theo thuét todn Dijkstra
Cha y:

1) Néu chi cdn tim dudng di ngin nhat tr s dén mot dinh f ndo dé thi cé thé két
thic thuat toan khi dinh ¢ trd thanh ¢6 nhan ¢6 dinh.

2) Tuong ty nhu trong muc 6.2, dé dang mo ta lai thuat todn cho truong hop do thi
cho béi danh sdch ké. Dé c6 thé giam bdt khéi luong tinh todn trong viéc xac dinh dinh
u 0 mbi budc lap, ¢o thé sit dung thual todn Heapsort (tuong t nhu trong chuong 5 khi
thé hién thuat todn Kruskal). Khi d6 ¢6 thé thu duge thuét todn v6i do phiic tap tinh todn
1a O(m log n).

6.4. Pudng di trong doé thi khong c¢é chu trinh

Bay gid ta xét trudng hop riéng thit hai clia bai todn dutmg di ngén nhat, ma dé giai no
c6 thé xay dung thuat todn v&i do phiic tap tinh todn O(n?), d6 1a khi dé thi khong c6
chu trinh (con trong s6 trén cdc cung cé thé la cdc s6 thuc tuy ¥). Trudc hét ta chimg
minh dinh ly sau.

Dinh ly 2. Gid st G la do thi khong ¢é chu trinh. Khi dé cde dinh ciia né cé thé danh sé
sao cho méi cung cia db thi chi hudng ny dinh c6 chi s¢' nhd hon dén dinh ¢6 chi s6'lon
hon, nghia la moi cung ciia né ¢6 thé biéu dién dioi dang (v[i], vj]), trong dé i < .

Dé chimg minh dinh ly ta mo ta thuat todn sau day, cho phép tim ra cich ddnh so
thoa man diéu kién dinh ly.

procedure Numbering;

(* Dau vac: Do thi cd huong G=(V E) vai n dinh khong chita chu trinh

duoc cho bdi danh sach ké Ke(v), v e V.
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Daura: Vi mdidinhv € V chi s6 NR [v] thod madn:
Vi moi cung (u,v) cua dé thi ta déu ¢6 NR[u] < NR[v]. *)

begin
for ve V do Vao[v]:=0;
(* Tinh Vao[v] = deg-(v) *)
for ue V do
for v e Ke(n) do Vaofv]:= Vaofvl+1;

QUEUE =& ;
for ve V do
if Vao[v] =0 thern QUEUE ¢ v
num :=0;
while QUEUE =& do
begin
u < QUEUE;

num :=num+ 1 ; NR[u]:=num;
for v e Ke(u) do
begin
Vao[v] := Vao[v] - 1;
if Vao[v] =0 then QUEUE < v;
end;
end;
end;

Thuat todn duge xay dung dua trén ¥ tudng rit don gian sau: R rang trong dé thi
khéng ¢6 chu trinh bao gid ciing tim dugc dinh ¢6 ban bac vao bing 0 (khong cé cung
di vao). Thuc vay, bét ddu tir dinh v, néu c6 cung di vao né tir v, thi ta lai chuyén sang
xét dinh v,. Néu ¢6 cung tir v; di vao v,, thi ta lai chuyén sang xét v, ... Do dé thi la
khéng c6 chu trinh nén sau moét s& hitu han 14n chuyén nhu vay ta phai di dén dinh
khéng ¢6 cung di vao. Thoat tién, tim cdc dinh nhu vay cla dé thi. RS rang ta c6 thé
dénh s6 chiing theo mot thit ty tuy y bat dau tir 1. Tiép theo, loai bd khoi dé thi nhimg
dinh da dugc danh s8 cling cdc cung di ra khdi ching, ta thu duge d6 thi mdéi cing
khong ¢6 chu trinh, va tha tuc dugc 1ap lai véi d6 thi méi nay. Qua trinh dé sé dugc tiép
tuc cho dén khi tat ca cdc dinh cta dé thi duoc ddnh s6.

Chua y:

1) R& rang trong budc khéi tao ta phai duyét qua tat ca cac cung clia d6 thi khi tinh
ban bic vao clia cic dinh, vi vay & d6 ta tén ¢cd O(m) phép toén, trong d6 m la s6 cung
ctia dé thi. Ti€p theo, méi 14n danh s6 mét dinh, dé thyc hién viéc loai bd dinh di dénh
$6 cling vdi cdc cung di ra khoi né, chiing ta lai duyét qua tit ca cdc cung nay. Suy ra dé
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Chuong 6. Bai todn dwong di ngdn nhdt

ddnh s6 tat ca cdc dinh cia d6 thi ching ta s& phai duyét qua tat ca cdc cung cta dé thi
mot 1an nita. Vay d6 phtc tap cta thuat todan 1a O(m).

2) Thuat todn c6 thé dp dung dé kiém tra xem d6 thi c6 chifa chu trinh hay khong?
Thuc vay, néu két thic thuat todn van con cé dinh chua duge dédnh s6 (num < n) thi diéu
dé6 ¢6 nghia 14 d6 thi chita chu trinh,

Thi du 3. D6 thi trong hinh 3 ¢6 cdc dinh dugc ddnh s6 thod méan diéu kién néu trong
dinh 1.

7 ) a
B -
n ‘
@ 4 (5 () @y
»—@- > — (&) 6/ /
s=1 - N 7 s —e
- »
s oy As)
~a . P
O —— @ s
2 (2) 3 T

Hinh 3. D6 thi khong ¢6 chu trinh

Do cé thuat todn danh s6 trén, nén khi xét d6 thj khong c¢é chu trinh ta cé thé gia
thiét 1a cdc dinh clia né duoc ddnh s6 sao cho méi cung chi di tir dinh ¢6 chi s6 nho dén
dinh ¢6 chi s6 16n hon. Thuét todn tim dudng di ngin nhat trén d6 thi khéng cé chu
trinh dugc mo ta trong so do sau day.

procedure Critical_Path;
(* Tim duong di ngdn nhat tir dinh nguon dén tdt cd
cdc dinh con lai tréndo thi khong c6 chu trinh

Pauvao: DothiG=(V,E), rongds V ={ v{1},v[2], ..., v[n] }.
Doi voi moi cung (v[i), v(j]) € E, tacd i<j.
B0 thi duoc cho bt danh sach ké Ke(v), ve V.

Paura : Khodng cdach tir v{1] dén tdt cd cdc dinh con lai
duoc ghi trong mdang d[v(il], i=2,3,..,n *)
begin
d[v[1]] = 0;
for j;=2 to ndo
dlvlpl} =alv[1], v[j] |5
for ;=2 to n do
for v € Ke[v[j]] do
d[v] = min (d[v], Vi) + alviil, vl ) :
end;
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Phdn 2. Ly thuyét dé thi

Do phuc tap tinh todn cla thuat todn 1a O(m), do mdi cung cua dé thi phai xét qua
ding mot lan.

Cédc thuat todn mo ta ¢ trén thuong dugc (ng dung vao viéc xay dung nhiing
phuong phdp gidi bai todn diéu khién viéc thuc hién nhitng du dn I6n, goi tit 1a PERT
(Project Evaluation and Review Technique) hay CDM (Critical path Method). Mot thi
du don gian cho img dung nay duge mo6 ta trong thi du dudi day.

Thi du 4. Viéc thi cong moét cong trinh 16n duoc chia ra lam » cong doan, danh so tir |
dén n. C6 mot s6 cong doan ma viéc thuc hién nd chi duge tién hanh sau khi mot s6
cong doan nao dé di hoan thanh. Pai véi madi cong doan ¢ biét ¢[i] la thdi gian can thiét
dé hoan thanh né (1 = 1, 2...., n). Céac dit liéu v6i n = 8 dugc cho trong bang sau day

Cong Céc cong doan phai

doan t[i] | duoc hoan thanh trudc né
N 1 15 khong co

2 30 1

3 80 khong ¢6

4 45 2,3

5 124 4

6 15 2,3

7 15 5,6

8 19 5

Gia sir thoi diém bt ddu tién hanh thi cong cong trinh 1a 0. Hiy tim tién do thi
cong cong trinh (chi rd méi cong doan phai duoc bat ddu thuc hién vio thoi diém nao)
dé cho cong trinh dugc hoan thanh xong trong thoi diém sém nhat c6 thé dugc.

Ta c6 thé x4y dung dé thi ¢6 huéng n dinh biéu dién han ché vé trinh tu thuc hiéc
cdc cong viéc nhu sau: Méi dinh cla do thi twong ing v6i mot cong viéc, néu cong viéc
i phai dugc thuc hién trudc cong doan j thi trén d6 thi ¢6 cung (7,)), trong sé trén cung
nay dugc gan bang t[i], xem hinh 4 dudi day,

15

Hinh 4. D6 thi minh hoa PERT
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Thém vao do6 thi 2 dinh 0 va #+1 tuong Ung vé6i hai su kién dic biét: dinh s6 0 twong
ing vé6i cong doan Lé khdi cong, nd phai dugc thuc hién trudc tat ca cac cong doan
khdc, va dinh n+1 tuong dng véi cong doan Cdar bdng khdanh thanh cong trinh, né phai
thuc hién sau tat ca cdc cong doan. véi 1[0] = ¢[n+1] = 0 (trén thuc t&€ chi can néi dinh 0
véi tdt ca cac dinh ¢6 ban bac vao bing 0 va ndi tdt ca cdc dinh ¢6 bdn bac ra bang 0 véi
dinh n+1). Goi d6 thi thu duge 1a G. RS rang bai todn dat ra dan vé bai todn tim duong
di dai nhat tir dinh 0 dén tat ca cdc dinh con lai trén d6 thi G. Do d6 thi G r& rang 1a
khong chita chu trink, nén dé giai bii todn dat ra c6 thé 3p dung cac thuat todn mo ta &
trén, chi cdn déi ddu tit ci cc trong s trén cac cung thanh ddu nguoc lai, hoac don
gian hon chi cdn doi todn tir min trong thuat todn Critical_Path thanh todn tit max. Két
thiic thuat todn, ching ta thu dugc ¢[v] 1a d6 dai dudng di dai nhat tir dinh 0 dén dinh v.
Khi d6 d[v] cho ta thoi diém sém nhit c6 thé bit ddu thyc hién cong doan v, néi riéng
d[n+1] 1a thoi diém sém nhat c6 thé cit bang khéanh thanh, tirc 12 thdi diém sém nhat ¢é
thé hoan thanh toan bo cong trinh.

Cay duong di dai nhat cua bai todn trong thi du 4 tim dugc theo thuat todn dugc chi
ra trong hinh 4.

6.5. Pudng di ngan nhat giita tat ca cac cap dinh

R5 rang ta cé thé giai bai todn tim dudng di ngan nhat gira tat ca cdc cap dinh cha dé
thi bang cach su dung n 1an thuat todn mo ta & muc trudc, trong dé ta sé chon s lan luot
Ia cdc dinh cha d¢ thi. RS rang, khi d6 ta thu duge thuit todn vdi do phiic tap 1a O(n*)
(néu sl dung thuat todn Ford - Bellman) hoac O(n') doi véi truong hop trong s6 khong
am hoac d6 thi khong ¢d chu trinh. Trong trudng hop tong qudt, st dung thuat todn Ford
- Bellman n lan khong phai 1a cdch lam t6t nhat. ¢ day ta &€ md td mot thuat todn giai
bai todn trén v6i do phitc tap tinh todn O(*): Thuat todn Floyd. Thuat todn dugc mé ta
trong thu tuc dudi day.

procedure Floyd;
(* Tim duong di ngdn nhdt giita tdt cd cdc cdp dinh
o Dau vao: Do thi cho bdi ma trdn trong sé'alijl, 1,j=12,..n.
e Paura :
Ma irgn duong di ngen nhdt gifta cdc cdp dinh
dlijl, i, j=12,.n,
trong dé dli j} cho d¢ dai duong di ngdn nhat t i dén j.
Ma trdn ghi nhdn duong di
plijl,i,j=12,..n,
trong dé plij] ghi nhdn dinh di trudc dinh | trong dudng di ngdn nhdt tic i dén j.

*)
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begin
(* Khditao *)
fori:=1 to n do
for j:=1 to n do

begin
dfij] =ali,jl;
pli]] =1
end;

(* Buéclap *)
for ki=1to n do
for i:=1 to n do
for j:=1 to n do
if d[i,j] > dfi,k] + d{k,j] then

begin
dli,j] := dli,k]+ dik,j];
end;

end;
R4 rang do phiic tap tinh todn cha thuat todn 1a O(2°).

Két thiic chuong nay ching ta trinh bay mét cdch thé hién thuét toin Dijkstra trén
ngdén ngt PASCAL.:

(* Chuong trinh tim dudng di ngén nhat tir dinh s dén dinh ¢ theo thuat todn Dijkstra *)

uses crt;
const
max = 50;
var
n, s, t : integer;
chon : char;
Truoc : array [1..max] of byte;
d : array [1..max] of integer;
a : array [1..max,l..max] of integer;

final : array [[..max] of boolean;

procedure NhapSoLieu;
var
f . text;

fname : string;

232



Chuong 6. Bai todn duong di ngdn nhat

1,] : integer;
begin

write (‘Vao ten file du lieu can doc: ')

readIn{fname);
assign(f,fname);
reset(f);
readln(f,n);
for i:= 1 tondo
for j:= 1 to n do read(f,a[i.j]
close(f);
end;

procedure InSoLieu;

var
i,j: integer;

begin
writeln(' So dinh cua do thi : ".n);
writeln(' Ma tran khoang cach:’);
for 1:=1 to n do
begin

for ;=1 to n do write(alij]:3,

writeln;
end;
end;

procedure InKetQua;
var

1, j : integer;
begin

writeln (' DUONG DI NGAN NHAT TU '.s,' DEN ",t);

write(t,' <=");
1:=Truoc|t];
while 1<>s do
begin
write(i,' <=");
1:=Truoc[i];
end;
writeln(s);

writeln('Do dai cua duong di la: ".d[t]);

end;

TRR - 16
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procedure Dijkstra;
var v, u, minp : integer;

begin
write('Tim duong di tu s =');
readin{s);
write(’ dent=");
readin(t);

for v:=1 to n do
begin (* Khot tao nhdn *)
dfv]:=al[s,v];
Truocfv]:=s;
final[v]:=false:
end;
Truoc{s]:=0;
d[s]:=0;
final[s]:=true;
while not final[t] do (***** Budclgp *¥****)
begin
{ Tim u la dinh ¢6 nhadn tam thoi nho nhat )
minp:= maxint;
for vi=1 to n do
if (not final[v]) and (minp > d[v]) then
begin
w=v;
minp:= d[v];
end;
fial[u]:= true;
if not final[t] then
for vi=1 to n do
if (not final[v]) and (d[u] + a[u,v] <d[v] )} then
begin
d[v}:=d[u] + a[u,v];
Truoc[v}l:=u;
end;
end;
end;
end;

234



Chuong 6. Bar todn duong di ngdn nhdt

procedure Menu;

begin
clrscr;
writeln(' CHUONG TRINH TIM DUONG DI NGAN NHATTU s DENt );
writeln(' THEO THUAT TOAN DIJKSTRA');
Wri[eln(' ******************************');
writeln(' 1. Nhap so lieu tu file.");
writzln(’ 2. Giai bai toan.");
writeln(’ 3. Ket thuc.";
WItEIN (e mmm oo o e e %

write(' Hay chon chuc nang: '#7);
end;

BEGIN (* Chuong trinh chinh *)
repeat
Menu; chon:=readkey; writeln(chon);
case chon of
'1': NhapSoLieu;
'2': begin
InSoLieu; Dijkstra; InKetQua;
end;
'3 Exit;
end;
until false;
END.
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Bai tap

1. Lap trinh thyc hién cac thuat todn mo ta trong chuong 6:
a) Thuat todn Ford - Bellman;
b) Thuét toan Dijkstra;
¢) Thuat todn Flovd;
d) Thuéat todn tim dudng di dai nhat trén do thi khong ¢é chu trinh (PERT).

