Bai giang Toan Cao Cip PGS.TS L& Anh Vii

BAI GIANG TOAN CAO CAP (HIGHER MATHEMATICS)

PHAN |: PAI SO TUYEN TiNH VA QUY HOACH TUYEN TiNH
(LINEAR ALGEBRAS AND LINEAR PROGRAMMING)

CHJ]ONG |. MA TRAN, PINH THU'C VA HE PHQ]JONG TRINH TUYEN TIiNH
(MATRICES, DETERMINANTS AND SYSTEMS OF LINEAR EQUATIONS)

I.1. MA TRAN (MATRICES)
Noi dung co ban
- Khai niém ma tran. Cac loai ma tran.
- Céc phép toan dai s6 trén ma tran.
- Ma tran bac thang dong va cac phép bién déi so cap dong.
- Ung dung ma tran dé biéu dién cac dir liéu trong thuec tién.
- Hang ctia ma tran va cach tim hang ma tran.
Thuét ngir then chét (Viét — Anh)
- Ma tran — Matrix; - Ma tran vubng — Square Matrix;
- Ma tran don vi — Unit/ldentity Matrix; - Ma tran khéng — Zero Matrix;
- Ma tran tam giac — Triangular Matrix; - Ma tran chéo — Diagonal Matrix;
- Ma tran bac thang — Echelon Matrix; - Bién d6i so cap — Elementary Operations;
- Hang cia ma tran — Rank of Matrix.

1.1.1. VAI VI DU TRONG THU'C TIEN
1. Bang cac chi tiéu
2. Loju trit c4c hé phojong trinh bac nhét nhiéu 4n
1.1.2. KHAI NIEM VE MA TRAN VA VAI LOAI MA TRAN
1. Khai niém ma tran
Mt ma trdn cdp mxn (matrix of size mxn) (m, n ty nhién dwong) 12 mot bang gdbm m.n s aij
duogc sap xép thanh m dong va n cot dudi dang

( a;; 80 . 4 —||
| a a .. a
A=l 21 22 2n | vadugc viéttit boi A=[a] hayA=(a)
‘ ij mxn ij mxn
|_am1 am2 amnj

Phan tir aij 12 phan tir & dong i va cot j cia ma tran A; i 1a chi s6 dong, j 1a chi s6 cot ciia phan tir ajj
do. Tuy vao cac phan tir ajj 1a so thyc hay phirc ma ma tran A ciling dugc goi la ma trén thwe hay ma

Chojong | — Ma tran, Pinh thirc & hé phojong trinh tuyén tinh Page 1



Bai giang Toan Cao Cip PGS.TS L& Anh Vii

trdn phirc. Trong sudt gi4o trinh nay, ta chi yeu chi xét ma trdn thwe nén ta sé chi goi don gian la
ma trdn néu diéu nay khong gay ra su hleu nham nao.
Hai ma tran dugc xem 1a bang nhau néu chung cling cdp VA moi phan tir twong tng déu nhu nhau.

Ttc la [aij] ' [b } < aij=hj 1= ampj=1,2, ..,
1 2 3] ,
Vidul A= ||_ 6J 1a ma tran cap 2x3, 6 ddy a13 =3, a1 =4, ... .

2. Vai loai ma tran
a) Ma trin vudng (square matrix): 1a ma trén c6 s6 dong m bang sb cot n (m=nla s6 tur
nhién duong), fshl doﬂhay vi n6i ma tran cap nxn ta chi ndi d6 1a ma tran vudng cép n.

Vidu2. B=| J la ma tran vudng cép hai.
|5 7
Trong ma tran vudng cap n, ngudi ta goi cac phan tir ai1, Az, ..., ann 1a cac phan tir thuoc dudng
chéo chinh cua ma tran.
b) Ma tran don vi (identity matrix or unit matrix): 1a ma trdn vudng c6 tit ca cac phan tir
thugc duong chéo chinh déu b'fmg 1, cac phﬁn ttr con lai déu b'fmg 0, ki hi¢u 1a In hay chi
don gian 1a | khi cap da duogc chi 1d. Ciing ¢6 khi ky hiéu ma tran don vi 1a En hay E.

1 0 O

Vidu3. | _[1 0 = 0 1 O |acéac ma trin don vi cap 2, cap 3.
2=l (513 |
llo o 1l]

) Ma tran tam giac (triangular matrix): 1a ma tran vudng co tt ca cac phan tir nam phia dudi,
hodc phia trén dudng chéo chinh déu bang 0.
1 2 3 [1 0 0 o —'
0

230 -
Vidu4.C=|0 4 5, la c&c ma tran tam giac.

lo o 6 h 4500
7 8 9 10]
d) Ma tran chéo (Diagonal matrix)): 1a ma tran vudng co tat ca cac phan tir nAm ngoai duong
chéo chinh bang 0.

(1 0 ow
Vidu5. E= 0 2 0| la ma tran chéo.

o 0 3]]
e) Ma trén ¢t (column matrix or column): 1a ma tran chi c6 mot cot.
f) Ma tran dong (row matrix or row): la ma tran chi c6 mt dong.

1]

2 | G=[1 2 3 4] 1an luot 12 ma tran cot, ma tran dong.

3]

g) Ma tran khong (zero matrix): 1a ma tran c0 tat ca cac phan tir déu bang 0, ki hiéu 12 Om«n hay
chi don gian la O khi cap da duoc chi ro.

Vidu6. F=

) o o of . .
Vidu 7. O3 { ] la ma tran khong cap 2x3.
O O O
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Chay: Pé tién, ta sé [dung cac ky hiéu Mat(m,n) va Mat(n) dé chi tap hop cac ma tran (thuc) cip
mxn v ma trin vudng cp n twong Gng (m, n 1a cc s6 nguyén duong).

1.1.3. CACPHEP TOAN TREN MATRAN ,
1. Phép cfng ma tran (matrix addition): Tong hai ma trdn cing cdp A = [aij]mxn va B =
[bij]mxn. 1& mdt ma tran cung cap, ky hiéu A + B, dugc xac dinh boi A + B:= [cij]mxn VOi cij = ajj + bjj; i
,2,...m;j=1,2,...,n

. o [1 -2 3] [-3 2 o] e Aem [2 o 3]
Vidu8.Cho A= B= _Théthi A+B= .
' 4 o 2 s 6 7] 1 6 o

Chu y: Hai ma tran chi cong dugc v6i nhau khi ching ¢é cling cap.