2. Trong truong hop do thi thua, cdc thuat toan Ford - Bellman, Dijkstra, Floyd sé lam
viéc hiéu qua hon néu ta sir dung danh sich ké dé biéu dién dé thi. Hiy mo ta lai cdc
thuit todn trén cho trudng hgp nay, va danh gid do phitc tap tinh todn cta ching.

3. Tim duong di ngéan nhat theo thuat teén Dijkstra tit dinh A d&n t&t ca cdc dinh cdn lzi
trén do thi cho trong cdc hinh vé dudi day:

a)
A B c
3 S
3 : 3
=] 2 5 g 7
D E F G H
7 7 5 4
4 8 4 4 £ 4 a
i 7
J K L
b)
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Clucong 6. Bai todn duong di ngdn nhdt

d. Ap dung thudt todn didnh ¢ dinh dé kiem tado thi sau ddy ¢ chita chu tiinh hay khong

P | R
o- o -0 |
CR
N |

5. Xét do thi gom 7 dinh AL B, C. D. E. F. G cho boi mat triin trong s0

AB C D E F G

O 11 65 17 65 65 63
65 0 12 65 65 10 16
65 65 0 13 14 65 19
65 65 65 0 65 65 18
65 65 65 65 0 65 I3
65 13 I8 65 65 O 10
G 65 65 65 65 65 65 0

mTmo N w

Tim dudmg di ngan nhat wrdinh A dén dinh G theo thuat 1odn Dijkstra. Yéu cau viét rd
ket qua trung gian trong tung budc. K&t qua cudi cung: Puong di ngan nhat tr A dén G

vae dé dii cha no.

6. Cho mot bang gom mxan 6. NEu mot 6 nam & hing 7 ¢dt j cta bang thi ta s& noi 6 niy
co toa do (i) (=120 j=120..m). Trong mdi o vict mot s6 nguyén (2oi 12 gid tri cda
0). T mot 6 bat ky cua bang chi ¢ thé di chuyen dén nhiing 6 ¢ bén phai ¢d chung
cang hoac dinh véi n6. D@ idgu vé bang ndi trén duoc cho trong mot file vian ban cé €n
DATA3.INP, dong dau tién cta né chia hai s6 m. i duoc ghi cdch nhau boi dau cich.
Mo6i dong thii ¢ trong s§ mi dong tiép theo chia 7 56 ghi trong 7 6 clia dong thit i cla
bang. cic sO duge ghi cich nhau boi dau cich (i=1,2.....m). Hay lap trinh nhap du liéu
vio tir file, sau d6 tim day cic di chuyén tir mép trii cua bing sang mép phai clia bang
sao cho tdng s6 cic gid tri cta cac o di qua la nho nhat. Yéu cau két qua dua ra dudi
dang diy toa do cua cdc 0 cin di chuyén qua bit diu tir mot 6 xuat phat & mép trdi v
k&t thic & mot 6 ndo dé & mép phii, va tong s cdc gid tri cha cde 6 ndy.
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7. Cho day n s6 nguyén 1], x[2]...., x[n]. trong d6 1<n<1000 va 1<a]i]<200.7 = 1.
2....n. Dy s6 da cho duoc ghi trong mot file van ban ¢6 tén 1d DATA4.INP. cic so
dugc ghi cach nhau boi it nhat mot dau cach hoac dau xudng dong. Nhap di liéu vio tur
file, sau d6 tim cdch xod bd it nhat mot s6 cic phan tor cua diy da cho sao cho cie phan
i con lai (gitt nguyeén thit tr cua ching trong day ban ddu) tao thanh mét day con
khong giam. Pua ra man hinh t6ng s§ cac phan t cdn xod va chi sd cta ching trong
day da cho.

8. Day so6 nguyén a[l]. a|2]. ... . alm] dugc goi la day con cua day con cua day so
nguyén b[1], b[2]....., b[n] (m < n) néu tim dugc diy cic chi so j[1].j[2].....jIm] sao cho
F< < il2l<...<im]<€n
va
ali] = b[j[i]], i=1.2,...m. (n
Cho hat day s6 nguyén
c[1}, ¢[2], ..., clpl. (2)
dl1].d[2]. ... . d[q]. (3)

Di liéu vé hai diy s& dugc ghi trong file van bian ¢6 tén 1la. DATAS.INP. dong dau tién
chtta hai s6 p, q dugc ghi cdch nhau boi dau cdch. Trong cich dong tiép theo ghi lan
luot cdc phan tr cua day (2) roi tiép dén cdc phan tir cua day (3). cde s6 ghi cach nhau
boi it nhat mot dau cach hoac dau xudng dong. Hay lap trinh nhip dit [iéu vao tu file,
sau do tim ddy con chung ¢6 s phan tu la I6n nhét cua hai day da cho. Két qud dua ra
file ¢6 ttn KQUAS.OUT: dong dau tién chtta $6 phéan cua day con chung tim duoc,
trong cdc dong tiép theo lan lugt ghi cdc phan t cua hai diy chi s tuong dng chi rd vi
tri cua day con nay trong hai diy ban dau (cic s0 ghi cach nhau bdi it nhat mot dau
cdch hoac dau xuong dong.

9. Cho ban co& quéc t€ gom n.n 6 (n < 50). Trong moéi 6 (i) cua nd ta dién mot so
nguyén duong afi ] <100, i, j = 1,2,...n. Tit mot 6 bat ky (ij) clia bang ta c¢6 thé di
chuyén sang 6 ¢é cling méau véi né néu nhu |/ ,j] 12 8 chin, va sang 6 khdc miw vai no
néu alij] 1a $6 1é. D lieu duge cho trong mot file van ban c¢6 tén la DATAG.INP, dong
dau tién chia 6 7. Trong cdc dong ti€p theo chia cdce phin tr af1,1], ¢[1.2], ... «[1.1],
wwaln ], afn,2), ..., alnnl, cdc s6 duge 1an lugt ghi theo thir t vira néu va cich nhau
boi it nhat mot diu cich hoac dau xudng dong.

Yéu cau: Tim mot cach di chuyén mot 6 nao dé & ¢ot thit nhat sang mot 6 nio do & cot
thd n cua ban cd sao cho tdng céc s6 ghi trong cdc 6 di chuyén qua ld nho nhit. Pua ra
man hinh k&t qua dudi dang ba s6 nguyén v, v, L, trong dé v Ia toa do dong cla 6 xudt
phat. v - toa do dong cha 6 két thiic, L - tong cdc s6 ghi trong cdc 6 can di chuyén qua.

I
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Chuong 7. Bai todn luong cuc dai trong mang

BAI TOAN LUONG cUC pAl
TRONG MANG

Bai todn ludng cuc dai trong mang 1a mot trong $6 nhiing bai todn t6i vu trén do thi
tim dugc nhitng dng dung rdng rai trong thyc t& cling nhu nhimg tng dung thy vi trong
Iy thuyét t6 hop. Bai toan duge dé xuét vao ddu nhitng nam 1950, va gén lién vdi tén
tudi cha hai nha toan hoc My 1a Ford va Fulkerson. Trong chuong nay chiing ta s€ trinh
bay thuat todn ctia Ford va Fulkerson dé giai bai todn dat ra va néu mot s6 ing dung cia
bai todn.

7.1. Mang. Ludng trong mang. Bai toan luéng cuc dai

Pinh nghia 1. Ta goi mang la dé thi ¢6 huéng G = (V, E), trong dé c6 duy nhdt mot
dinh s khong cé cung di vao goi la diém phat, duy nhdt moét dinh t khong cé cung di ra
goi la diém thu va méi cung e = (v,w) € E dugc gdn voi mot s6 khong am c(e) = c(v,w)
goi la khd ndng thong qua ciia cung e. ‘
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Phan 2. Ly thuyét dé thi

D¢ thuan tién cho viéc trinh bay ta s& qui udc ring néu khong cé cung (v,w) thi kha
nang thong qua c(v,w) duge gén bang 0.

Pinh nghia 2. Gid sit cho mang G =(V, E). Ta goi luéng f trong mang G = (V, E) la
anh xa f: E— R, gdn cho méi cung e = (v\w) € E mdt s6 thice khong am fle) = flvw),
goi la luong trén cung e, thod man cdc diéu kién sau:

1) Ludng trén moi cung e € E khong vior qud khd ndng thong qua cua né:
0= fle)= cle),

2) Diéu kién cdn bdng ludng trén méi dinh cia mang: Tong-luong trén cdc cung di

vao dinh v bdng tong luéng trén cdc cung di ra khdi dinh v, néu v =5, t :

Div (vy= D flw,v) = > f(v,w).

wel ™ (v) wel™(v)

trong d6 17°(v) - tdp cédc dinh clia mang ma tir d6 ¢ cung dén v, [(v) - tap cic dinh cta
mang ma tir v cé cung dén né:

TrM={weV: w,v)eE), T"W={weV: (v, w) e E}.

3) Ta goi gid tri cua luong f la s6

val(f)= 2 flsw)= 2 f(w.).
wel™ (5} wel (1)
Chi ¥ 1a dang thic thit hai trong dinh nghia gi4 tri luéng 14 hé qua cla diéu kién can
bing ludng.

Bai todn luéng cuc dai trong mang: Cho mang G= (V, E). Hay tim ludng f* trong
mang véi gia tri ludng val(f*) 1a 16n nhat. Ludng nhu vay ta s€ goi la ludng cuc dai
trong mang.

Bai todn nhu vay cé thé xuat hién trong rat nhiéu tng dung thuc t&€, Ching han khi
cdn xdc dinh cudng d6 16n nhat cia dong van tai giita 2 niit chia mot ban dé giao thong.
Trong vi du nay 10i giai cta bai todn luéng cuc dai sé& chi cho ta cic doan dudong dong
xe nhat va ching tao thanh "chd hep" twong ng véi dong giao thong xét theo 2 nuit
dugc chon. Mot vi du khéc 1a néu xét do thi tuong tng véi mot hé théng dudng ong dan
ddu. Trong d6 cdc Ong twong Gng véi cac cung, diém phét c6 thé coi 1a tan chd diu,
diém thu 12 bé chita, con nhitng diém néi gilta cdc dng 14 cdc niit cta d6 thi. Kha nang
thong qua clia cac cung tuong ung véi i€t dién cdc dng. Cin phai tim ludng diu I6n
nh4t ¢ thé bom ti tau ché ddu vao bé chia.
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7.2. Lat cat. Pudng tang ludng. Pinh Iy Ford - Fulkerson

binh nghia 3. Ta goi ldr car (X, X'y Ia mot cich phdn hoach wp dinh V ciia mang ra
thanh hai tap Xva X =V \X rong dé s € Xvar € X. Khd néng *héng qua ciia ldi cdi
X, X) la s¢

(X, X7)= ) c(v.w).

ve Y
we X'

Ldt car voi khd ndng thong qua nho nhdar duoe eci ia/laé et hep rnhdt.

Bo dé 1. Gid tri ciia moi luéng f trong mang luén nho hon hoge bdng khd ndng thong
qua ctia lat car (X, X) bat ky trong né: val(f) <X, X).

Ching minh. Cong cdc diéu kién can bang ludéng Div,(v) = 0 véi moi v € X. Khi dé ta

co

20 2 fuewy - 2 o)) = -val(f)

v el —_ +
w € r (V) w e I (\")

téng nay s& gom cic s6 hang dang flu,v) v6i ddu cong hodc dau trir ma trong dé cé it
nhat mot trong hai dinh u, v phai thudc tap X. Néu ¢i hai dinh i, v déu trong tap X, thi
flu,v) xuat hién véi diu cong trong Div (v) va vai diu trir trong Div, (u), vi thé, chiing
triét tiéu 1an nhau. Do dé, sau khi gidn udc cdc s6 hang nhu vay & vé trdi, ta thu duoc

Y i 3 - i),

ved ve V'
we X we X
hay la
val(fy= Y flv,w)= D f(v,w).
veld' re X
we X we X

Mat khdc, tir diéu kién | ro rang 1a

Zf(v,w) < Zc(v,w),

ve X velX
weld’ weX'
con
- Y fv,w) 0.
veX'
well

suy ra val(f) < (X, X'). B6 dé dugc chimg minh.
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Phan 2. Ly thuyét do thi

Tu bé dé 1 suy ra

Hé qua 1. Gid tri ludng cuc dai trong mang khong vuot qua khd ndng thong qua cia ldt
cdrt hep nhdt trong mang.

Ford va Fulkerson di chiing minh rang gia tri lubng cuc dai trong mang ding bing
kha ning thong qua cha l4t ct hep nhat. Dé c6 thé phdt biu va ching minh két qua nay
chiing ta s& cdn thém mot s6 khdi niérm.

Gia st f 1a mot luong trong mang G = (V, E). Temang G = (V, E) ta xay dung dé
thi c6 trong s6 trén cung G, = (V, E), véi tap cung E, va trong s trén céc cung dugc xdc
dinh theo quy tac sau:

1) Néue=(v,w) e E véifivw) =0, thi (vw) € E; v6i trong s6 c(v,w);

2) Néue = (vw) € EV6iflv,w) = c(v,w), thi (w,v) € E, vGi trong s6 flv,w);

3) Néue = (v,w) € Ev6i 0 < flv.w) < c(v,w), thi (v,w) € E, vGi trong s6 c(v,w) -

flv,w) va (w,v) € E; vGi trong s6 flv,w).

Céc cung cha G, dong thi ciing la cung cla G duge goi la cung thudn, cic cung con lai
duoc goi 12 cung nghich. D6 thi G, duoc goi 1a dé thi tdng luéng.

Thi du: Cac s6 viét canh cac cung cia G & hinh | theo thit tu 14 kha nang thong qua va
ludéng trén cung.

$
3,3 4,1
b ¢
3,2 3,0
d e
: t
G G,

Hinh 1. Mang G va ludng f. D6 thi ¢6 trong s6 G, tuong tng.
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Chuong 7. Bai todn luong cue dai trong mang

Giastt P=(s=v, Vv, V..., v,=1 lamotdusng di tir s dén  trén do thi tang
luéng G,. Goi 6 la gid tri nho nhat cua cdc trong sO cua cdc cung trén dudng di P. Xay
dung ludng f " trén mang G theo quy tac sau:

flu,v)+ 8, néu(uv) € Placung thudn,
f'(u,v)y = fu,v)—=06, néu(u,v) e Placung nghich,
S(uwv), néu (uv) ¢ P.

D¢ dang kiém tra duge ring f ' duge xdy dung nhir trén [a ludng trong mang va val(f ') =
val(f) + & Ta s& goi thi tuc bién doi ludng vita néu 1a tang luéng doc theo duong P.

Pinh nghia 4. Ta goi diong tdng luong f 1a moi duong di tix s dén t trén do thi tdng
luong G(f).
Dinh Iy dudi day cho méi lién hé giita ludng cuc dai, dudng tang ludng va ldt cat.
Dinh 1y 1. Cdc ménh dé duoi day la tuong duong:
() f laludng cuc dai trong mang,;

(ity Khong tim dicoe duong tang luong f:
(i) val(fy = c(X.X) voi mot ldt cdr (X, X') nao dé.

Ching minh.

(i) = (i). Gia st nguoc lai, tim duge dudng tang ludng P. Khi dé ta cd thé tang gid
tri luéng bing cdch tang ludng doc theo dudng P. Diéu d6 mau thuln véi tinh cuc dai
cha ludng f.

(i) = (iif). Gia su khong tim dugc dudng tang luéng. Ky hiéu X 13 tap tat ca cdc
dinh c6 thé dén dugce tir dinh s trong d6 thi G, va dat X' = V \ X. Khi d6 (X, X) la lat cat,
va flvw)=0vSéimoive X, w e X nén

val(f)= 3 fv,w)= 2 f(n,w)= D [(%w)

veX ve X" veX
weX’ we X we X'

Véi ve X, we X, do (v, w) g G, nénf(v, w) = c(v, w). Vay

val(f) = Zf(v,w)z Zc(v,w)=c(X,X').

vex veY
we X we X

(iii) = (/). Theo B6 dé 1, val(f) < c(X, X) v6i moi ludng f va véi moi ldt cét (X, X).
Vi vay, tir dang thitc val(f) = ¢(X, X') suy ra luéng f 1a luéng cuc dai trong mang.

DPinh 1y dugc chitng minh.

243



Phan 2. Ly thuyé? do thi

7.3. Thuat toan tim luéng cuc dai trong mang

Dinh ly 1 1a co s& dé xay dung thuat todn lap sau day dé tim luéng cuc dai trong mang:
Bét dau tir luéng véi ludng trén tat ca cdc cung bang O (ta sé€ goi ludng nhu vay la lubng
khong), va lap lai budc 1ap sau day cho dén khi thu duge luéng ma doi véi né khong con
duong tang:

Budc lip tang luong (Ford - Fulkerson): Tim dudng tang P d6i véi ludng hién cé. Tang
ludng doc theo dudng P.

Khi di c6 luéng cuc dai, 14t cat hep nhat ¢6 thé tim theo thl tuc mo ta trong chimg minh
dinh 1y 1. So dé ctia thuét todn Ford - Fulkerson ¢ thé mé ta trong thu tuc sau day:

procedure Max_Flow;
(* Thudt toan Ford - Fulkerson *)
begin
(* Khéi tao: Bit du tix luéng véi gid tri 0 *)
foru e Vdo
for v e Vdo f(u,v):=0;
Stop:=false;
while not Stop do
if <Tim duoc duong tang luéng P> then <Tdng ludng doc theo P>
else Stop:=true;
end;

Dé tim duong tang ludng trong G, c6 thé sir dung thuat todn tim kiém theo chiéu
rong (hay tim ki€m theo chiéu sau) bat ddu tir dinh s, trong dé khong cén xay dung
tudng minh d6 thi G, Ford - Fulkerson dé nghi thuat toin gdn nhin chi tiét sau day dé
gidi bai todn ludng cuc dai trong mang. Thuat todn bat dau tir luéng chap nhan duge nao
dé trong mang (c6 thé bat ddu tir ludng khong), sau d6 ta sé ting ludéng bing cdch tim
cdc dudng ting ludng. Dé tim dudng tang ludng ta sé d4p dung phuong phdp gdn nhan
cho cédc dinh. Méi dinh trong qud trinh thuc hién thuét todn s& & mot trong 3 trang thai:
chua c¢6 nhan, ¢é nhin chua xét, cé nhan da xét. Nhan cla moét dinh v gém 2 phan va c6
mot trong 2 dang sau: [+p(v),&(v)] hoac [-p(v),&v)]. Phan thit nhat +p(v) (hoac -p(v))
chi ra la can tang (hoac giam) ludng theo cung (p(v), v) (cung (v, p(v)) con phan thi hai
&) chi ra lugng 16n nhat cé thé ting hoac giam ludng theo cung nay. Pau tién chi ¢
dinh s duoc khdi tao nhidn va nhin cta né 1A chua xét, con tat ca cac dinh con lai déu
chwa ¢é nhan. Tir s ta gdn nhan cho tat ca cic dinh ké véi né va nhin cla dinh s s€ u®
thanh da xét. Tiép theo, tr mbi dinh v ¢6 nhdn chua xét ta lai gdn nhdn cho tat ca cdc
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dinh chua c¢é nhan ké v&i né va nhin caa dinh v trd thinh da xét. Qua trinh s€ duoc lap
lai cho dén khi hodac 1a dinh 1 trd thanh cé nhin hoac i nhin cla tat ca cac dinh ¢ nhan
déu la da xét nhung dinh ¢ van khong c¢6 nhan. Trong truong hgp thit nhat ta tim duoc
dudng tang lubng, con trong trudng hop thd hai ddi vdi ludng dang xét khong ton tai
dudng tang luéng (tdc 1a ludng da la cuc dai). Médi khi tim duge duong tang ludng, ta lai
tang luéng theo dudng tim dugc, sau dé xod tat ca cdac nhan va doi véi ludag mdéi thu
duoc lai s dung phép gan nhin cic dinh dé tim dudng tang ludng. Thuat todn s& két
thuc khi nao d6j véi ludong dang ¢é trong mang khong tim duge dudng tang ludng.

Hai thii tuc Tim dudng tang wong va Tang tuong ¢4 thé mo ta nhu 3au.

progedure Find_Path;

(* Thu tuc gdn nhan tim duong tang luong
plv], e[v] la nhan cha dinh v;
V; - danh sdch cdc dinh ¢6 nhan nhung chua xét:
clu,v] - kha ning thong qua cua cung (u, v). u. v € V;
flu,v] - luéng trén cung (u, v), (u, v e V)  *)

begin
pls] :=s;
g[s]i= +wo;
V=W {s};

PathFound:=true;

while V= J do

begin
u< Vo (¥ Lay v wv, )
for ve VAV, do

begin

if (c[u, v] > 0)and (ITu, v] < c[u,v}) then

begin
plv]:=u;
elvl:=min { glu], c[u,v] - f[u,v];
Ve =V, U {v]; (* Nap v vao danh sach dinh cé nhan *)
if v=rtthen exit;

end;

if (c[v,u] >0yand (f[v, u] > 0) then

begin

pIv]:= -u;
g[v]:=min { g[u], f[v,u]};
V=V, U {v]: (* Nap v vao danh sach dinh c6 nhan *)
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if v=tthen exit;
end;
end;
PathFound:=false:
end;

procedure Inc_Flow;
(* Tang ludng theo dudng tang *)
begin

v = p[t]); uw:=t; tang:= g[t);

whileu Zsdo

begin
if v> 0 then f[v, u] := f[v, u] + tang
esle
begin
Vi= -V
f[u,v]):= f[u,v] - tang;
end;

u:=v; vi=plul;
end;
end:;

Thuit todn Ford - Fulkerson dugc thuc hién nhg thu tuc:

procedure Max_Flow;
(* Thudt todn Ford - Fulkerson *)
begin
(* Khdi tao: Bét ddu tir lubng véi gid tri 0 *)
foru e Vdo
for ve Vdo f[u,v]:=0;
Stop:=false;
while not Stop do
begin
Find_Path;
if PathFound then Inc_Flow
else Stop:=true;
end;
< Luéng cuc dai trong mang la flu,v], u,v €V >
< Ladt cdt hep nhdt la (V;, V\V,) >
end;
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Gia su ta kha ning thong qua cla tat cd cic cung cua do thi la cde so nguyén. Khi dé
sau moi 1an tang ludng. gid tri ludng s¢ tang lén it nhit 1a . T dé suy ra thuat todn
Ford - Fulkerson s€ dung sau khong qui vel(f) lan tang tudong va cho ta ludng cuc dal
trong mang. Dong thot. rd ring f () & 1 sd nguven doi véi moi cung (. v) € E. T

dé ta ¢6 cidc két qua sau:

Pinh ly 2 (Dinh Iy vé luong cuc dai trong mang va ldt cdt hep nhat). Luong cuc dai

trone prane bang kha néng thong qua cna ldar cdar hep nhar.

Pinh 1y 3. (Pinh ly vé tinh neuvén). Néu it ca cde khd néng thone gua 1o cae s6
1 1 HU| X 8

nguven thi luon tim duoe liong cuee dai vor luong trén cde cung 1 cde sé nguyén.

Hai dinh ly vira néu dugc su dung trong viée tng dung luong cuc dai vao viéc gidi quyét
nhiéu bai toan trong to hop.

Tuy nhién, néu cdc kha nang thong qua la cdc $0 rat I6n thi gid tri cua ludng cuc
dai cfing c6 thé 1a rat I6n va khi d6 thuat todn mo ta ¢ trén s€ doi hot thuc hién rdt nhiéu
budc ting ludng. Thi du trong hinh 2 sé¢ minh hoa cho diéu nay. Hinh 2(1) mé td mang
can xét véi cdc kha nang thong qua trén cac cung. Hinh 2(b) mé ta ludng trén cic cung
(s6 thit hai bén canh cung) sau khi thuc hién tang luong doc theo duong tang ludng (s,
a, b, 1). Hinh 2(c) mo ta ludng trén cic cung sau khi thuc hién tang luong doc theo
duong tang ludng (s, b, «, 7). RG rang, sau 2.10" [an tang ludng theo duong (s. «. b, 1) va

(s. b.a, r) mot cach luan phién ta thu duge ludng cuc dai.

! I !
(a) (b) (c)

Hinh 2. Vi du t6i té ddi vai thuat todn Ford - Fulkerson.
Hon thé nita, n€u cic kha nang thong qua 1a cdc s6 vo ty, ngudi ta con xay dung

dugc vi dy dé cho thudt todn khong dimg, va té hon la néu diy cdc gia tri ludng xay
dung theo thudt todn hoi tu thi né con khong héi tu dén gid tri ludng cuc dai. Nhu vay,
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muon thuat toin lum viée hiéu qua. vice lua chon dudng tang luong can duge tién hanh
hét ste can than.

Edmonds v Karp chi ra rang néu duong tang ludng duge chon 1 dudng ngan nha
oy dén 7 wen do thi G, . Diéu dd ¢ thé thuc hién, n€u trong thi tuc tim dudng tang
Find_Path mo ta & teén. danh sdch V', duge 10 chie dudi dang QUEUE (nghia li ta thue
hién tim dudng tang boi thu tuc tim kiém theo chiéu rdng) thi thudt todn s& két thdc sau
khong qua 2m/2 lan s dung duong ting ludng. Néu dé y rang, tim ki€m theo chiéu
rong rén do thr dor hoi thot gian Og+m), thi thudt todan thu duoe sé ¢d do phiic tap tinh
toan 1 Ounr).

Nho cach 10 chic tim duong ting khéo 1¢o hon, ngudi (a da xay dung ducce thuai
toidn vai 40 phic tap tinh tedn (6t hon nhu: OUerm) (Dinic, 19705, Oty (Karziaov,
1674), O(’ni"?y (Chekasky. 1977, O(nm log n) (Sleator -Tarjan, 1980).

Ta két thac muc nay bar vi du minh hoa cho thuat toan Ford - Fulkerson sau day.
Hinh 3 (a) cho mang G cung véi kna nang thong qua cua cdc cung va ludng eid tui 10
trong nd. Hai s& viét bén canh moi cung 1a kha nang thong qua cla cung (59 trong
ngodc) vit luong trén cung. Pudng tang ludng b dang (s, vy, va v v, 1= ). Ta tinh

duge ¢(r) = 1, gid tri ludng tang tr 10 1én 11, Hinh 3 (b) cho ludng thu duge sau khi ting
luong theo duong tang tim dugc.

Luong trong hinh 3 (b) da 1a cuc dai. Ldt ¢it hep nhat
X={s.voova vl X ={vv. v 1]

Gid tri ludng cuc dai la 1.

(a)
¢
44 ISR I ]g (v
B ETEN .
. . I
Ay T02)
.
Yy
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(b) 6 ©)
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Hinh 3. Tang ludng doc theo dudng tang

7.4. Mot s& bai toan luéng téng quat

Trong phin nay ta néu ra mot s6 dang bai todn vé ludng tong quat ma viéc giai chiing
¢6 thé din vé bai todn ludng cuc dai trinh bay & trén.

a) Mang véi nhiéu diém phat va diém thu.

Xét mang G véi p diém phat s, 5,...., s, va g diémthur, 1., 1. Gia sif ring ludng c6
thé di tr mot diém phat bat ky dén tit ca cac diém thu. Bai todn tim ludng cuc dai tir cic
diém phdt dén cic dicm thu ¢d thé dua vé bai todn vdi mot diém phat va mét diém thu
bang cich dua viao mot diém phat gid s va mot diém thu gia 1 va cdc canh néi s véi tat ca
cdc diém phét va céc canh néi céc diém thu véi +.

Hinh 4 minh hoa cho cdch dua mang v6i nhiéu diém phét va nhiéu diém thu vé
mang chi ¢6 mot diém phdt va mot diém thu. Kha nang thong qua ciia cung néi s vdi
diém phit s, s& bing +oc néu khong c6 han ché vé luong phét clia diém phdt s,, va néu
lugng phdt cia s, bi han ché bdi A, thi cung (s, s,) cé kha nang thong qua la b,. Ciing
nhu vdy. d6i véi cdc cung ndi #, v6i diém thu ¢, gia tri kha niang thong qua cua (t,, 1) sé
12 gi6i han hoac khéng gidi han wy theo lugng thu cha diém thu nay ¢6 bi gidi han hay
khong.
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Phdn 2. Ly thuyét do thi

Diém phat gia Diém thu gia

\, S, !,

Ci4c diém phat Cac diém thu
Hink 4. Mang v6i nhiéu diém phat va thu

Trudng hop mot s6 di€ém thu chi nhan "hang" tir mot s6 diém phat ta ¢6 bai toan nhiéu
luong 14 mot bai toan phitc tap hon rét nhiéu so véi bai todn ludng cuc dai giita diém
phat s va diém thu ¢.

b) Bai toan vé6i kha nang thong qua cua cac cung va cic dinh.