2. Phép nhan sb véi ma tran (scalar multiplication): Cho sé a va ma tran A = [aij]mxn. Tich cta
a voi ma tran A 1a mot ma tran cung cap, ky hiéu aA, duoc xac dinh boi aA:= [bij]lmxn vOi bij = a.aij; i =
1,2,....m; j=1,2,...,n

. 1 2 3 - 2 —4 6

Vidu9.Cho matrana=2, A= . The thi 2A = .
4 0 2 8 o0 4 ]

3. Phép nhan ma tran (matrix multiplication): Cho hai ma tran A = [aij]mxn va B = [bjp]nxp.

Tich ciia A véi B la ma tran, ki hiéu AB, dugc xac dinh boi AB: = [Cik]mxp VOI Ci — Z a-b

ik s 1=1, 2,
j =1
Lmk=1,2,...,p.
. . 1 2 3
Vi du 10. Cho hai ma tran A = ] -2 3| vaB-= (—1 1_I )
4 O |
La 2]
, [C Cro | , ‘
Thethi AB= "¢ C J la ma tran vudng cap hai. Ta tinh cac phan tir cia AB.
[ 21 2
Taco
Ci1i =12+ (-2).(-1) + 3.4 =16,¢,, =1.3+(-2).1+3.2 =7,
Coy =4.2+0.(-1)+2.4=16,Co, =4.3=0.1+2.2 =16
Viv AB < [16 7 |
¥ AB=116 16|
Chay : N
- Hai ma tran chi nhan dojgc véi nhau khi s0 cot ciia ma tran dau bang so dong ciia ma tran
thir hai.

- Muén tim phén tir & dong i, ¢4t j ciia ma tran tich A.B, ta nhan cac phén tir & dong i ciia ma
tran A lan lojgt véi cac phan tir & cot j cia ma tran B roi cong cac tich do lai.

Tai sao phép cdng hai ma tran va phép nhan mot s6 v6i mot ma tran dinh nghia rat tu nhién nhung
phép nhan hai ma tran lai dinh nghia kha phtrc tap nhu trén?
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4. Phép chuyén vi ma tran (transpose of a matrix) ) ‘
Cho ma tran A = [ajj]mxn. Ma tran thu dugc tir A bang cach viet cac dong cua A lan lugt thanh
cac cdt dugce goi 1a ma tran chuyén vi ctia A va ki hiéu 1a A'. Khi dﬂ A'la ma tran cap nxm.

1

Vidu 11. Cho matrin A = [1 —2 3—|.Théthi At:|_2 0|

ls o 2 o

|L3 2 U

Hién nhién tacd (A= A, tirc 12 sau hai 1an chuyén vi ta lai tré' v& ma tran ban dau.

5. Lity thira mgt ma tran vuong (powers of a matrix)
Khi A 1a mot ma tran vudng, ta co thém phép toan liy thira. Cu thé, liiy thira bac n (n nguyén
duong) cua A la ma tran tich ctia n ma tran A, nghia la
A" =AA. ...A (nlan).
Tuong tu nhu luy thira cua cac sd thuc, ta quy wéc A =1, trong d6 A 1a ma trdn vudng cip bét
ky va I 1a ma tran don vi cing cap véi A.

[1 2]
Vidu12.Cho matran A =| J Khi @6
[0 3

n
1 Ol A2 = |r1 8] . A3= { 267| A= [1 3 ‘J|; n 13 sé tu nhién.
01 LO 9 o 27J | Lo 3“ U
Hay kiém chung cac két qua néu trén.
Chu y: Thir ty thuc hién c&c phép todn trén ma tran tuong ty nhu doi vadi cac so: nhan trude, cong
sau. Phép trir duwoc xem 1a hé qua cta phép cong va phép nhan véi mot s6: A —B: = A+ (- 1)B.

AO_

CAC TINH CHAT
Gia str cac phép toan dudi day déu thuc hién duoc v6i cac ma tran A, B, C va cac sb a, b. Khi do

ta c6 cac tinh chét sau day:

A+B=B+A; A+O=0+A=A; A+(-A)=0; (A+B)+C=A+ (B +C);

(AB)C = A(BC); 1L.A=A; LA=A.l = A; (ab)A = a(bA);

(a+b)A=aA +bA; a(A+B)=aA+aB; (A+B)C=AC+BC; AB+C)=AB+AC,

(A +B) = A+ B'; (AB)! = B'A",
Hay chimg minh cAc tinh chat néu trén.

I.1.4. MA TRAN BAC THANG DONG VA CAC PHEP BIEN POI SO CAP DONG
1. Ma trin bic thang (dong) (echelon matrix): la ma tran thoa man dong thoi hai diéu kién sau day
- Dong co6 tat ca cac phan tur bang 0 (néu cd) ludn nim phia dudi dong c6 phan tir khac 0 (néu co);
- D6i voi hai dong bat ky, néu tinh tir trai qua phai, phan tir khac 0 dau tién (néu co) ciia dong dudi
ludn & bén phai so véi phan tir khac 0 dau tién (néu c6) ctia dong trén.
12 3 4 5

) o [1 0 0 0 o]
Vidu 13. M= 6 7 8 9 | ; N= |0 o 2 3 o| la cac ma tran bac thang.
12
|0010 1 | lloo o o 4l
I_O O O (0] 0 J
Ma tran O (cép tly 3'/) ma tran don vi c6 phai la ma tran bac thang (dong) khong? Tai sao?
2. Cac phép bién d6i so cap dong (BDSC) trén cac ma tran (elementary row operations)
D6 1a mot trong ba phép bién d6i sau day trén mdi ma tran
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(E1): Pdi chd hai dong cho nhau di <> di.

(E2): Nhan mot dong v6i mot s6 khac khdng di — a.di (a #0).

(E3): Thém (bét) vao mot dong mot boi ciia dong khac di — di + a.d; (a tdy y).

3. Tinh chat quan trong: Moi ma tran khac khdng, sau mot s hiru han cac phép BDSC, déu
dua dugc vé& mot ma trdn bdc thang ma duoc goi 1a dang bdc thang cia ma tran ban dau.
Chu y: Dang bac thang ciia méi ma tran khdng duy nhdt va thuong cé nhiéu cach BDSC dé duwa mot
ma trin vé dang béc thang.
1.1.5. UNG DUNG MA TRAN TRONG THUC TIEN (SV tu tim hiéu)

1.1.6. HANG MA TRAN VA CACH TIM HANG

1. Ménh dé: Déi v6i mdi ma tran khac khong A, dang béac thang dong ciia n6 dit khong duy nhat
nhung sé dong khdc khéng cua mdi dang bac thang cua A ludn bang nhau va chi phu thudc vao A cht
khong phu thudc vao cach BDSC thuc hién trén cac dong cua A.

2. Hang ciia ma tran (rank of a matrix): Cho ma tran A. Néu A = O thi hang ctia A bang s6 0.
Néu A khac O thi hang ctia A chinh 14 s6 dong khac khong ciia mdi dang béac thang ctia A. Hang ciia A
thuong dugc ky hiu 1a rank(A) hay chi don gian la r(A).

3. Cach tim hang ciia mdt ma tran khac khong: Nhu vay, d6i v6i mdi ma tran khac khong A,
dé tim hang ctia nd trude hét ta BDSC trén cac dong cta A dé dua n6 vé dang bac thang. Sau d6 dém s
dong khac khong cuia dang bac thang ta dugc hang cta A.

Cha y: Néu A 1a ma tran cidp mxn thi r(A) la sé tu nhién khdng vuot qué sé bé trong hai sé m, n.
Tuc la
0 <r(A) <min (m, n).

Hay tu tim hiéu xem khai niém hang ma tran c6 vai trd gi?

1.2. PINH THU'C (DETERMINANTS)

Noi dung co ban
- Khai niém dinh thtrc.
- Céc tinh chét cua dinh thire.
- Phuong phap tinh dinh thirc.