Gia st trong d6 thi G, ngoai kha nang thong qua cta céc cung ¢c(u, v), 8 mdi dinh v € V
con ¢6 kha nang thong qua clia dinh 1a d(v), va ddi hoi t6ng ludng di vao dinh v khong
duoc vuot qua d(v), tic la

2 fwy) < d).

weV
Cén phai tim ludng cyc dai gilta s va ¢ trong mang nhu vay.
Xay dung moét mang G’ sao cho: méi dinh v cta G tuong dng vé6i 2 dinh v*, v’ trong
G', mbi cung (u, v) trong G tmg vdi cung (u', v*) trong G', méi cung (v,w) trong G ing
véi cung (v, w) trong G'. Ngoai ra, méi cung (v*, v') trong G’ cé kha nang thong qua la
d(v), tic 12 bang kha nang théng qua cla dinh v trong G.
u d

H

Hinh 5a. Mang G véi kha nang thong qua & cung va dinh.
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Chuong 7. Bai todn luong cuc dai trong mang

' d ow

Hinh 5.b. Mang G' tuong tng chi c¢6 kha nang théng qua trén cac cung.
Hinh 5. Mang véi kha nang thong qua trén cac dinh va cdc cung.
Do luéng di vao dinh v* phai di qua cung (v*, v) vdi kha nang thong qua d(v), nén

ludng cuc dai trong G’ s& bing ludng cuc dai trong G vdi kha niang thong qua cla cac
cung va cac dinh.

¢) Mang trong d6 kha niang théng qua ciua méi cung bi chan hai phia.
Xét mang G ma trong d6 méi cung (&, v) cé kha nang théong qua (can trén cia lubng
trén cung) c(u, v) va can dudi cua ludng l1a d(u, v). Bai todn dat ra la liéu ¢6 t6n tai

ludng tuong thich tir s dén ¢, titc 1a luong {fu, v): u, veV'} thoa man thém rang budc
du,v) £ flu,v) € c(u,v), V{u,v) ek,
hay khong?

Pua vao mang G dinh phat gia s, va dinh thu gia ¢, va xay dung mang G, theo qui tac:

Moéi cung (u, v) ma d(u, v) # 0 s€ tuong tng véi 2 cung (s, v) va (u, t,) v6i kha nang

thong qua la d(u, v). Giam c(u, v) di d(u, v) tic 1a thay kha nang thong qua cua cung (u,
v) bai c(u, v) - d(u, v) con can dudi cua né dat bing 0. Ngoai ra thém vao cung (¢, s) voi

(¢, $) = oo,
Hinh 6a cho vi du mang G v6i kha nang théng qua cua cic cung bi chan ca hai
phia. D4 thi G, tuong ting duge cho trong Hinh 6(b).
u

ru,t), c(u,t)

r(s,v),c(s,v) 0, c(v.t)

Hinh 6a
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Phdn 2. Ly thuyét do thi

o(u,0)-d(u,t)

v disv) Ry

Hinh 6b
Hinh 6. Mang v&i kha nang théng qua bi chan hai phia.

Ky hiéu
d = Z d(u,v).
el (a2

Ta cé két qua sau day.

Dinh Iy 4. /) Néu ludng lon nhdt trong mang G, tr s, dént, bang d thi ton tai luong
tiong thich trong G.

2) Néu ludng ldn nhdt trong mang G, tiv s, dént, la khdc d thi khong ton tai ludng
tuong thich trong G.

7.5. Mot s& img dung trong té hop

Bai todn ludng cuc dai ¢é rét nhiéu ing dung trong viéc giai nhiéu bai toan t6 hop. Kho
khan chinh & day la phai xay dung mang tuong Ung sao cho viéc tim ludng cuc dai trong
né sé twong duong vai viéc giai bai todn té hop dat ra. Muc nay sé giéi thiéu mot s6 bai
todn nhu vay.

a) Bai todn dim cudi ving qué. C6 m chang trai & mot lang qué no. Da6i v6i mdi chang

trai ta biét cdc c6 gdi ma anh ta vira y. Hoi khi ndo thi c6 thé t6 chic cdc ddm cudi trong
do6 chang trai nao ciing sénh duyén véi c6 gdi ma minh vira y.
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Chuong 7. Bai todan luong cuee dai trong mang

Ta c6 thé xay dung dé thi vdi cic dinh biéu thi cic ching trai va cdc co géi, con
cdc cung biéu thi sy vita y clia cdc ching trai doi vdi cic ¢ gdi. Khi dé ta thu duoc mot
d6 thi hai phia.

Thi du. C6 4 chang trai {7,,7,, T, T, } va 5 co gii {G,, G,, Gy, G,, Gs}. Sy vita y cho
trong bang sau

Chang trai | Cic co gdi ma chang trai ung y |
T, G,.G,. G, f
T, G, |
T, G,, Gy, G,
T, G,, G,

Hinh 7. Mang tuemg ang véi Baj toan ddm cudi ving qué

Dua vao diém phat s va diém thu r. N6i s v6i tat ci cdc dinh biéu thi cdc chang trai,
va ndi ¢ véi tat ca cac dinh biéu thi cdc ¢o gai. Tat ca cdc cung cla d6 thi déu cé kha
ning thong qua bang [. Bat ddu ti ludng 0. ta tim ludng cuc dai trong mang xdy dung
dugc theo thuat toan Ford - Fulkerson. Tir dinh 1y vé tinh nguyén, ludng trén cdc cung
1a cac 56 0 hoac 1. RG rang 1a néu ludng cuc dai trong do thi ¢ gid tri V. = m, thi bai
toan ¢6 10 giai, va cdc cung véi ludng bing 1 sé chi ra cach t6 chic ddm cudi thoa mén
diéu kién dat ra. Nguoc lai, néu bai todn c6 10i giai thi V,,, = m. Bai todn vé cdc ddm
cudi viing qué 1a mot trudng hop riéng cta bai todn vé cap ghép trén do thi hai phia ma
dé giai n6 c6 thé x4y dung thuat todn hiéu qua hon.

b) Bai toan vé hé thong dai dién chung.
Cho tap m phén tt X = {z,, z,,..., z,,}. Gia st <A, A,...., A,> va <B,, B,...., B,> la hai day
cdc tip con clia tap X Day gom n phan tu khiac nhau cta X <a,, a,,..., a,> dugc goi 1a hé
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Phdn 2. Ly thuyét dé thi

thong cédc dai dién chung cta hai diay da cho néu nhu tim duge mot hodn vi o cua tap{l,
2,..., n} sao cho <a,, a,,..., a,> la hé thong cac dai dién phan biét cla hai diy <A, A,....,
A> va <Bg,, Bs,,,...., Bo,y>, titc 12 di€u kién sau dugc thod man: a, € A, N By, , i =1,
2,..., n. Xay dung mang G = (V, E) véi tap dinh
V=lstlulx, x.., x10ls,u,.. u,l
UiV, Voo, Vo 1YL Yoo Vot

trong d6 dinb x; twong /g vdi tap A, dinh y, tuong ng véi tap B, cdc phan tr i, v,
tuong tng véi phan tt z,. Tap cdc cung cia mang G dugce xdc dinh nhu sau

E={(Gx)yl<isntu{gu)viizeA,1<i<a lsj<mju

U, v): 1 <j<m)po

Ui,y vz eB,1<isn 1 <j<mpu{(y, N: 1 Li<n}.

Kha nang théng qua cla tt ca cdc cung dugc dat bing 1. Dé dang thdy réng hé théng
dai dién chung cua hai ddy <A,, A,,..., A,> va <B|, B,,..., B,> ton tai khi va chi khi
trong mang G = (V, E) tim duwtoc luéng véi gid tri n. DE xét su tén tai clia ludng nhu vay
¢6 thé sir dung thuat toan tim ludng cuc dai tir s dén ¢ trong mang G = (V, E).

¢) Vé mot bai toan téi uu roi rac.

Trong muc nay ta sé trinh bay thuat todn duogc xay dung dua trén thuat todn tim luéng
cuc dai dé giai mot bai todn t6i wu rdi rac 1a mo hinh toin hoc cho mét s6 bai todn t6i
uu t6 hop.

Xét bai toan t6i uwu roi rac:

(X Xy5enx,) = max ;x,-,- — min (1)
véi diéu kién

Za,.jxij =p, i=12,..m, (2)

=1

x;=0hoac 1, j=1,2,.,n (3)

trong d6 a; € {0,1},i=1,2,...,m;j=1,2, .., n, p,-nguyénduong,i=1,2,..,m.

Bai toan (1)-(3) 12 m6 hinh todn hoc cho nhiéu bai to4n t6i wu té hop thuc t&. Duéi
day ta din ra mot vai vi du dién hinh.
Bai todn phdn nhom sinh hoat. C6 m sinh vién va n nhém sinh hoat chuyén dé. Vi
moi sinh vién {, biét

a, =1, n€u sinh vién i ¢6 nguyén vong tham gia vao nhém j,

a,= 0, néu nguoc lai,
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Chuwong 7. Bai todn luong cuc dai trong mang

va p; la s& luong nhém chuyén dé ma sinh vién i phai tham du, i= 1,2, .., m; j=1, 2,
ey ML

Trong s& cdc cdch phan cic sinh vién vao ciac nhém chuyén dé ma ho ¢6 nguyén
vong tham gia va dam bdo méi sinh vién / phi tham gia ding p, nhém, hiy tim cach
phan phéi v6i s6 ngudi trong nhém cé nhiéu sinh vién tham gia nhat a nhd nhat c6 thé
duoc.

Dua vao bién s6

25, = 1. n&u s’nhvién * tham gia vad nhm j,

x;= 0, néu nguoc lai,
i=1,2,....,m,j=1,2, ..., n khi dé dé thdy m6 hinh todn hoc cho bai todn dat ra chinh
la bai todn (1) - (3).

Bai todn ldp lich cho héi nghi. Mot hoi nghi ¢6 m tiéu ban, méi tiéu ban cén sinh hoat
trong mot ngay tai phong hop phit hop véi né. Cé n phong hop danh cho viéc sinh hoat
cla céc tiéu ban. Biét
a; =1, néu phong hop i 14 thich hop véi tiéu ban j,
a;= 0, néu nguoc lai,
i=1,2,..,mj=1,2, .. n Hiy bo tri cic phong hop cho cic tiéu ban sao cho hoi nghi
két thic sau it ngay lam viéc nhat.
DPua vao bién s6
x; = 1, néu bg tri tiéu ban i [am viéc & phong j,
x;= 0, néu nguoc lai,
i=1,2,...,mj=1,2, .., n khido dé thdy md hinh todn hoc cho bai todn dat ra chinh
1a baitodn (1) - 3),wrongdop, =1, 1=1,2,..,m.

BG dé 2. Bai todn (1)-(3) ¢ phuong én t6t wu khi va chi khi

Sa, 2, 1=12,m, (4)
Jj=l

Ching minh. Diéu kién can ctia b6 dé 1a hién nhién vi tir su t6n tai phuong dn cua bai
todn suy ra cic bat ding thitc trong (4) duoc thuc hién it nhat dusi dang ddu dang thic.
Dé ching minh diéu kién dti, chi cin chi ra rang néu diéu kién (4) dugc thuc hién thi bai
todn ludén ¢6 phuong dn. Thuc vay, gia str diéu kién (4) duoc thuc hién. Khi d6 néu ky
hiéu

Li={1</<n:q;=1},

thi 1Ll > p,,i=1,2,.., m Doddnéu goi
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LeL,. ILl=p,i=1,2,.

thi X" = (x*;),x, VOi cdc thanh phin dugc xdc dinh theo cong thic
x*,=1,jel,x*=0,/gl,i=12,..m, ®)

4

1a phuong 4n ciia bai todn (1) - (3). B8 dé dugc ching minh.

Do (4) 12 diéu kién can dé bai todn (1)-(3) c6 phuong 4n, nén trong trong phan tiép
theo ta s& luon gia thiét rang diéu kién nay dugc thuc hién.

Bay gid ta s& chi ra ring viéc giai bai toan (1)-(3) c6 thé din vé viéc giai mot s
hitu han bai todn luéng cuc dai trong mang. Trudc hét, vi méi s6 nguyén duong k. xay
dung mang G(k) = (V,E) vé&i tap dinh

V= ({stulu:i=L2,.mju{w:j=12..,n}ul{r}

trong dé s 1a diém phat, 7 1a diém thu, va tap cung
E={(su):i=1,2,..,mju {(u,,w,) i=12,..,m j=1,2,.,n}
Ulw,n:j=12,.,n}

Mbéi cung e € E dugc gan véi kha nang thong qua g(e) theo qui tac sau;

qgsu)=p,, i=1,2,...,m
guw)=a;,i=1,2,..,mj=12..,n

gw, D=k j=1,2,.n

Hinh 8 chi ra cach xay dung mang G(k).
L)
. V

Hinh 8. Mang G(k).

v

[ ]

Ky hiéu: o = ipi.

i=|
B6 dé sau day cho thdy méi lién hé giita ludng cuc dai trong mang G(k) va phuong 4n
cua bai todn (1)-(3).



Chucong 7. Bai todn tuong cuc dai trong mang

Bo de 3. Gid sit doi voi s6 nguyeén diong k nao do, luéng cue dai nguyén & trong mang
G(k) cé gig trila o. Khidé X' = (XYY VYOI cc thanh phan dugc xdc dinh theo céng
thire

*

Y, = 5.(%%) =12, m j=12...n,

la phuong dn cua bai todn (1)-(3).

Chitng minh. Thuc vay, do ludng curc dai trone mang ¢ gid tri 1a o va la ludng

nguyeén nén

E'(su)y=p,,i=1,2..m,
f*(u,,wf) e {0, 1}),i=1.2,...m; j=1.2...,n,

tlr d6 suy ra

qu :Zg'(”n"j) =& (s,u)=p,i=12,.,m.
=1

j=

Vay X' 14 phuong 4n clia bai toan (1)-(3). Bé dé dugc ching minh.

Bo dé 4. Gia st X' = (x';) la phuong dn 167 wu va k™ [a gid 11 107 wu cia bai todn (1)-(3).

Khi dé luong cuc dai trong mang G(k') ¢6 gid tri la o

Ching minh. Do gi4 tri clia ludng cuc dai trong mang G(£") khéng vuot qué &, nén dé
chitng minh bé dé ta chi can chi ra luéng véi gid tri 6 trong mang G(k'). Xay dung

ludng &' theo cong thic sau:
i‘(s,u,.) =p;:, E(u,-,wj) =x*,,

bl

Ew, =2 x,,i=12.,m j=12,.,n
i=l

Dé dang kiém tra dugc ring £ Ia ludng trong mang G(m) c6 gia tri . Bé dé duoc
chitng minh.
Bé dé 5. Néu k = m thi ludng cuc dai trong mang G(m) ¢6 gid tri la o

Chitng minh. Lap luan tuong tu nhu trong B6 dé 4, ta chi cdn chi ra luéng vdi gid tri ¢
trong mang G(m). Thuc vay, gia sit X' = (x*)) ., la phuong 4n ca bai todn (1)-(3) xay
dung theo cong thdc (5). Xay dung luéng & theo cong thitc giéng nhu trong chimg
minh b3 dé 4, ta ¢6 ludng véi gid tri . B6 dé dugc chitng minh.
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Phdn 2. Ly thuyét do thi

Tir b6 dé 3 va 4 suy ra viéc giai bai todn (1) - (3) dan vé viéc tim gid-tri &* nguyén
duong nhd nhat sao cho luéng cuc dai trong mang G(k*) ¢6 gia tri 6. Bé dé 5 cho thay
gid tri k" e [1, m]. Vi vay dé giai bai toan (1) - (3) ta ¢6 thé 4p dung phuong phdp tim
ki€ém nhi phan trén doan [1, m] dé tim gid tri &', trong d6 & méi budc can gidi mot bai
todn ludng cuc dai. Dé giai bai toan tim lubng cuc dai trong mang c6 thé sir dung céc
thuat todn da thic nhu da ndi & trén. T d6 suy ra két qua sau

Dinh 1y 5. Bai toan (1)-(3) giai duoc nhé thudt todn da thikc véi thot gian tinh la log, m

x Oyg , trong dé Oy, la thoi gian tinh cua thudt todn gidi bai todn tim luong cuc dai
trong mang ((k).
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Chuong 7. Bai todn luéng cuc dai trong mang

Bai tap

1. Xét mang cho trong hinh v& sau. cic sd bén canh cdc cung la kha nang thong qua cta né

Thuc hién thuat todn Ford-Fulkerson tim luéng cuc dai trén mang da cho bat ddu tir luong 0.
Trinh bay cédc két qua tinh todn trong méi budc lap bao gom:
e DO thitang ludng,
e Puong tang ludng tim duoc theo tim kiém theo chiéu réng va kha nang théong qua cha
nd (Gia thiét khi duyét cdc dinh ké cia mot dinh ta duyét theo thi ty ting dan cua chi
50),
e Mang cling luéng thu ducc sau khi tang ludng.
Két qua cudi cung: Can dua ra gia tri cia ludng cuc dai va 14t cit hep nhat

2. Cho G = (V, E) do thi ¢é hudng trong d6 khong ¢6 cung (s, f). Chimg minh rang s6
dudng di co ban néi hai dinh s va 1 12 bang s6 it nhat cdc dinh cla dé thi can loai bo dé
trong d6 thi khong con dudng di néi s vai +.

3. Xay dung thuat todn tim tap E, tat ca cdc cung cua d6 thi ma viéc tang kha nang
thong qua cua bat ky cung nao trong E déu dan dén tang gid tri cua ludng cuc dai trong
mang.

4. Cho hai ddy s6 nguyén duong {p,, i=1, 2,..., m} va {q, j=1, 2...., n}. Hiy xay dung
ma tran A = {a; : i=1, 2,..., m; j=1, 2,..., n} v6i cdc phan tit a;; €{0, 1} c6 tong céc phan
tir trén dong i 1a p,, tOng cédc phan tir trén cot j 1a ¢,

5. C6 m chang trai, n c6 gdi va k ba mai. M6éi ba méi p (p = 1, 2,..., k) c6 mét danh séch
L, mot s6 chang trai va co gdi trong s6 cdc chang trai va c6 gdi ndi trén la khach hang
clia ba ta. BA méi p c6 thé se duyén cho bat cit cap trai-gdi nao 1a khach hang cilia ba ta,
nhung khong du sitc t6 chitc qué d, ddm cudi. Hay x4y dung thuat todn can cir vao danh
sach L,,, b,.p=1,2,.,k duaracich t6 chitc nhiéu nhat cic ddm cudi gilta m chang trai
va n c6 gai véi su giup d& cia cac ba moi.
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Phdn 2. Ly thuyét do thi

6. Baiadtoan phu dinh nhé nhat: Cho do thi vo hudng G = (V, E) Vi trong s6 trén cac
dinh ¢(v), v € V. Mot tap con cac dinh ctaa d6 thi S duoc goi 1a phua dinh néu nhu méi
canh cia G6 thi ¢6 it nhat mot ddu miit trong S. Trong luong cta phu dinh S 12 tng cic
trong s6 ctia cdc dinh trong nd. Bai todn dat ra 1a tim phu dinh c6 trong lugng nhd nhit
(ma ta s& goi 1a phu dinh nho nhat). Hay chi ra cich qui dan bai todn tim phi dinh rho
nhit trén do thi hai phia vé bai todn luéng cuc dai.

7. Cho don d6 thi vo huéng G = (V, E). Gia st s, ¢ 1a hai dinh cta d6 thi. St dung ly
thuyét luéng cuc dai trong mang chitng minh khang dinh sau: “S6" lugng lon nhdt cdc
duong di doi mot khéng c6 canh chung néi hai dinh s va t la bdng s6 canh it nhat can
loai bo khdi dé thi G dé khéng con duomg di néi s va r.

8. Bai todn ghép cap trén dé thi hai phia: Cho d6 thi hai phia G = (XUY, E). Mot tap con
cdc canh cua dé thi dugc goi 1a mot cap ghép néu nhu hai canh bat k¥ trong né khong
c6 dinh chung. Bai toan dat ra la tim cap ghép c6 luc lugng I6n nhat clia G. Hay chi ra
cach qui dn bai todn dat ra vé bai todn luéng cuc dai trong mang.

9. Xay dung hinh chit nhat latinh. Hay chi ra cdch xay dung hinh chit nhat la tinh cap
mxn (m < n) nhd si dung thuat todn tim cdp ghép 16n nhat trén d6 thi hai phia.
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PHAN III

HAM DPAI SO LOGIC






Chuong 1. Md dau

1.1. M6 hinh x( li théng tin va ham dai sé 16gic

Trong nhiéu van dé, ta thudng gap mot mo hinh xit ly thong tin dang don gian, gobm mot
diu vao va moét ddu ra:

Vao Ra
Xu Ii théng tin [————
X Y

Pau vao va diu ra I8y gid tri tir nhimg tap hiu han Xva Y. Ta xem mo6 hinh hoat dgng
trén mot truc thdi gian duge phan chia thanh nhiing thoi diém roi rac. Tai thdi diém ¢,
tin hiéu vao la x, € X va tin hiéu ra 1a y, € Y. Gia thiét ring mo6 hinh hoat dong khong
nhd, tic 12 tin hiéu ra tai thoi diém ¢ chi phu thudc vao tin hiéu vao tai thdi diém dé.
Nhu vay, ¢6 thé mo ta su hoat dong clia m6 hinh bing mot ham f: X — Y, trong d6 y =
J(x) 1a tin hiéu ra tuong ang vdi tin hiéu vao x.

Trong k¥ thuat diéu khién tr dong, cic tin hiéu thudng duoc truyén di va ché bién
dudi dang chi ¢6 2 gi4 tri, ma ta s& ky hiéu 1a 0 va 1. Vi vay c6 thé xem X nhu tap hop
E" va Y nhu tap hop E”, trong d6 E = {0, 1} (véi n va m dugc chon thich hgp). Mbi
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Phdan 3. Ham dai s logic

phdn tr x € X ¢6 dang x = (x,, X, ..., x,) v méi phan tr ye Y c6 dang y = (v, ¥5..... ¥,,)
trong do v, y, € E.
Mot ham f: X — Y dugc phan tich thanh mot hé m ham

Yi :fl(xp Xay ooy .\'")
¥s = folxy, g, ey X,)

ym =f;n('rlr 'XQ' seey -Y")

M3Gi ham y, = fi(x,, X5...., x,} ¢6 cdc d6i s6 nhan gid tri 0. 1 va ham cing nhan cac gid tri
0,1. Mot ham nhu thé dugce goi la mat ham dai s6 logic.

DPinh nghia. Mot ham dai s6'légic cua n déi s6'la mét dnh xa E" — E.

Mot ham dai s6 logic thudng duge xac dinh bang bang gid tri cva nd, nghia 1a trong
do liét ke tat ca cac anh cla cac bo déi s6 c6 thé ¢6. Thi du bang dudi day xac dinh mot
ham dai s6 logic 3 doi s6:

=
-

'
2

J(x1,%3,%;5)
0

—_— e =Y OO O

—_——0 D = — O O
_—0 — O — O - O].

Hinh 1

Vi |E"l=2" va | E1=2 néns6 cdc ham dai s6 logic cGa n d6i s6 12 2%, ching han
v6in = 3, con s nay 1a 2% = 256.

Mot ham dai s6 légic y = flx,,..., x,) dugc goi la phu thudc thuc su vao doi s6 x, néu
c6 2 bo gid tri cha d6i s6 chi khiac nhau mot thanh phan thit i ma gid tri cha ham tai 2 bo
nay 1a khac nhau.

Khong phéi moi ham dai s6 16gic clia n d6i s6 déu phu thudc thuc su vao ca n déi s6
clia né. Chang han cdc ham hiang y = 0 hay y = I khéng phu thuoc thuc sit vao d6i s6
nao ca. Goi A, la sO tit ca cdc ham dai s6 16gic phu thuoc thuc su vao n déi s¢. Khi dé
dé dang tinh duoc A, theo hé thitc truy héi dudi day:
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Chutong 1. Mo ddu

A():2!
A, =2V - C A

\ -..-Cl A -A,.

Thong thudng, viéc ma hod nhi phan tap X bi du thira, nghia la ¢6 mot s6 phan tit cua
X tai @6 ham f khong xdc dinh (chang han néu X c6 6 phan tir thi khi ma ho4 né bang
tap E’, ta thira 2 phén tr). Mot ham f: M — E, v6i M 13 mot tap con thuc su cia E”
duogc goi 1a mot ham dai s6 1ogic khong ddy du va tap con M dugce goi 1a mién xac dinh
cia né. R& rang tai nhitng noi ma f khéng xac dinh, ta cé thé cho né mét gia tri (0 hoac
1) tuy ¥ dé duoc modt ham das s6 0gic ddy ai. Néi cdcn khdc, vér moi ham dai s6 logic
khong ddy di fc6 mién xdc dinh M, ludn xay dung duge mot ham dai s¢ logic ddy du F
dé F(x,,....x,) = f(x,,....x,) v6i moi (x,,...,.x,) € M. Him F nhu vay dugc goi la ham phi’
ctia ham f. Dé thdy ring, s6 luong cdc ham phi f bing 2f, trong d6 k=2"-1M |.

n-1

1.2. Cac ham dai sé ldgic so cap

Dudi day ta s& xét cu thé cdc ham dai s& 16gic phu thudc thuc su vao n déi s6 véi n < 2.
Cdc ham nay dugce goi la cdc ham so cép.

a) n = 0: c6 2 ham 1a ham hang 0 va ham héng 1.

b) n = 1:¢6 2 ham cho bdi bang

x | fa
0| © 1
1 1 0

Ham f,(x) duoc goi 1a phit dinh ca x va dugc ky hiéu 1a 1x hay x
c) n = 2:c6 10 ham cho bai bang

81| & | 8| 8| 8|8 | & | 8| 8| 8o

—_—_— O Ol %
— o — O«
— o c o
— D e
—_— 0 S —
»—tv—-ao-_s
o R B S
S = O O

0
]
1
0

trong d6 c6 mot s6 ham thong dung nhu sau:

e ham g,(x, y) dugc goi 1a héi (hay tich) cha x va y, ky hiéu 1a x & y hay x.y, xy
e ham g,(x, y) dugc goi 1a tuyén cha x va y, ky hidux v y

e ham g,(x, y) duoc goi la téng (theo modun 2) clia x v y, ky hiéula x + y

e ham g,(x, y) dugc goi la ham kéo theo, ky hiéu x — y
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Phan 3. Ham dai sé'légic

e ham g.(x, y) dugc goi [a ham tuong duong, ky hiéu x < y
e ham g.(x, y) dugc goi la hamVebb, ky hiéu xo y
e ham g,(x, y) dugc goi la ham Sheffer, ky hiéu x | y
Quan trong nhat 1a cic ham tuyén, héi va phu dinh. Ching tuong \ing véi cdc phép
todn "hoac”, "va", "khong" trong dai s6 ménh dé, trong d6 gid tri 1 img v6i "ding” va
gid tri O iing v6i "sai". Dé thay ring cdc tinh chét duéi day cla cdc ham tuyén, hoi phi
dinh duoc suy tlr cac tinh chat quen thudc clia dai s6 ménh dé (hoac ciing c6 thé suy
tlr bang gia tri):
o Két hop
xvivao=xvy)vi=xvyvz,
X&(Y&D)=&y)&r=x&y&:.
e Giao hodn
XVY=YyVX,
x&y=y&x
o Phdn bd
xv(iy&z)=xvy &(xvz),
x&yvz=x&y)v(x&z).

e Dol ngdu

Trong k¥ thuat, cic ham tuyén, hoi, phi dinh duoc thyc hién nhd nhimg linh kién
don gian. Muc trinh bay duéi day khéng dinh ring, moi ham dai s6 logic déu c6 thé
duoc xay dyng tir nhimg linh kién don gian nay.

1.3. Biéu dién cac ham dai sé ldgic
qua hé tuyén, héi va pha dinh

Dé tiér trinh bay, ta dua vio quy udc sau day: gia st x 1a mot bién va o e {0, 1}. Khi
dé
x, néu o= 1,

x7 =9 -
x, néu o=0.

Tur dinh nghia trén dé thdy
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=1 o x=o
Gia st {f. - i € I} 1a mot ho cac ham dai s6 logic. Ta s€ dung ky hiéu

VoS va & f

iel iel
dé chi tuyén va hoi cla tat ca cic ham nay, néi rieng néu l = {1, 2,..., m}, thi ta s€ diung
cdc ky hiéu

’”; m

=1 =1

dé thay thé. Ta cling quy udc rang néu ! 1a tap rong thi
iel el
V6i méi ham f(x,...., x,), ky hieu T, 1a tap
T, = {(x,..,x)e " fix,. x)=1}

va goi né la tap dac trung cua f. Dé dang chimg minh tuong g gilta ham dai s6 logic
véi tap dac trung cua né la tuong tng 1-1 va cé cac tinh chat:

Tj: = T/ , Tf\,g = Tf UT)\, , Tf&g= T/ﬂ Tg.
Diéu nay cho phép chuyén cic ching minh trén dai s6 16gic sang cdc chitng minh tuong
Umg trén dai s6 tap hop.