Thuét ngir then chdt
- Pinh thirc cap n — Determinant of order n;
- Ma tran kha nghich — Invertible Matrix;

- Nghich dio caa ma trin — Inverse of a matrix.
1.2.1. NHIN LAI PINH THUC CAP 2, 3
1. Pinh thirc cap 2

Cho A= la mot ma tran vudng cap 2 bat ky. Binh thire (cdp 2) ciia A 13 mot sb, ky
an
[N a'11 2 4 . % _ all a12 . —
hiéu detA hay duogc xac dinh boi detA = = anay — aznain.
a21 a22 aZl a22

Nhin xét: Pinh thire cip 2 duge dung dé xac dinh tich ¢6 huéng cua hai vecto, dién tich hinh
binh hanh va dién tich tam giac trong hinh hoc.
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2. Pinh thirc cip 3

a11 a‘lZ a‘13
ChoA=|a, a, a,|lamodtma tran vudng cap 3 batky. Dinh thirc (cap 3) ciia A 1a mot
a‘31 a‘32 a‘33
all a12 a13

s0, ky hiéu detA hay |a,, @&, a,| duoc xac dinh boi

8y dp Ay
a; a, &y
detA = 8y 8y 8y T84y 1 8ypBlly T 81388y — 8y 8ynliy — 8Bl 833881, -
8y 8y Ay

Pé nhé dinh nghia nay, ta dung cong thire Sarrus dugc minh hoa bang so d6 dudi day.

+ o+ o+
Nhan xét: Dinh thirc cdp 3 duge ding dé xéac dinh tich hdn tap cua ba vecto, thé tich hinh hop
(xién) va thé tich khdi tir dién trong hinh hoc.
1.2.2. PINH THUC CAP N (DETERMINANT OF ORDER N)
1. Khéi niém: Ta sé dinh nghia dinh thirc cap n tong quat bang quy nap.
a) Pinh thirc (cdp 1) cha ma tran A = [a11] vudng cap 1, ky hi¢u detA, chinh la s6 detA:= an.
b) Gia st dinh thuc (cAp n = k) ctia mdi ma tran vudng cip n = k > 1 da duoc xéac dinh. Xét

matran vudng capn=Kk + 1ty y A = [aij L . Binh thirc (cdp n =k + 1) cia A, ky hiéu detA,
+1

la mot so dugc xac dinh nhu sau

a, a, ... 4,
ey Ay e Ay -
detA | 1 :22 : n anlAnl +a,A, .. +a,A
an &z - Ay,
& day, Anj 1a tich ctia (— 1)™ véi dinh thirc cép k clia ma tran nhan duoc tir A bang cach xoa di
dongnvacotj;j=1,2,...,n

Nhu vay, theo nguyén |y quy nap, ta da dinh nghia dugc dinh thie cip n (> 1) bat ky.

2.Vidu
Vidul

4y A

a21 a22

a21'6\21 + a22A22 = _a21a12 + a22a'11 = a11a'22 - a'21a'12

(trung lai dinh nghia so cap!).
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Vidu?2
a,; a, aj
Ay 8y Ayl T AyAg TagAg, TagAy
y Ay ay
3122 g a, a 33fu g
=a (1) Bl a (L1)%2[%u 43| a (_1)° 12
31 % + 5
a, ay 1 9y ay ady

= 83389833 1 888y 18138785, — 85189813 8gp@58 — 38,13y,

(trang lai dinh nghia so cap!).

[2 o 3 —1—||

1 =2 0 3

Vi du 3. Cho ma tran vudng cip bén A = | B

| 2 1 2 1 }

lo 3 1 —2]
Khido detA=oA, —3A, +1A, —2A,. Oday

42
2 3 -1 2 (0] -1 2 (0] 3

App =t 0 3|=LAg =-1 =2 3|=15A,, = -2 0| =7.
2 2 1 2 1 1 2 1 2|

Vay detA= — 2.

1.2.3. CAC TINH CHAT CUA PINH THUC

. Pinh thirc khong thay d6i qua phép chuyén vi: detA = det(AY).

. det(AB) = detA.detB v&i moi cap ma tran A, B vudng cing cap.

. Néu c6 mot dong (hodc mot cot) khong thi dinh thire bang 0.

. Néu c6 hai dong (hoic hai cot) gidng nhau hay ti 1é v6i nhau thi dinh thtrc bang 0.

. Pinh thtc ctia ma tran tam gi4c hay ma tran chéo bang tich cac phan tir thudc dudng chéo

chinh.

. Néu dbi chd hai dong (hodc hai cot) bt ki thi dinh thirc d6i dau.

7. Néu nhan mot dong (hodc mot cot) bat ky vi mot sd thi dinh thire cling duge nhan véi s6 do.
Noi cach khac, nhan tir chung ciia mot dong (hodc mot cot) c6 thé dem ra ngoai dinh thirc.

8. Pinh thirc khdng thay doi khi thém hozc b6t vao mot dong (hodc mot cot) mot bdi ciia mot
dong (hay cot) khac.

9. Cong thirc Laplace khai trién dinh thirc theo mot dong hay cot bat ky

O~ wWwN PR

(o2}

a,;, a, ... aq,

a a e By | — it A 5 i
n % | = ailAil +a,A, +.. +a, A, (Khaitrién theo dong i)

a, & .. a,

=a,A, +a,4,; +...+a,4, (Khai tricn theo cdt j)

O day, Ajj la tich ciia (— 1) véi dinh thirc clia ma tran nhén dojoc tir A bang cach xéa di
dong i, cot j; Aij dugc goi la phan bu dai so cua phan tur ajj hay vitri (1, j); 1,j=1,2, ..., n.

Chojong | — Ma tran, Pinh thirc & hé phojong trinh tuyén tinh Page 7



Bai giang Toan Cao Cip PGS.TS L& Anh Vii

1.2.4. CAC PHOJONG PHAP TINH PINH THUC
1. Dung cac phép bién ddi so cAp: Dé tinh dinh thic cta ma trin vudng bat ky, trudc hét ta
BDSC dé dwa ma tran d6 vé dang tam giac (trén), sau d6 1y tich cac phan tir thudc dudng chéo
chinh (theo tinh chat 5). T4t nhién, trong qua trinh BDSC, ta luén dénh gia duoc su thay doi gia
tri cua dinh thirc (nho cac tinh chét 6, 7, 8).

Vidu 4.
12 3 4 1 2 3 4 1 2 3 4 1 2 3 4
2 3 4 1_0 1 -2 -7/_l0 -1 -2 -7 _|0 -1 -2 -7
=160.
3 4 1 2 |02 -8 —-10 |0 0 —4 4 O 0 4 4
4 1 2 3 |0 -7 —-10 —13] [0 0 4 36/ |0 0O O 40

2. Dung cdng thire Laplace: Néu phét hién thdy dinh thirc ¢6 mot dong hay cot nao do chira
nhiéu s6 0 thi nén khai trién dinh thirc theo dong hay cot do.
0 0 O X2013
0 (X +1)2013 2012

0
X 2010

Vidu5. Tinh D(x) = va tim 4n s thyc x dé D(x) = 0.