Dinh 1y. Moi ham dai 56 l6gic fx,,...x,) déu cé thé digc biéu dién dudi dang:

o, o o,
fx,..x) = V XU x 2 XTT (00,0000, 0,5 X 50 X))

(0y,...,0;) € F'

trong dé i la sO'ty nhién bat ky, 1 < i < n.

Ching minh. Gia str (x,,...,.x,) € T,, khi d6 s6 hang ng véi bd gid tri 0, = x, ..., g, =
x; trong tuyén vé phai

X7 X SOy Oy Xy 5eees X))
s€ bang 1, diéu nay kéo theo toan bo v& phai s& bing 1. Nguogc lai, néu vé€ phai bang 1,
thi phai x4y ra bang 1 tai mot s6 hang nao dé, chang han tai s6 hang tng v&i bo gid tri

(Gy,..,0). Khidé x, =0y, ..., x, = ¢, va(x),...x,) € T. Dinh ly dugc chiing minh.

Cho i = 1 trong dinh ly va nhan xét rdng vai tro cia cdc bién x, 1a nhu nhau, ta dugc:
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Phdn 3. Ham dai s6'ldgic

Heé qua 1. Ham dai sé'logic fix,,....x,) c6 thé duoc khai trién theo mot doi s6 x,:

Jeox) = X f(xg,en X, 0, X X0 VX fX0, X0 1L Xy s X))
Cho i = n trong dinh 1y va bo di cdc nhan tr bang | trong mot tich, ta duoc:

Heé qua 2. Ham dai s6'légic fix,,...,x,) ¢6 thé dugc khai trién dudi dang:

ag,

g 2
fxpe) = VAR N
(0y,....0,) € T,

Cong thic khai trién nay con dugc goi la dang tuyén chudn tic hoan toan cla f va
moi s6 hang cia né dugc goi 1a mot ciu tao don vi cia f.

Thi du. Dang tuyén chudn tic hoan toan ctia ham f cho bdi bing d hinh 1 1a
S, X, 65) = X, X X3V X\ XX,V X Xy X3 VX Xy Xy VXX, X

Tir hé qua 2, ta nhan dugc khang dinh sau day: Moi ham dai s6'logic déu cé thé xdy
dung tir cdc bién nho cdc ham tuyén, hoi va phii dinh.

Béng luat d6i ngiu, ta c6 thé chimg minh mot két qua twong tu bang cach thay phép
tuyén bing phép héi va nguoc lai, tir d6 dan dén viéc biéu dién f qua maot hoi cac tuyén.
Biéu dién nay dugc goi I1a dang hoi chudn tic hoan toan cha f. Ching han, trong thi du
vita néu, dang hoéi chudn tic hoan toan cha f 1a

fx, X X)) = (v, v & Vv )& (X 5LV

Ngoai hé tuyén, hoi v phi dinh, t6n tai nhiéu hé khéc ciing ¢6 tinh chit moi ham
dai s6 logic déu dugc biéu dién qua cdc thanh vién clia hé. Mot hé ham nhu vay dugc
goi 1a mot hé ddy di. Ching han c6 thé chitng minh céc hé

10, Lx+y, x&y}, {x,xvyl, {x, x &y}, {xIy}, {xoy)}
déu 1a nhitng hé ham ddy du.

Viéc nghién citu tinh ddy di cha mét hé ham ¢é mét y nghia thuc tién quan trong, né
trd 191 cau hoi ¢6 thé xay dung mei ham légic tir mot s6 ham don gian chon trudc hay
khong? Vé vin dé nay, Post da thuc hién mot cdach hé théng tir nam 1921, ban doc ¢6
thé tim hiéu mot cdch chi tiét qua cudn sach tiéng Nga "Ham dai s6 logic va cic 16p
Post" xudt ban nam 1966 cua cdc tdc gia S.B.Iablonski, G.P. Gavrilov, V.B.Kudriavcev.
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Chuong 1. Mo dau

1.4. Biéu dién t8i thiéu cta ham dai sd l6gic

Biéu dién mot him dai s6 logic f qua mot hé ham ddy do H 1a khéng duy nhat, Thi
du ham Sheffer, khi biéu dién qua hé tuyén, hoi va phi dinh, c6 thé cé céc cach

xly = x_y_v xXyvx y_ =XV y.

Mobi mot biéu dién f tuong tng v6i mot cdch "ghép” cdc thanh vién cla H (ma ta goi la
cdc yAu 16 co ban} dé€ ther duge £, Hién nhién, mot van dé ¢6 ¥ nghia thuc t€ quan trong
1%, c4n tim mot biéu dién sao cho viéc ghép nhu thé 1a 16n it yéu t6 co ban nhat. Theo
mot nghia ndo dé, diéu ndy dan vé viéc tim mot cong thic trén hé H biéu dién ham f
vGi s6 ky hiéu cdc yéu t6 nay la it nhat. Mot cong thitc nhu vay, dugc goi 12 mot biéu
dién 16i thiéu ciia ham f trong hé H.

Vé nguyén tic, s6 cong thifc biéu dién £ 12 hitu han, nén bang cdch duyét tat ca cdc
kha nang, ta luon tim dugc biéu dién t6i thiéu cla f. Tuy nhién, s6 kha ning nay la rét
16n va viéc duyét né doi hoi mot khoi lugng tinh todn khdng 16, do d6 trén thuc t€ khé
ma thuc hién duoc di rang ngay ca véi nhitng siéu may tinh.

Viéc xay dung nhiing thuat todn hitu hiéu tim biéu dién t6i thi€u cla cdc ham dai s6
logic, vi th€ cang trd nén cdp bach nhung dong thoi né ciing 1a bai toén rat khé. Cho
dén nay, bai todn nay vin chua dugc giai quyét thoa dang ngay ca trong mot s6 truong
hop don gian va con dang duoc tiép tuc nghién cifu.

Mot hé ddy di duoc nghién citu nhiéu nhat la hé tuyén, hoi va phi dinh. Bai toan tim
biéu dién t6i thiéu cta cdc ham dai s 16gic trong hé nay di dugc nghién citu nhiéu
trong vai chuc nam gan day. Tuy nhién, cic két qua dat dugc thuong méi chi dé cap
dén mot dang biéu dién riéng biét trong hé, do 13 dang tuyén chuan téc cha cc ham dai
$0 logic ma ta sé xét k¥ trong chuong sau.
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Bai tap

1. Xét cdc ham dai s6 logic 3 doi s6 f(x, y, z). Cho tap dic trung T, . X4c dinh dang
tuyén chudn tic hoan toan cla f:

a)T,=1{(0,1,1),(1,0,0), (1, 1,0)j

b)T,={(0,0,1),(0,1,1),(1.0,0), (1,0, 1), (1, 1, 1)}

c)T,={(0,0,0), (1,1, 1), (0, 1, 1), (1,0, 0)}

2. C6 bao nhiéu ham dai s6 logic 3 d6i s6 ma tap dac trung T, cla né ¢6 5 phan tir? Khdi
qudt hod: ¢6 bao nhicu ham dai s¢ 16gic n d6i s6 ma iap dac trung T, cdand ¢6 k (X <27)
phan tu?

3. Tim dang tuyén chudn tic hoan toan clia cdc ham dudi day:
a) flx, y) = x+y (ham cong modun 2)
b) f(x, y) = x o y (ham Vebb)
¢) fix, y)=x1y (ham Sheffer)
d)fix,y,2)=(xvy& z
e)fix,y,z)=xvyvz
DAy =&y vix&z)v(y&z)
2 fix,y,z)=(xly)oz

4. Ham dai s6 16gic f(x, y, z) nhan gi4 tri O tai (0, 0, 0). Néu thay déi gid tri bat cir d6i s6
nao cha no thi gid tri clia ham ciing thay déi (so v&i gid tri trudc ddy). Tim dang tuyén
chuén tic hoan toan cua f.

5. Xét xem cac ham f, g dudi day khdc nhau hay bing nhau:
) fx,y,2)=k&y)v 2
glx, y, 2) = ( }vyv ;)&(xv ;v E)&(xvyv 7)
b)fix, y,2)=xly)oz
g, y,2)=x& (y+2)

6. Ching minh cdc hé ham sau day la hé day di:

(0,1, x+y,x&y},{ x,xvyh{ x,x&vy}, (xIy}, {xoy}

7. Biéu dién ham flx, y) = x v y qua cdc hé ham:
a) | xx&y)
b) {x Iy}
c){xoy}
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Chuong 2. Dang tuyén chudn tde cia ham dai so'logic

DANG TUYEN CHUAN TAC
cUA HAM PAI SO LOGIC

2.1. Cac khai niém co ban

Gid st cho n bién x,, x,, ..., x,. Mot biéu thirc dang
g, O g,
x 'xrlx
VL T
trong d6 o,.., g€ {0, 1}, 1 <4, ..., i; < n va i, #i néur #s dugc goi la mot hoi so
cép clia n bién x, ..., x,.

S6 cac bién xudt hién trong mot hoi so cdp duge goi 1a hang cta hoi so clp do.

Chéng han, hoi so cdp X, X, x,c6 hang 3, hoi so cap x, x; x5 x; ¢6 hang 4.
Gia stt fix,,..., x,) 1a mot ham dai s6 logic. Mot cong thitc biéu dién f dudi dang
tuyén ctia mot s6 hoi so cdp khic nhau cla cdc bién x,, ..., x, dugc goi 12 mot dang

tuyén chudn tic clia ham dé.
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Phan 3. Ham dai 56 logic

Thidu 1.
xy v x y lamotdang tuyén chudn tic cha ham x + .

XV y.vé xy v xyv xy lacicdang tuyén chufn tic cia ham Sheffer x| y.

Dé thdy ring, dang tuyén chuan tic hoan toan cla f 13 dang chuén tic duy nhat cla
f ma trong d6 moi hoi so cdp déu c6 hang n. Mot hoi s c4p (hang ) trong dang tuyén
chuan tic hoan toan clia f duoc goi 1a mot ciu tao don vi clia f.

Ta goi d6 phtic tap clia mét dang chuén tac 1a s& cdc ky hiéu bién xuat hién trong
dang chuan tac dé.

Thi du 2.
x*y_v x_y vV X y* c6 d¢ phuc tap la 6,

x vy c6dophic tapla 2.

Dang tuyén chuén tic cha f ¢6 do phuc tap bé nhat dugc goi 12 dang tuyén chuan
tic t6i thiéu clia £, Dang tuyén chuan tic t6i thiéu, theo m6t nghia nao d6, tuong tng véi
mot so dé 16i thiéu (thuéc mot loai nhat dinh) thuc hién f. Nhitng phén tiép theo cua
chuong nay, gidi thiéu mot s6 phuong phép tim dang tuyén chuan tac t6i thi€u clia mot
ham dai s6 logic. '

Ta dua thém mot khai ni€ém quan trong sau day.

Gia st f(x,,..., x,) 1a mot ham dai s6 logic. Mot ham g(x,,..., x,) dugc goi 1a mot
nguyén nhén (implicant) claf néu T, la tap con clia T,, néi cdch khdc, n€u (g — f) = 1
(vi th€ ¢ tén goi 1a nguyén nhan).

Dé dang thdy rang méi hoi so cdp trong mét dang tuyén chuén tic cla f 1a mot
nguyén nhén cua f.

Xét moét hoi so cdp A, Viéc xod b6t moét bién trong né lam tap dac trung T, cha nd
"nd" ra. Diéu d6 khién cho, néu tru6c dé A 1a mot nguyén nhan cua f, thi sau khi xod
mot bién, A c6 thé khong phai 12 nguyén nhan ctia f nita. Mot hoi so cdp A duge goi 1a
mot nguyén nhan nguyén t§ cha f, néu A 12 mot nguyén nhan cla f, sao cho khong thé
xod di bat ci bién ndo trong né (cling v4i ddu phi dinh néu c6) dé A van con 1a nguyén
nhan cua f.

Thi du 3.

xy va x y lacdc nguyén nhan nguyén t6 ciia ham x + y.

x va y I1acéc nguyén nhan nguyén t6 cha ham x|y nhung cichdi x y, Xy,
x y khong phai 12 cdc nguyén nhan nguyén t6 cia né.
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2.2. Dang tuyén chuéan tic thu gon

Binh Iy 1. Tuyén ciia mot s6 bdt ky cdc nguyén nhan cra ham f ciing la mot nguyén

nhdn cua ham dé.

Chimng minh. Tap dic trung cla tuyén nay 1a hop cta cdc tap déc trung cla cdc nguyén
nhan dang xét, vi thé€ nd ciing la tap con ciha tap dic trung cia ham f.
DPinh 'y duge chitnz mint.

Gia st S la mot hé céc nguyén nhan cua f. Ta néi rang hé¢ § ta day du né€u véi moi

gid tri o € T, ludn tim dugc mot nguyén nhan g thudc hé dé oe T,

Dinh Iy 2. Gid st S la mét hé ddy dii cdc nguyén nhan ciia ham f. Khi dé tuyén ciia tdt
cd cdc nguyén nhdn trong S sé tring voi f (ta ciing noi iuyén nay thuc hién f).

Chimng minh. Tir dinh nghia cta hé day du, ta nhan dugc
U T, =1
g€eSs
nhung vé trdi clia ding thic trén chinh 1 tap dac trung cua tuyén dang xét. Tir dé nhan
duoc dinh 1y.

Dinh Iy 3. Tuyén ciia tdt cd cdc nguyén nhan nguyén 16 cia ham f la thuc hién f. Noi
khac di, hé cdc nguyén nhdn nguyén 16 cua f la mor hé day du.

Ching minh. D€ ching minh dinh 1y, ta sé chimg minh ring
U T, =T
ges
trong dé S 1a hé cdc nguyén nhin nguyén t6 cia f.

Vi S gém céc nguyén nhan cta f nén v€ trai cla dang thdc trén 12 tap con cta v&
phai. Ta chi cén ching td diéu nguoc lai. That vay, goi S’ 1a hé cdc cdu tao don vi cua f,
ta c6 (dang wyén chudn tic hoan toan cla f):

v T, =T
g'e§

Xét g’ € §', néu g’ khong phai 1a nguyén nhan nguyén t6 cua f, thi bang cich xo4
bdt mot s6 bién (cung véi ddu phi dinh néu ¢6) trong g’, ta thu dugc mot nguyén nhan
nguyén to ctia f. Goi nguyén nhan nay la g (g € ). Rérang T, latap concuaT,. T dé
nhan dugc

v T, =1 c v T

b 8
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Phan 3. Ham dai s6 logic

g'es ges
hay
I, c v T,
ge s
va dinh ly dugc ching minh.

Tuyén cla tat ca cdc nguyén nhan nguyén t6 cla f dugc goi 1a dang tuyén chuén tac
thu gon cua f. Vi tp hgp cdc nguyén nhan nguyén t6 cua f 1a hoan toan xdc dinh, nén
dang tuyén chuén tic thu gon cia né 1a duy nhat.

Chu y ring, dang tuyén chudn tac thu gon cla mot ham dai s6 16gic, néi chung con
khéc xa véi dang tuyén chuén tic t6i thiéu cia hdim dé. Ching han, ham (x + y) v z (x
v y) c6 dang tuyén chuén tac thu gon Ia

XyvXyvxzvyz,
nhung mot dang chuan téc t6i thiéu clia né 1a
Xy v Xyvxz
Mic dit dang tuyén chudn tic thu gon chua phai [ t6i thiéu, nhung viéc tim nd,

nhu trong nhitng phuong phédp trinh bay duéi day, 1a mot budce trung gian quan trong
trong qua trinh tim dang tuyén chuén tic t6i thiéu.

2.3. Dang tuyén chuén tic nghén
va dang tuyén chuin tic tdi thiéu

Mot hé nguyén nhan nguyén té cia ham f dugc goi la mét hé nghén, néu né diy du va
khong mot hé con thyc su ndo clia né la diy da. Néu S 1a mot hé nghén clia f thi tuyén
cla céc thanh vién trong § s& thuc hién f. Tuyén ndy dugc goi 12 dang tuyén chudn tac
nghén cla f. N6i khdc di dang tuyén chudn tic nghén cla f 12 mot dang tuyén chudn tic
gém cdc nguyén nhan nguyén t6 cla f, thuc hién f ma khong thé bd bét di mot s6 hang
nao dé vén thyc hién duoc f.

Cht v ring, dang tuyén chuédn tic nghén clia mot ham dai s6 16gic 1a khong duy
nhat, chang han ham

flx,y,z) = r-v VX y_v Xz vyz

¢6 hai dang tuyén chudn tac nghén la

Xy VIyVvVXzi va XyvxIyvyz
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Chicong 2. Dang tuyén chudn tdc cita ham dai s6'légic

Dinh 1y 4. Moi dang tuyén chudn tdc t6i thiéu cia mot ham dai s6 16gic f déu la mot

dang tuyén chudn tac nghén cia ham do.

Ching minh. D€ chiing minh dinh 1y, ta chi can ching té rang néu p la mot héi so cap
ctia mot dang tuyén chufin tac t6i thiéu cla f, thi p phai 2 mot nguyén nhan nguyén t&
cuaf.

Gia st p khong phai 1a nguyén nhan nguyén t6 cta f. Khi dé, bang cdch bd di mot
sO pién (cing véi dau phi dinh néu ¢d), ta ludn tim duoc mot phian con thuc su ¢ cua
p, dé ¢ 12 mot nguyén nhan nguyén t6 cla f. Goi p v P 14 dang tuyén chuén tic 18i thiéu
cha f (P la mot tuyén cia mot s6 hoi so cap nao dé). Thay p bdi g trong tuyén nay, ta
nhéan duoc ¢ v P cling 12 mot dang tuyén chuan tic cla £, Diéu ndy mau thuan véi tinh

t6i thi€u clia p v P, va dinh ly duge chimg minh.

Chu y ring, diéu nguoc lai clia dinh 1y 4 1a khéng ding: ¢6 nhitng dang tuyén
chuan tac nghén ma khong phai 12 dang tuyén chuén téc t6i thiéu, thi du ham

Fly D= +y)vir+)

c6 mot dang chuan tac nghén 1a

XZ WV XyVvVXyVvuxr,

nhung dé khong phai 1a i thiéu, mot dang nhu thé cha f la

XZVXyvVyz

Dinh 1y 4 cho thdy rang, dé tim dang tuyén chudn tac t6i thiéu, ta chi cin xét cac
dang tuyén chudn tic nghén. Ma dé tim cic dang tuyén chuin tac nghén thi cin biét
dang tuyén chuén tic thu gon. D6 ciing 1a co sd cho cich tim dang tuyén chudn tic 16i
thiéu trinh bay trong chuong sau.
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Bai tap

1. Cho ham dai s6 logic f(x, y, z) xdc dinh bdi bang:

X y z J(x, v, 2)
0 0 0 0
0 0 1 0
0 I 0 1
0 I 1 ]
1 0 0 1
1 0 1 0
1 1 0 0
1 1 1 0

a) Liét ké tdt cd c4dc nguyén nhan cla f, trong d6 moéi nguyén nhan duge viét
dudi dang tuyén clia mot s6 hoi so cdp. S6 lugng cla ching la bao nhiéu (k€ cé tuyén
roéng va tuyén chudn tic hoan toan)?

b) Xac dinh cic nguyén nhin nguyén to trong cdc nguyén nhan da tim.

2, Cho ham dai s6 logic n d6i s6. Biét dang tuyén chudn tac hoan toan cia né gém k hoi
so cdp. D&m tat ca cidc nguyén nhan cda ham da cho.
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THUAT TOAN TiM DANG TUYEN
CHUAN TAC TOI THIEU

3.1. Chu y ma dau

Tir nhitng co s& 1y thuyét da trinh bay trong chuong 2, ta ¢4 thé chia qud trinh tim
dang tuyén chudn téc t6i thiéu cha mot ham dai s6 logic f(x,, ..., x,) thanh 2 giai doan:

a) Xuat phat tir dang tuyén chudn tic hoan toan cha f, tim dang tuyén chudn tic thu
gon cua f,

b) Xuat phat tir dang tuyén chuén tic thu gon cta f, tim cdc dang tuyén chuan tic
nghén ciia f va lua chon tir cdc dang nay dé duoc cdc dang tuyén chudn tic t6i thiéu cua
f

Vi dang tuyén chudn tic thu gon cla f 14 duy nhét, nén giai doan a) hoan toan xéc
dinh. Tréi lai, giai doan b) can phai xay dung cac dang nghén tu dang rut gon, sau dé

lua chon trong chiing dé duoc dang t6i thi€u. S6 cdc dang nghén clia mot ham dai s
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Phdn 3. Ham dai s6'logic

16gic c6 thé rat I6n, diéu nay 1am cho viéc Iua chon trd nén khé khan, nhiéu khi khéng
khdc may so v6i viéc "lua chon toan bo". Tablonski da xay dung dugc nhitng ham dai s6
logic flx,,..., x,) ma 6 cac nguyén nhan nguyén td clia né 1én gap 22 lan s6 cic hoi so
cap trong dang tuyén chuin tic hoan toan cula f. Glagolev ching minh ring, d6i véi hdu
hét cdc ham dai s6 logic fcha n d6i s6, s6 cdc dang tuyén chudn tic nghén cha f 1a
L p-e) , . . o 3
vugt qua 2 , trong dé ¢ — 0 khi n — co. Juravliev dua ra mét thi du don gian
sau day: khi n > 3, ham
fxa )= +x)v (n+x)](x+ .. +x,)

2n—4

4

dang tuyén chudn tac nghén.

Nhu vay, vé nguyén tac, viéc tim dang tuyén chudn tic t6i thiéu tir dang tuyén
chuén tic thu gon doi hoi phai tién hanh nhitng su lya chon phic tap. Tuy nhién, cc
phuong phdp duoc trinh bay du6i day, mac du noi chung, ching khong tranh dugc
nhitng khé khén va phiic tap néi trén, trong nhiéu trudng hop cu thé, ching cling to ra
c6 hiéu qua.

Dudi day 12 mot s6 phép toan ma ta s& diing nhiéu lan trong qud trinh bién dai
(i) phép nudt so cap
ABv A=A
(ii) phép ddn
Ax v A X
(iii) phép ddn khong ddy dii
AxvAx=AvAxvAx
(iv) phép dan md rong
ACvBC=ACvBCvAB

A

Trong c4c phép todn d6 A, B vd C la cdc biéu thiic bat ky, x 12 bién.

3.2. Tim dang tuyén chuan tac thu gon

M0oi hoi so cdp hang &

duge goi 1a mot nguyén nhan hang & ctia ham f, néu né 1a mot nguyén nhan cua f. Mot

cdu tao don vi cta f 1a mot nguyén nhan hang n cta nd.
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DPinh ly 1.

a) Mot nguyén nhdn hang k cia ham f (k < n) la két qua cua phép ddn hai nguyén
nhdan hang k+1 cua ham f dé.

b) Mot nguyén nhdn hang k ciua ham f (k <n) la nguyén nhin nguyén t6 cua f néu
khong thé dan dugc voi bat ky mor nguyén nhdan hang k nao cua f.

Chiénz minh.

a) Gia sir A la mot nguyén nhan hang & (k < n) cta f. Tim dvoe bién x khéng ¢é
mit trong A. Khi d6 cdc h6i A x va A x s& 12 cac nguyén nhin hang £+1 cta f, va A
nhan dugc tir phép ddn hai nguyén nhan nay.

b) Gia sir A 1a mot nguyén nhan hang & (k < n) cua f. Néu A khong phai 1a nguyén
nhan nguyén 16 thi luén tim dugc mot bién x trong A dé sau khi xod né (cuing véi ddu
phli dinh néu c6) khdi A, ta duoc phin con B 12 mot nguyén nhan clia f. C6 thé gia thiét
A=Bx Khidé A’= B x ciing 14 mot nguyén nhan hang & cla f va A c6 thé dédn vdi
A’

Tix dinh 1y 1, ta c6 thuat todn Quine sau day dé tim dang tuyén chudn tic thu gon
cta ham dai s6 logic flx,,..., x,):

Buée 1. Tim dang tuyén chuan tac hoan toan cua f, ky hiéu f,.

Bioe 2. T f; xay dung f,,, béang cdch trong f, thuc hién tat ca cac phép dan khong
ddy da d6i véi cac hoi so cap hang n-i, sau d6 xod bo tat ca cac hoi so cdp hang n-i
¢6 thé dugc bang phép nuét so cép.

Buoe 3. Lap lai bude 2 cho dén khi thu duge f,,, = f.. Khi do f; sé la dang tuyén
chuan tac thu gon cla f.

Tir cach xay dung f;, ¢6 thé ching minh quy nap diéu khéng dinh: trongméi f;, ¢6
mat tat ca cdc nguyén nhan nguyén té hang khong nho hon n-k+1 va tat ca cdc nguyén
nhin hang n-k cua f, va chi ¢6 chiing.

Néu f,, = f, thitheo phan b) cta dinh ly 1, moi nguyén nhan hang n-k cla f trong
f. déu 1a nguyén t& va nhu vay f, chda tat ca cac nguyén nhan nguyén to cta f, do dé nd
Ia dang tuyén chudn tac thu gon claf.

Thi du 1. Tim dang tuyén chuén tic thu gon clia ham
f=xyzv }yz v x§z v Xy PRy 552
Ta cé f, = f. Dung cdc phép dan khong diy du ddi véi cac hoi so cdp hang 3, ta duogc

Z.

= |
|

VIV XZVXYVXYZVXYZVIYIVXYyIZIV



Phdn 3. Ham dai s6 logic

Sau dé dung cédc phép nuét so cap ta duge
fi=yzvxzvuxy v?}g
dén

Pén day cic hoi so cdp hang 2 khong dugc v6i nhau, tic 1a f, = f, va f, 1a dang

tuyén chudn tac thu gon cta f.

Thuat toan Quine khong chi rd viéc tim cho hét cdc phép dén ¢6 thé ¢o. Vi thé
McCluskey dé nghi bd sung thuat todn Quine mét tha tuc hinh thitc nhu trinh bay dudi
day.

Gia st f 1a ham cla n bién x,,..., x,. Mbi hoi so cap clia n bi€n dé duoc biéu dién
bang mdt ddy n ky hiéu trong bang {0, 1, -} theo quy udc: ky tu thir 12 1 hay 0 néu
+; ¢6 mat trong hoi la binh thudng hay véi ddu pha dinh, con néu x, khong c6 mat thi
ky tu nay !a -. Chéng han hoi so c4p cia S bién x,,..., xg0 x, x, X, duoc biéu dién bdi
1-0-1. Hai hoi so cap dugc goi 1a 1an can nhau, néu céc biéu dién néi trén cta ching chi
khdc nhau ¢ mot vi tri. RO rang cdc hoi so cdp chi ¢6 thé ddan duoc véi nhau néu ching
la 1&n can nhau.

Thudt toan Quine - McCluskey.

Thuat todn Quine, theo thu tuc McCluskey, dugc tién hanh nhu sau: Lap mot bang
gém nhiéu cot dé ghi két qua cac phép ddn. Sau d6 14n luot thuc hién céc budc:

Budc 1. Viét vao cot thit nhat, cdc biéu dién clia cdc nguyén nhan hang n (uic 1a cic
ciu tao don vi) clia ham f. Cic biéu dién dugc chia thanh titng nhém, cdc biéu dién
trong m&i nhém ¢6 s& cdc ky hiéu 1 bang nhau va cidc nhém x€p theo thi tu s6 cdc
ky hiéu 1 tang ddn (cac nhém dugc danh s6 tir 1).
Budc 2. Lan lugt thuc hién tat cd cdc phép ddn céc biéu dién trong nhém i vdi céc
biéu dién trong nhém i+1 (i = 1, 2, ...). Biéu dién ndo tham gia it nhat mot phép dan
sé€ dugce ghi nhan mot ddu * bén canh. Két qua ddn dugc ghi vao c6t tiép theo.
Bude 3. Lap lai budc 2 cho cot ké tiép cho dén khi khong thu thém duge cdt nao méi
(titc 1a tai cot hién hanh, khong thuc hién dugc mot phép dan nao ca). Khi dé, tat ca
cac biéu dién khong c6 ddu * s€ cho ta tat ca cdc nguyén nhan nguyén té clia f.

Thi du 2. Tim dang tuyén chuén tic thu gon clia ham

f=xy:zu vxyzuvxyzuvxyzu
v

X YZU V XYyZU V Xyzu

Thu tuc McCluskey dugce tién hanh béi bang sau day
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0001 * 0-01 * 0--1
0101 * 00-1 * 0-1
0011 * 001 * Y
1001 * e
1011 * 10-1 *
0111 * 01-1 *
THE 0-11 *

BIE

Coan

Dang tuyén chudn tic thu gon ctia ham f 12

f = Xu v 514 VozZu.
Thi du 3. Tim dang tuyén chudn tic thu gon clia hAm

[= X XX Xy vV X X0,V X XX,V XX X X,

V X\ Xy Xy Xy VX Xy Xy Xy VXX Xy Xy

Tha tuc McCluskey duoc tién hanh boi bang sau day.

0010 * 001- 11--
0011 * -011
1100 * 110- *
1011 * 11-0*
1101 * 1-11
1110 * 11-1 %
1111 * 111-*

Dang tuyén chuén tic thu gon cia ham f 1a
F=XX VX 56V XX V XXX,
Thuat todn Quine cling vdi sy cai tién cha McCluskey goi chung la thuat todn

Quine -McCluskey. Thuat todn nay cho phép tim dang tuyén chuén tic thu gon tir dang
tuyén chuén tac hoan toan.