—X (X _ 3)2011 X
Giai
0 0 0 xO8 -
0 (x+1)?8 0 x* 0 (x+1) 0 .
D(x) = (o2 =X x (x—2)P12 1] = 2y 1)
X— X o
—X (X _ 3)2011 X X2010 —X (X _ 3)2011 X

— X2013 (X +1)2013 (Xz n X) _ X2014 (X +l)2014 .

D(X)=0<xe{0, -1} ’ q
3. Phojong phap tong hep: Trong thuc hanh, ta thuong phoi hop BDSC véi khai trien. Doi khi
con phai bién doi tinh té nira.

B I R
Vidu 6. = —5/3 7 8/=50 1 —1=5 |=25
'5456545651119 01414

5 9 16 25 [0 5 11 19

1.2.5. MA TRAN KHA NGHICH (INVERTIBLE MATRIX)
1. Khai niém: Ma tran vudng A duoc goi 1 cé nghich dio hay khd nghich néu tim dugc mot
ma tran B vudng cing cdp sao cho AB = BA = I (ma tran don vi cing cap véi A, B). Lac d6 B
duoc goi 1a (ma tran) nghich ddio cta A (inverse of A) va ky hiéu 1a A,
Nhu vy, néu A kha nghich thif A A= A2A = |
2. Nhan xét
a) Ta chi xét dén tinh kha nghich ctia ma tran vudng.
Hay tu 1y giai tai sa0?

b! Ma tran vudng khéng @) duong nhién khéng kha nghich.
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¢) Khong phai ma trdn khac khdng nao ciing kha nghich.
d) C6 thé ching minh dugc AB=1=BA=1.
Hay tu chimg minh khang dinh nay.

1 2
Vi du 7. Ma tran 3 6 khong kha nghich.

Hay ty kiém chung diéu nay bang dinh nghia.
3. Ménh dé (vé diéu kién kha nghich)
Dbi véi mdi ma tran vudng A, cac khing dinh sau twong duong
(1) A kha nghich.
(ii) detA #0.
(iii) rank(A) dung bang cap ciia A.
Hay tu ching minh ménh dé nay.

1 -2 0
Vidu8. Timmdé matran A= |1 m 1|khanghich.
0o m 1

Giai
detA=—m?+m+2,detA=0<me{-1, 2}
Vay A kha nghich khi va chikhi —1 # m # 2.

4. Thuiat toan tim ma tran nghich dao
Bai toan: Cho ma tran vudng A. Tim nghich dao ctia A néu 6.
a) Thuit toan dung dinh thirc va phan by dai s6
e Bojéc 1: Tinh D = detA.
+ Néu D = 0 thi két luan A khong kha nghich. Thuat toan dirng.
+ Néu D # 0 thi A kha nghich. Lam tiép bejéc 2.
e Bojéc 2: Tim ma tran phy hop Pa ctia A.
Ma tran phu hop Pa ctia A 13 ma tran tao thanh tir c&c phan bu dai s6 ctia CAC phan tir ciia
A, tic 12 Pa = [Aij]n, & ddy Ajj 1a phan bu dai s6 cta vi tri (i, §); 1,j=1,2, ..., n.
e Bojéc 3: Xéc dinh ma tran nghich dao At = ~ P', & day P! la chuyén vi cia Pa.

D A A
) [1 2 -1
Vi du 9. Tim nghich dao (néu cd) cia ma trdin A = | 2 3 —2—l| :

|
|L3 1 3 U
Giai + Tacd D=detA=-6+#0.Do do A kha nghich.
+ A11=11, A= -12, Aiz= -7, Aun=-7,A»=6, A =5.
As1= -1, A2=0, Axz= —1.

11 -12 —7 11 -7 -1
P.=|-7 6 5| P,=|-12 6 0]
-1 0 -1 -7 5 -1
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n 71

. L 11 -7 -1 6 6 6

Vay A’1:—P:\:—€—12 6 0= 2 -1 0.
b -7 5 -1 7 5 1

6 6 6

b) Thuat toan BPSC
Bai to4an: Cho ma tran vudng A. Tim nghich dao ctia A néu cd.
e Bojde 1: Lap ma tran [A | 1] bang cach thém vao bén phai A ma tran don vi ciing cap.
e Bojéc 2: BDSC trén cac dong cua [A| ] dé dwa n6 vé dang [I |B] (B 1a ma tran nao do).
+ Néu khong thé bién ddi dugc nhu thé, tire 1a trong qué trinh BDSC, ma tran bén tréi
xuét hién mot dong khong, thi két luan A khong kha nghich.
+ Néu bién d6i duoc nhu thé thi két luan A kha nghich véi A = B.

11 2
Vi du 10. Tim nghich dédo (néu c6) claamatran A= |2 3 5],
3 438
11 21 00
Giagi + [A|l]=|2 3 50 1 O0f.
3 4 80 01

+ BDSC (trén cac dong ctia) ma tran nay ta dugc

112100 [1121 00 1121 00
2 3501 0—[011-210=011-2 1 0|—
3 48001 012-301 00 1-1-11
1 1 03 2 -2 [1 004 0 -1
01 0-1 2 —-1/—|0 1 0-1 2 -1
00 1-1 -1 1 00 1-1 -1 1

4 0 -1
Vay Akhanghichvéi A't=|-1 2 1.

-1 -1 1

1.3. HE PHJ]JONG TRINH TUYEN TINH (SYSTEM OF LINEAR EQUATIONS)
Noi dung co ban
- Khéi niém vé hé phuong trinh tuyén tinh (PTTT).
- Dang ma trén ctia hé PTTT. Diéu kién c¢6 nghiém.
- Hé Cramer va cong thirc Cramer.
- Hé tong quat va phuong phéap Gauss.
- Hé thuan nhat. Diéu kién c6 nghiém khong tim thuong.

- Lién hé giira hé tong quét va hé thuan nhat.
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Thuat ngir then chdt
- H¢ phojong trinh tuyén tinh — System of Linear Equations;
- Hé Cramer — Cramer System);
- Hé phojong trinh tuyén tinh thudn nhiat — Homogeneous System of Linear Equations.

1.3.1. KHAI NIEM , ] o
1. Hé phwong trinh tuyén tinh tong quét m phwong trinh, n dn so: 1a hé phuong trinh c6 dang
a, X -
[ a11 1 + a12 )? -+ amXQ :% g%
21 1 22 2 2n n 2

(1

| lamiX; + @maXo + o+ @mpXn = by (m)
trong dé ajj, bi 12 cac s6 cho trudc ma lan luot duoc goi 1a cac hé s6 (ctia an) va hé s6 tu do, X; 12 cac
ansd,i=1,2,...m;j=1,2,...,n
Nghiém ciia hé phwong trinh tuyén tinh (1): 12 mot bd gdm n s6 dugc sap tha ty (a1, @, ..., an)
sao cho khi thay xj = aj (j =1, 2, ..., n) vao tat ca cac phuong trinh trong hé, ta duoc cac ding thirc
dung. Hé co thé vo nghiém, c6 thé co nghiém duy nhat hoic vo sb nghiém.
Gidi mgt hé PTTT 1a viéc di tim tap hop nghiém cia hé do.
2. Dang ma tran cia h¢ PTTT
Xét lai h¢ (I) néu trén. Ta s& dua vao mot so ma tran ma can cho viéc giai hé (.
A = [aij]lmxn & ma tran gom tit ca cac hé sb cua an va dugc goi 1a ma trdn hé so.

1

b
B=1 2 } la ma tran gom cac hé so tu do va duoc goi la ¢gt tw do hay cét vé phdi.

v,

bm
[

e

X=1" 1 1a ma tran gdm C4cC an s va dugc goi 1a cdt an (sd).
LJ

Khi @6, hé phuong trinh (I) dugc viét & dang ma tran: AX = B.
Ngoai ra, khi xét hé (I), ma tran [A| B] (m dong, n + 1 ¢ot) nhan duoc bang cach ghép thém cot
tu do B vao bén phai ma tran hé so A s€ dong vai tro quan trong. Ma tran [A| B] dugc goi la ma #rdn
ma réng hay ma trdn bo sung ctua hé (I).
; i . L (xl + 2% =3y _ _q-
Vidu 1. Xét hé phuong trinh tuyén tinh J ’
i LZXl +3Xy + Xg T 11.
O day, ta co
12 -3
23 1

_1.

+ Matran hé s A = ;
11

12 -3
[ l; ma tran mo rong [A | B] =
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X
_1 1

11

; c@ténsé X=1X%]|.
X3
1, X3 = 2 vao hai phuong trinh cta hé ta duoc cac ding thirc dung. Vay (3,1,2) la

+ COttudoBZl

Thay x1 =3, X2 =
mdt nghiém cua hé da cho.
3
Nghiém nay con viét & dang cot |1]. Ta co thé thir lai bang cach xét tich cac ma tran twong tmg:
2
[3]
ax=t 2 8113 ‘ ‘ |f—ﬂ| = B.
[2 3 J |_11 |
[[21]

1.3.2. PIEU KIEN CO NGHIEM CUA HE PHQJONG TRINH

1. Dinh ly Kronecker — Capelll
( H¢ phuong trinh (1) c6 nghiém ) < (rank(A) = rank([A| B]) ).

Vi du 2. Xét h¢ phuong trinh & V1L(111_1 1 tren
[AlB] = |

|2 3 1lu1) Jo -1 7[3]]
Suy ra rank(A) = 2 = rank([A| B]). Do d6 hé c6 nghiém (dtng nhu ta da thay & vi du 1).

ta r.io mf tran mo ron%_]

| =

Vi du 3. Xéc dinh gié tri ciia tham sé thuc m dé hé dudi day c6 nghiém.

(Xl + 2X2 - 3X3 + 2X4 - X5 = 1
4 2X1 + 5X2 + 2X3 - 3X4 + 2X5 = 8;
|41+ 9% —4X3 + 2%4 — 5Xg = 6;
ll3q + 16, ~7x3 + 4% - 6xs = m.
1 2 3 2 - 11

2 5 2 = 218

4 9 _4 2 56|
|_511—74—6m

O day, ma tran bén trai 13 ma tran hé sd A, con cot bén phai 1a cot ty do B. Ta BDSC nhu sau:

HHEERE PR T

[A|B]—>| |_>|
‘018—6—12. ‘000 1 5| —4

lo 1 8 6 -1m-5| |0 0 0 1 -5|m-11]

Giai Ma tran mo rong cua hé la [A| B] =

| >

_>018_746
0001—5—4<
0 0 0 0 0|m-7]
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Day |a dang bac thang ctia ma tran mo rong voi dang bac thang cua ma tran hé sé A & bén tréi.
RG rang ta co
+ rank(A) = 3 khong phu thudc vao m.
3 khi m=7,;
+ rank([A| B]) = .
4 khi m=7.
Doddé  (Hg da cho cé nghiém ) < (rank(A) =3 =rank([A|B]) )< (m=7).

2. Nhan xét: Dbi véi hé (1), ta ludn co
a) rank(A) < rank([A| B]) <m (s6 phuong trinh). Boi thé khi biét rank(A) = m, n6i riéng m < n
(s6 an), thi chic chan c6 dang thic rank(A) = rank([A| B]) va hé c6 nghiém.
b) Gia sir rank(A) = rank([A| B]) =r, 0 <r <min(m, n).
+Néu r=n, néiriéngn < m, th1 hé c6 nghiém duy nhat.
+Néu r<n thi hé cd vd s6 nghiém phu thuéc n —r tham sé tly y. Ta s& thdy rd diéu

nay trong cac vi du vé giai hé PTTT.

1.3.3. HE CRAMER VA CONG THU'C CRAMER
1. Hé Cramer o )
H¢ PTTT n phuong trinh, n an s6 v&i ma tran h¢ so kha nghich goi 1a A¢ Cramer.

2. Pinh ly Cramer
Cho hé Cramer n phwong trinh , n dn so voi dang ma trdn AX = B. Khi do hé co nghiém duy

nhdt cho béi cong thirc

D
> ©)

O day D = detA # 0, Dj 1a dinh thirc nhan dugc tir D khi thay ¢t j boi cottw do B, j=1,2, ..., n.
Cong thirc (C) duoc goi la cong thirc Cramer.

I Hay lién h¢ cong thirc Cramer v6i cong thirc nghiém ctiia hé n phuong trinh, n an s6 (n =2, 3)
da biét trong dai s6 so cap.
X; + X — X3 =6
Vi du 9. Giai hé phuong trinh 72x1 + 3%y — dxg = 21
L?x -X —3X =6
12 3
[1 S [6]
= |2 3 4 |; B=|21 . detA=-12;
7 a4 3] 6 ]
6 1 -1 1 6 -1 1 1 6
D,=21 3 -4/=0D,=(2 21 -4/=-36;D;=[2 3 21| =36.
6 -1 -3 7 6 -3 7 -1 6
Vay nghiém cta hé phuong trinh dachola x1=0, x2=3, x3=-3.
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3. Nhén xét: That ra cdng thirc Cramer chi ¢ y nghia ly thuyét chir it Y nghia trong thwe hanh
khi n khong bé (n > 4).

1.3.4. GIAI HE PHO]ONG TRINH TUYEN TINH BANG PHO]ONG PHAP GAUSS

Y tuéng co ban ciia phwong phdp Gauss la bién déi twong duong dé khir dan dn sé ¢ cdc
phwong trinh tir trén xwéng duwgi. Trong ngon ngit ma trin, diéu nay dong nghia véi vigc

BDSC (trén cac dong) cua ma trgn mo rong de dwa no vé dang bdc thang. Sau do, gidai hé
ngwoc tir dwdi Ién trén bang cdch thé din cdc dn tiv phdi qua trdi.

Bai toan: Giai hé PTTT (t6ng quat) m phuong trinh, n an sd

f Xy + Xy + .4+ Ay X, = by
|a X +a X +.+a X =b

21 1 22 2 2n n
OB

Lamlxl + Xy + .+ Ay X, =D
1. Thuit toan giai bang phojong phap Gauss

e Bojéc 1: Lap ma tran mé rong [A| B] ciia hé (A 1a ma tran hé s6, B 14 ¢t tw do).

e Bojée 2: BPSC (trén cac dong ciia) ma tran mé rong dé doja nd vé dang bac thang. Tur
dé tinh dojgc hang cia A va [A| B].