Dudi day trinh bay thém phuong phédp Blake - Poreski, cho phép tim dang tuyén

chudn tic thu gon tir mot dang tuyén chudn tic tuy y. Co s& cha phuong phap nay la
dinh ly sau day:
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Dinh Iy 2. Néu trong mét dang tuyén chudn tdc tuy ¥ cia ham dai sé logic fix,, ..., x,)
ta lién tiép thuc hién tdt cd cdc phép ddan md rong cé thé ¢é duoc roi sau dé thuc hién
tdt cd cdc phép nudt so cdp, thi s€ thu duoc dang tuyén chudn tdc thu gon cia hamf.

C6 thé chimg minh dinh 1y nay bing quy nap theo s6 cic d6i s6 clia ham f. Tuy
nhién chung t6i khong trinh bay chi tiét & day.

Thi du 4. Tim dang tuyén chudn tac thu gon clia ham
f=xyzvzxv xy.
Thuc hién lién ti€p cic phép ddn md réng va cac phép nudt so cap ta duge

f=xy;vzxv Xy

SXYyZIVIXV XyVXYyVYyzvyz
=SXZVXYVXYNYZIVYIVY
=Xz V).

Vay xz v y la dang tuyén chuén tic thu gon ciia ham f.

Thi du 5. Tim dang tuyén chuén tic thu gon ctia ham

f=x+y)vy+2).
Ta cé
f =xyvxyvyzvyz
= XYVXYyVYIVYIVXIVXZ

D6 1a dang tuyén chun tic thu gon ctia ham f. Thi du 5 chimg to ring, dang tuyén
chudn tic thu gon cia mét ham f ¢6 thé "dai" hon dang nguyén thuy cia né.

3.3. Tim dang tuyén chuén téc tdi thiéu

Sau khi tim dugc dang tuyén chufn téc thu gon cia f, nghia la tim dugc tit ca cdc
nguyén nhan nguyén t6 cha no, ta tiép tuc phuong phdp Quine tim dang tuyén chuén tic
t6i thiéu clia f nhu sau: Lap mot bang chif nhat, méi cot tng v6i mot cdu tao don vi cla
f va mbi dong ing véi moét nguyén nhan nguyén t6 cia f. Tai 6 (i, j), ta ddnh d4u + néu
nguyén nhin nguyén t6 & dong i 1a mot phdn con ctia cdu tao don vi d cot j. Ta cling noéi
ring khi d6, nguyén nhan nguyén t6 i 1a phi cdu tao don vi j. MOt hé S cdc nguyén nhan
nguyén t6 cia f dugc goi 1a phi ham f, n€u moi c4u tao don vi cia f déu dugc pha it
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nhat bdi mot thanh vién thuoc he. Dé thdy rang, néu hé § 1& pha ham f thi né 1a day
du, nghia la tuyén cta cdc thanh vién trong S 1a thuc hién /.

Mot nguyén nhan nguyén t6 duoc goi 1a cdt yéu, néu thi€u né thi mot hé cac
nguyén nhan nguyén t6 khong thé phit ham f. Cac nguyén nhan nguyén t6 c6t yéu dugc
tim nhu sau: tai nhitng cot chi ¢é duy nhat mot ddu +, xem dau + dé thudc dong nao thi
dong d6 (ing v&i mot nguyén nhén nguyén 16 cot yéu.

Viéc lira chon c4c nguyén nhan nguvén t6 trén bing dd ddnh déu, dé dugc mot
dang tuyén chudn tic 16i thiéu, c6 thé tign hanh theo céc budc sau day:

Bucc 1. Phét hién tat ca cdc nguyén nhan nguyén té cot yéu.

Buide 2. Xod tat ca cédc cot duge phu bdi cdc nguyén nhan nguyén té c6t yéu, tic 1a
tdt ¢a cac cOt ¢6 it nhat mot dau + tai nhitng dong ung v&i cdc nguyén nhan nguyén
to cot yéu,

Bude 3. Trong bang con lai, xod nét nhimg dong khéng con dau + va sau dé néu cé
hai ¢t giéng nhau thi xod bdt mot cot.

Budc 4. Sau céc budc trén, tim mot hé S cdc nguyén nhan nguyén t6 véi s6 bién it
nh4t pht tat ca cdc cot con lai.

Tuyén clia cdc nguyén nhan nguyén t6 c6t yéu va cdc nguyén nhan trong hé S sé la
dang tuyén chuén tic t6i thiu clia ham f.

Céic buée 1, 2,3 ¢6 tdc dung riit gon bang trudc khi lwa chon. D§ phiic tap chi yéu
ndm & bude 4. Tinh hudng t6t nhat 12 moi nguyén nhin nguyén t& déu la cot y€u.
Truong hop nay khong phai lua chon gi va ham f ¢6 duy nhat mot dang tuyén chudn
tic t6i thiéu ciing chinh la dang tuyén chudn tic thu gon. Tinh hudng x4u nhAt 1a khong
c6 nguyén nhan nguyén t6 ndo 1 c6t yéu. Trudng hop nay ta phai lya chon toan bo
bang. Céc thi du sau day minh hoa cdc tinh hudng cé thé xay ra.

Thi du 1. Tim dang tuyén chuén tic t6i thiéu ctia ham f cho trong thi du 1, muc 2. Bang
sau khi dd danh dau + c6 dang

xyez }yz x;z xy; ;;E
Xy + +
Xz + +
yz + +
xyz +
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Trong trudng hop nay moi nguyén nhan nguyén t6 déu la c6t yéu. Ham f ¢é motdang
tuyén chuén tic t6i thiéu, dong thdi cling 12 dang tuyén chudn tic thu gon:

f=xyvxzvyzv ;;E

Thi du 2. Tim dang tuyén chudn tic t6i thiéu ca ham f cho trong thi du 3, muc 2. Sau
khi dénh ddu + , bing c6 dang |

X651 x5 x| 0% Xy X2 Xy Xy Xy X
- Xy X, Xy X4 Xy X4 XaXg | X3 X, Xy X,
X3 Xq
Xy X2 + + + +
Xy X 43 + +
X; X3 X, + +
Xy X3 X, + +

C6 hai nguyén nhan nguyén t6 c6t yéu nam & dong 1 va 2. Sau khi rit gon, bang
con hai dong 3, 4 va mot cot 3. Viéc chon S kha don gidn: c6 thé chon mot trong hai
nguyén nhan nguyén té con lai. Vi vy ta dugc hai dang tuyén chuén tic t6i thiéu 1a

=XV X 55V XXX,

=XV X XXV XXX

Thi du 3. Tiép tuc thi du 5, muc 2. Dang tuyén chuén tic hoan toan cla ham f 1a

f= ;;zv}y;vxyzvx§;vx;zvxy-z—.

Ta lap bang

~ |
N |
=
~
N

xyz |x xyz

=
< |
N
o
~
N

xy + +
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Khoéng c6 nguyén nhan nao la nguyén nhan nguyén t6 cot yéu. Trudng hop nay phai lua
chon toan bd. CS hai hé phli ham f vdi s6 bién it nhét, ching tuong ng vdi hai dang
tuyén chudn tic t6i thiéu:

f=xyvyrvaxz,

f=xyvyzvaxz.

He { xv,xy yz yz } phi f khong thita, né cho ta mot dang tuyén chudn tic

nghén

f= ;yvxiv )_)zvyz

nhung khong phai 1a t6i thiéu.

3.4. So d6 toi thidu

Dang tuyén chudn tic clia mot ham dai s6 6gic 12 mot loai biéu dién don gian, né tuong
tng véi mot loai so d6 nao dé thuc hién ham di cho. Trong ing dung ky thuat, van dé 1a
v6i mot ham dai s6 16gic cho trude, 1am thé nao dé x4y dung mot so dé thuc hién duoc
ham d6, véi it yéu t6 co ban nhat. So d6 nhu vay dugc goi 1a so d6 t6i thiéu cha ham
dang xét. Néi chung, so d6 img véi dang tuyén chudn tic t6i thiéu ma ta tim trong muc
trudc, chua phai da 12 so dd t6i thiéu.

Thi du. So d6 thyc hién ham f theo dang tuyén chudn tic t6i thiéu

f=xyvxzvyivzxyz

cdn ding 8 yéu t6 & (hoi) va v (tuyén), trong khi d6 so d6 theo biéu dién

f=x(v)vyzvaxyz
t6ntatcala7 yéutd & va v.

Van dé tim su do 161 thiéu (khong nhat thiét 1a dang tuyén chudn tic) ctia mot ham
dai s6 logic (trong hé v, &, -) 1a mot van dé phic tap. Hién nay chua ¢6 mot thuat todn
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hitu hiéu nao dé gidi quyét van dé nay. Théng thudng, ngudi ta tim dang tuyén chuin
tic t6i thiéu, réi sau d6 dung cdc luat phan bs dé rit b6t sé cac chit bién. Lam nhu vay,
tuy chua hin dat dugc mot biéu dién t6i thiéu, nhung néi chung, ciing thu dugc mot
biéu dién cho phép xay dung mot so db tuong déi tiét kiem.

R6 rang 12 vin dé cdn trd nén phic tap hon nhiéu, néu xét viéc biéu dién trén mot
hé diy da bat ky. Ngoai ra, trén thuc t€, ta thudng gap viéc xay dung mot sd do thuc
hién déng thoi mot hé ham dai s6 logic. Cé thé xay dung riéng ré so dé toi thiéu cho
timg ham, rdi ghép ching lai, vdi chd y 1a ¢6 thé loi dung nhitng phan chung trong
ching. Tuy nhién, can xét van dé nay mot cdch can ban va c6 hé théng hon.

Mot van dé nita I3, trén thuc t&, ta lai hay gap nhing ham dai s6 légic xdc dinh
khong ddy 4d (do viéc ma hod nhi phan cdc tin hiéu rot rac). Viéc chon nhing gié ti
cho ham tai nhitng noi khong xac dinh, cang Jam tang thém cac kha nang dugc xét.

Tém lai, d6i véi viec téng hop cdc so d6 thuc hién cdc ham dai s6 logic con rat
nhiéu bai todn khé khan va ly thu. Gido trinh nay chi dé cap dén mot vai khia canh co
ban nhat. Ban doc nao quan tam, cin tham khao thém céc tai liéu khac.
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Bai tap

1. Tim tat ca cdc nguyén nhan nguyén t6 cia cdc haim dudi day theo thuat todn Quine -
McCluskey:

Af(Ly,)=XyzvIyzIv Xyzv x
b)flx,y,2)= x ;z v.r;z_ x
)flv,y,7)=xyz v X ;z vV oXYyZIV < ;_ v :*
d)fix,y,2)=(xly)iz

e)fix,y,2)=xl(y+2)

DAxy,2)=xo(ylz)

g flx,y, 2)=(xoy)lz

hyfix,y,z2)=(x+y)oz

vV oXyzv .

2. Tim dang tuyén chudn tac thu gon ctia cdc ham cho trong bai 1.

3. Viét chuong trinh tim dang tuyén chudn tic thu gon clia mot ham dai s6 1ogic n doi
s6 dua trén dang tuyén chudn tac hoan toan cta no.

Dit liéu vao 1a file van ban cé dang:

¢ dong ddu ghi gid tri n (1a s6 d6i s6 cta ham)

e dong sau ghi gi4 tri k (1a s6 hoi so cap trong dang tuyén chudn téc hoan toan cua
ham)

e L dong ti€p, moéi dong ghi mdt hoi so cap tuong ung dudi dang maot day n ky tu
viét lién nhau, trong d6 ky tu thit / mo ta trang thai cua doi thir / theo quy ude: 0
néu ddi ¢6 dau phu dinh, 1 néu d6i khong c¢6 ddu phu dinh.

K&t qua ghi ra file van ban c6 dang (néu c6 nhiéu dang t6i thiéu thi chi ghi mot):

o dong ddu ghi gia tri m (12 s6 hoi so c4p trong dang tuyén chudn tic 6 thiéu cla
ham)

» m dong sau, mdi dong ghi mot hoi so cép tuong ing dudi dang mot day n ky tu
viét lien nhau, trong d6 ky tu thi i moé ta trang thdi cta d6i thit i theo quy udc: -
néu doi khong c6 mat, 0 néu doi c6 ddu phi dinh, 1 néu d6i khong cé dau phu
dinh.

Thi du: File dit liéu vao cho ham (thi du 3, muc 3)
flx, y,z) = ,;;z v ;y z v ;yz % x;;v X 52 VXY z.
va file két qua tuong ing véi dang tuyén chudn tic t8i thifu xy v yz v x z cb noi

dung:
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Phdn 3. Ham dai sd'légic

File dit liéu vao File két qua

001 -01
010 1-0
011
100
101
110

4. Hé thong canh bdo tw dong.

Ngudi ta cn thiét k€ mot mach logic diéu khién hé théng canh bdo ty dong trong mét
ngoi nha. Trong hé théng canh bdo nay ngudi ta sir dung hai dang bd cdm bién (sensor):
tich cuc va thu dong. B cam bién tich cuc s€ phat tin hiéu 1 khi moi viéc déu binh
thudng va tin hiéu 0 néu phat hién ¢6 su c6 (clra ra vao hoac ctia s6 bi md). B cam bién
thu dong sé& phat tin hiéu 0 n€u moi viéc binh thudng va tin hiéu 1 néu phat hién su c6
(lam chuyén dong hoadc va dap vao né). Ngéi nha c6 4 phong R,, R,, R;, R,. Trong méi
phong R; c6 mot bod cam bién tich cuc phdt tin hiéu x; va mot bd cam bi€n thu dong phat
tin hiéu y,. So d6 clia ngéi nha duge mo ta trong hinh 1 (cdc doan dift 1a céc cira thong
phong hoac ra vao).

Hinh 1

Mach logic diéu khién phai phét ra tin hiéu 0 khi khéng c6 su ¢6 nao xay ra va phat tin
hiéu 1 dé kich cdi bdo déng. Ta cdn kich cdi bdo dong n€u xdy ra it nh4t mot trong cic
tinh huéng sau day:

o Trong phong R, ¢6 it nh&t mot trong hai bd cam bién x, hodc y, phét hién su c6;

o Trong b4t cit phdong R,, i >1, ca hai b6 cam bién x; va y; déu phat hién su c6;

o Trong hai phong cé cilra thong nhau c6 hai bo cam bién phat hién su c6.

a) Hay xay dung biéu thitc cho ham bi€n bun f{x, x,,x;,%,,Y,,Y2:Y5.Y,) nhan gid trj 1
khi va chi khi cén kich coi bao dong.

b) Tim dang tuyén chuén tic hoan toan cla f;

¢) Ap dung thuat todn Quine-McCluskey tim dang tuyén chun tic thu gon ciia f.
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