+ Néu rank(A) < rank([A| B]) thi két luan h¢ vO nghi¢m. Thuit toan dirng.
+ Néu rank(A) = rank([A| B]) = r thi hé c6 nghiém. Lam tiép bojérc 3.

e Bojéc 3: Tir ma trdn béc thang, viét lai hé méi tojong dojong véi h¢ da cho nhojng dn
gian hon. Giir lai & vé trai r 4n ing véi cac hé sé dau tlen khac khong trén moi dong
khac khong cia ma trin bac thang va goi ching la cac an chinh (c6 ding r in chinh).
CA4c an con lai chuyen sang ve phai lam @n twrdo (cOn—r an tw do). Sau d6 xem cac an
tu do nhoj tham s0 va gan cho ching cac gia tri tuy y roi gidi hé ngojgc tir phojong
trinh cudi 1én phojong trinh dau bang cach thé dan din cac an tir phai sang trai, tir
dop6i 1én trén.

e Bojéc 4: TOM tit két qua va két luan vé nghiém ciia hé.

m

2.Chay

+Néu r =n (s6 phuong trinh) thi moi 4n déu 13 4n chinh (khong c6 an tu do), hé c6 nghiém
duy nhit.

+Néu r<n thihé co vo sb nghiém phu thudc n —r tham sé tiy y.

3. Céc vi du minh hoa
Vi du 4. Giai va bién luan hé phuong trinh cho ¢ vi du 3:

[xl + 2% - Ky + A% - X = 1
2X;  + 5x2 + 2x3 - 3 s T 2x5 = 8

| 4%+ 9% —4X; + 2% - 5 = 6

| L5x1 +  11x, ~TXg + 4%, — 6xg = M

Gidi Lap ma tran mé rong r6i BDSC nhu & vi du 3 ta duge ma tran bac thang
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[1
0 1 8

0 0 0 1 5| -4

N

|
w
N

|
=
=

JE—

lo o 0o o olm-7]
Tur d6 rank(A) =3 (v m), (rank([A| B]) =3) < (m=7). Suy ra h¢ chi c6 nghiém khi m =7.
Lac d6 tir ma tran bac thang ta viét dugc hé moi tuong duong véi hé cti nhung don gian hon nhu

Sau.
[xl +2X9  —3X3 +2X4 —Xg =1 [xl +2%  +2% =1 +3%X3  +Xg
4 X, A8 —Txg s =6 < j Xo  —Tx4 =6 -8x3 —4xs
|L Xy -BXg =-4 L X4 =-4 +5Xs

Xem xs, Xs |2 tham s6 va gan cho ching gia tri tlly y: X3 = a, Xs=b; a, b 1a hai s6 thyc tdy y. Thay
vao hé va giai ngugc tur dudi 1én trén bang cach thé dan ta dugc:

|( X, = 53 +19% -71b;
% 2% 2% =1 435  +Xg % = —22 -ga +3lb;
ﬁ Xy Xy =6 83 X o ‘1X3 = a; (a,b e R).
L X -4 B x = 4 +5b;
4 5 4
% = b.

Két luan: Ta dugc tap nghiém cua hé da cho la
{(x1; X0 X3; X4 X5) = (53 + 19a — 71b; —22 — 8a + 31b;a;—4 + 5b;b) / a,b € R} .

[ (53 +19a —71b ]
| 22 _ga +31b |
Ta co thé viét tip nghiém & dang c6t { X = ‘ a [/aber L
4 +5b

| |
[G—] .l l

[53 +19a -71b
22 _ga +31b

‘ (hoac dang dong (53 + 19a — 71b; 22 — 8a + 31b; a; -4 + 5b; b) ) dugc

)
|L b ]

goi 1a nghi¢m tong qudt cua h¢ dang x¢ét (phu thudc hai tham sd a, b tiry ¥). Khi ta gén cho a, b cap
gia tri cy thé (nhung bat ky) ta nhan dugc mot nghiém riéng cua hé.

Mobi nghiém X =

1.3.4. HE PHOJ]JONG TRINH TUYEN TINH THUAN NHAT

(HOMOGENEOUS SYSTEM OF LINEAR EQUATIONS) ’ )
1. Dinh nghia: H¢ phwong trinh tuyén tinh thuan nhat 12 h¢ phuong trinh c6 tat cd cac hé so
tu do ¢ ve phai bang 0:
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[ apqXy + A%y + o+ A Xy = 0

ax+a x +..+a x =0
211 22 2 2n n

| Lamlxl + X + o+ X, =0
O day, cot tw do B = O nén dang ma tran cta hé la AX = O. Ta ciing bao hé (II) 1a hé thuan nhét
twong ing véi hé PTTT téng quét (I) véi dang ma tran AX = B. Hai hé nay c6 vé trai gidng hét nhau.
2. Nhin xét:

a) Khac v6i hé tong quat co thé co nghiém hodc vo nghiém, hé thuan nhét ludn co nghiém it
nhit mot nghiém, do 1a nghlem X = O (cot khong). Ta goi nghiém X = O la nghlem tim
thwong. Nhu vay, ddi voi hé thuan nhat, van dé ta quan tdm khong phai 1a viéc hé co
nghiém hay khong ma 1a h¢ cé nghi¢m khdc tam thuwong hay khong

b) Vi hé PTTT thudn nhét 1a mot hé PTTT nén duong nhién ciing giai dugc bang phuong phap
Gauss. Tuy nhién vi cot tu do bang khong nén thay vi BDSC ma tran mé rong, ta chi cdn
BDSC ma trign hé sé.

3. Piéu kién c6 nghiém khong tim thojong ciia hé thuin nhat

a) Hé thuan nhat AX = O c6 nghiém khong tam thuong khi va chi khi rank(A) nhé hon sé
dn, hon nira luc d6 hé c6 vo s6 nghiém khong tim thuong.

b) Trai lai, néu rank(A) ditng bang sé dn thi hé chi co nghiém tam thuong va 6 dwong nhién
1a nghiém duy nhét cia hé.

4. Tinh chit clia tip nghiém ciia hé thuin nhit va h¢ nghiém co ban
a) Tap nghiém ctia mdi hé thuan nhét c6 tinh chat rat “dep” nhu sau:
+ Téng (hi¢u) cua hai nghiém lai 1a mot nghiém:
(X1, X2 langhiém) = (X1£X2 la nghiém).
+ Boi ctia mdi nghiém lai 1a mot nghiém: (a 1a s, X 1a nghiém) = (aX 1a nghiém).
+ Gia sir hang ctia ma tran hé sdlarvéi0<r<n ( ) én). Khi d6 nhu ta da biét, hé co vo
s nghiém phu thudc n — r tham sb (an tu do). Hon nita, ta ludn tim dugc mot hé n —r
nghiém khong tam thuong {X1, Xz, ..., Xn-r}sao cho tap
{X=aiX1+@Xo + ... + anr Xnr/ 12y, a2, ..., anr C4C 56 tly y}
chinh 1a tip nghiém cua hé thuan nhat dang xét. Hé {X1, Xa, ..., Xnr} n6i chung khong duy
nhat.
Hay chirng minh cac tinh chét nay!

b) H¢ {X1, Xz, ..., Xnr} nhu trén goi la h¢ nghiém co ban cua h¢ thuan nhat dang xét. Noi
chung, moi hé thuan nhat c6 vo 50 hé nghiém co ban. Mdi X = a1X1 + a2Xz + ... + anr Xnr
goi 12 mot nghiém tong qudt ciia hé. Khi gan cho cac tham s a1, ay, ..., anr cac gia tri cu
thé (nhung tuy ¥) ta duoc nhitng nghiém riéng cia hé. Pé don gian, chung ta s& chi néu
cach tim h¢ nghiém co ban trong vi du.

(1

Vi du 5. Tim nghiém tong quat va hé nghiém co ban ctia hé phuong trinh tuyén tinh thuan nhat
2Xqy — X9 +5X3 + 71X, =0
Lxl 2Xy + TX3 +5%4 =0
|L2x1—x2 + X3 —5X; =0
Gidi Lap ma tran h¢ s6 A roi BDSC ta duogc:
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2 -1 5 7 2 -1 5 2 -1 5 7
A:|[4 -2 7 5—l—>|[0 0 -3 —‘ |[O |
2 -1 1 s]] [lo 0o -4 —12|J llo o o ol
Ta thé}{ rank(A) = 2 < 4 (s6 4n) nén hé c6 vo sé nghiém phu thudc 2 tham sb. Tir ma tran béc
thang ta viét hé¢ mai (twong duong véi hé da cho) va giai ta duoc:

[ [Xl = a +8b
Jle—x2+5x3+7x4=0<:>szl X3 = Xp — 1%y lez = 2a (a,bew)_
L X3 +3%4 =0 \ X3 = — 3%y \ Xg = —6b

[ X4 = 2b

Vay nghiém tong quat ctia hé da cho 14 (a + 8b, 2a, — 6b, 2b) véi a, b 1a cip sb thuc bat ky.

. . 2
Choa=1, b=0 tadugc nghiém riéng dang cdt X1 = || .Choa=0,b=1tadugc Xz = 0 | .
0 —6
|
L)J 2
Ta dugc hé nghiém co ban cta hé chinh la {X1, X2}
Hay kiém chung diéu nay!

5. Lién hé giira nghiém ciia hé tong quat va hé thuan nhit tojong img

a) Xét h¢ tong quat AX = B va h¢ thuan nhat tuong ing AX = O. Gia st Xr la mot nghiém
riéng cua hé tong quat. Xig, Xt 1an luot 1a nghiém tong quat ctia hé tong quat va hé thuan
nhét. Khi do ta ¢0: Xig = Xr + Xin. Nghia la:

Nghi¢m tong qudt ciia hé tong quat bang tong ciia mgt nghiém riéng ciia né véi nghi¢m
tong qudt ciia h¢ thudn nhit twong iing.

b) Nhéan xét: Nho tinh chit trén, néu bang cach nao dé ta “do” dugc mot nghiém cua hé tong
quat thi chi can giai h¢ thuan nhat (ma chac chan la don gian hon giai hé tong quat), ta co
the suy ra nghiém cua hé tong quat.

Vi du 6. Giai hé tong quat dudi day biet (1,1, 0,
<{xl —2Xy —3Xg + 2x4 +4Xg = —3;
3Xq — 5%y + X + 2X
1- 3x2 + 4§ Q 5
1 2 3 4 5

—1, 0) la mdt nghiém riéng cia nod.

Gidi Trudc hét ta giai hé thuan nhét bang cach BDSC ma trén hé so.

acly 2R 2l p el b p el

|2 3 4 -5 —1j| |L01 10 9 9] [loooo 1]

eoe e
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[ x, =17a +16b
[x1 -2 34X M = 0 X =10a +%b
J X, +10x, -9x, -10x, =0 9%, =-a a,bek.
L x, =0 |x, = b

[

Vay nghiém tong quat ctia hé da cho la

(x, =1+17a +16b

Iy =1+10a +9b

ix3 = -a a,bek,
| =-1+ b

e -0

1.4. MOT SO MO HINH TUYEN TINH TRONG KINH TE

1.4.1. MO HINH CAN BANG THI TRAJONG (MARKET EQUILIBRIUM MODEL)

Mot md hinh kinh té thuong bao gdbm mot sd dai lwong (chi tiéu) trong kinh té va cac moéi
quan hé giira chung. Theo ngdn ngir toan hoc, cac dai luong kinh té 1a cac bién sd, con cac mbi
quan h¢ gitra cac dai lugng kinh té duoc biéu dién bai cac phuong trinh. Mot mo hinh tuyén tinh
trong kinh té 1a mo hinh kinh té ma tap hop cac quan hé duoc biéu dién boi mot hé PTTT.

1. M6 hinh can bing thi trejong (don gian) mdt loai hang hoa
Khi phén tich mét thi truong hang hoa, cac nha kinh té hoc ludn st dung ham cung va ham cau

dé biéu thi sy phu thudc cta lwong cung va lugng cau cia hang hoa (dugc tinh trong mot don vi
thoi gian nao d6) vao gia ciia hang hoa d6 (trong gia thiét cac yéu tb khac khong thay d6i). Trong
mo hinh nay, ta chi xét mot loai hang héa va chi quan tim dén ba bién s6 duéi day:

e Bién gia p (price): gia cta loai hang hoa d6 (tinh bang don vi tién t¢).

e Ham cung Qs (Quantity Supplied): lugng hang héa ma ngudi ban b%mg long ban.

e Ham cau Qq (Quantity Demanded) lugng hang hoa ma nguoi mua bang 10ng mua.

R6 rang Qs = Qs(p), Qa = Qa(p) 1a cac ham sb cua bién gia p. Trong thyc tién ta thiy rang:

(i) Qs la ham tang theo gia p va khi p 16n hon mét gia tri po > 0 nao do thi Qs méi duong.

(i1) Qg la ham giam theo gia p.

(iii) Thi trudng & trang thai can bang khi Qs = Q.

M0 hinh Qs(p) = Qu(p) dugc goi la mé hinh cin bang thi trwong (don gidn) mgt logi hang héa.
Tir thuc tién va ciing dé don gian, ta gia sir Qs(p) va Qu(p) 1a cac ham bac nhit, tic 1a ¢6 dang tuyén
tinh Qs = — ao + a1p, Qu = bo — bap, & day ao, a1, bo, b1 14 cac hang sé duong.
M0 hinh can bang thi trudng liic nay ¢ dang

o = 4,6 tap o = —a, tap
0, = b -bp = o, = b, ~hr
Lo - o g +ap = b, -bp

Giai hé phuong trinh (v6i an 12 p), ta tim dugc
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+ Giadcanbang p = _p M + Luong (cung va cau) can bang Q Q (?d — M
a,+ b1 a,+b,
Vi du 1. Cho ham cung va ham cau theo gia ctia mot loai hang hoa 1a
Qs=-5+p, Q¢ =55-3p.
a) Tim gia can bang thi truong.
b) Tim luong (cung va cau) can bang.
Giai Gié can bang thi truong 13 nghiém ctia phwong trinh

2)Qs=Qq < —5+p = 55-3p < p=15. Vay gid can bang lap = p = 15 (don vj tién t¢).
b) Luong (cung va cu) can bang la é = Q = @ =0-5+15=10 (don vi loai hang hoa).

2. M6 hinh can bing thi trojong tong quat nhiéu leai hang hoa
Bay giod ta xét thi truong c6 n loai hang hoa. Luc d6, gia cia hang hoa nay c6 thé anh hudng dén
luong cung va lugng cau cua loai hang hoa kia. Ta sé dung cac ky hiéu bién s6 nhu sau:
e Bién gia pi: gia hang hoa thiri,i=1,2, ..., n
e Ham cung Qsi: lugng cung hang héa thiri, i=1,2,...,n
e Ham cau Qqi: luong cau dbi voi hang hda thei,i=1,2,...,n
Trong md hinh nay, ta van gia thiét cac yéu t6 khac khong thay d6i, con cac ham cung va ham cau
phu thudc tuyén tinh vao gia, tirc 1a
Qsi = aio + @itP1 + @igP2 + ... TainPn;i=1,2,...,n. (1)
Qui = bio + bitpr + bigp2 + ... + binpn; i=1,2,...,n. (2
Béy gio, mo hinh can bang thi truong tong quat dbi véi n loai hang hda dugc biéu dién boi cac dang
thure:
QSi = Qdi ,i=1,2,...,Nn.
Thay vao dang thirc trén cac biéu dién (1), (2) ctiia cac ham cung, cau; sau dé chuyén vé va dit
Cik = aj — by, ta dwoc hé phuong trinh tuyén tinh

(Cnpl +CppPy + o + €y Py = ~Cyp
Co1 Py + Cpp Py + oo + Gy Py = —Cop
| Lnlpl CpoPy T oo+ CpPy = ~Cpo-

Giai h¢ phuong trinh trén ta tim dugc gia can bang cua tirng loai hang hoa, tir do tim dugc luong
cung va ciu can bang cua n loai hang hoa da cho.
Vi du 2. Xét mot thi trudng gdbm ba loai hang héa. Ham cung, ham cau va gia cta chlng thoa
min céc diéu kién sau
Q51 =_2+4p1 - p2 - p31 Q32 =-1+ p1 +4p2 - p3: Qs3 =-2- p1 + p2 +4p3;
Qa1 =10-2p, + P, + py;  Que =1+pP;—2p, +P3; Qg =3+ p; +2p, —2p;.
a) Hay tim gia can bang thi truong cua tung loai hang hda.
b) Xéc dinh lwong cung va cau can bang cua mdi loai hang hda.

Giai Hé phuong trinh xac dinh gi4 can bang la
|Q51:le [—2+4p1—p2—p3:10—2p1+p2+p3

ﬁQsz:QM@i “l+p +4p, —py =1+p —-2p, +p,

LQ53=Qd3 L—Z—pl+p2+4p3 =3+, +2p, - 2p,
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|[6p1—2p2—2p3:12 [pl=3;

© 9

6p272p3:2 = %pz =1,

|L—2p -P +6p =5 Lp =2
1 2 3 3

Vay, gi4 can bang mdi loai 1a p, =3, FZ =1, p, =2 Ta ciing goi bd (3, 1, 2) la diém can
béng cua thi truong. Suy ra, luong hang can bang cua tu:ng loai nhu sau
Qg Qd1 75 ng ng 4, ng ng = 4.
1.4.2. MO HINH CAN BANG KINH TE Vi MO

(MODEL OF MACROECONOMIC EQUILIBRIUM)
O dang don gian, ta xét mo hinh can bang di v6i nén kinh té dong, tirc 13 nén kinh té khong ¢
quan h¢ kinh té d6i ngoai. Trong mdi nén kinh té, ta ludn xét cac dai luong sau day:
Y (Income): tong thu nhap qubc dan.
E (Expenditure): tong chi tiéu ctia nén kinh té.
C (Consumption): tong tiéu ding cua dan cu.
T (Tax): tong thué.
| (Investment): mirc dau tu theo ké hoach ciia chinh phu cho nén kinh té.
G (Government): mic chi tiéu cua chinh phu.
Phuong trinh c4n bang trong nén kinh té dong 1a: Y =C + 1 + G.
Ta gia str dau tu theo ké hoach cua chinh phu (it nhat 1a trong mot khoang thoi gian khong qua
ngén) 1a ¢ dinh I = Io. Hon nita, chinh sach tai khoa cua chinh phu ciing ¢ dinh: G = Go. Con
tiéu dung (cua dan ching) thi duong nhién phu thudc vao thu nhap. Ta gia st ham tiéu dung c6
dang bac nhit: C = aY + b d6i v6i bién thu nhap. O day, 0 < b chinh 12 lwgng tiéu dung téi thiéu
khi khong c6 thu nhép, con 0 < a (< 1) biéu thi xu hwéng tiéu diung cdn bién, tic 1a lugng gia
tang cua tiéu dung khi thu nhdp tang thém 1 don vi tten 1¢ (s& hiéu thém ¥ nghia cia a khi hoc
sang phan giai tich). Khi d6, mo6 hinh can bang kinh té vi mé dang don gian duoc quy vé hé
phuong trinh sau:

{Y—C+I0+G0 {Y—C—I0+GO

S
C=aY+bh aY +C=b
O day Y, C 1a cac 4n cAm tim, con a, b, lo, Go 14 cac s da biét. Giai hé ta xac dinh duge mirc thu
nhap cin bang va mirc tiéu ding cn bang cua nén kinh té (d6ng) vi mo:

Y=?=b+I°+GO; C:6=b+a(IO+GO).
l1-a 1-a
Bay gio, dé cho gan véi thuc t& hon, trude hét ta cha y dén thué thu nhap T. Luc d6 thu nhap
duoc tinh 13 thu nhdp sau thué hay thu nhdp khd dung (disposable income) Yq. Vi thué thuong
phu thudc vao thu nhép theo dang ham tuyén tinh T=d+tY,dday 0 <d la thué tdi thiéu khi
khong c6 thu nhap, 0 <t ( < 1) 12 # sudt thué thu nhdp hay thué cin bién (tic 13 sw gia ting
cia thué khi thu nhdp ting lén 1 don vi tién té). Ta duoc
Ye=Y-T=Y-d-tY=-d+(1-1t)Y, C=a¥Yg+b=-ad+a(l-t)Y +h.

M0 hinh can bang nén kinh té vi mé gid day trd thanh hé phuong trinh tuyén tinh

Y=C+1, +G, Y-C=1I, +G,
C=alY-T)+b<>yay+C+al =b
L L -ty + T =d
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O day Y, C, T lacac an s6 can tim, con a, b, d, t va o, G la cac s0 da biét.
Giai hé, ta tim dwoc mirc thu nhap qudc dan, mie tiéu ding va murc thué can bang 13
VR b+1,+G,—ad . C—C= b+a(1-0)I,+G,)—ad 7T = tb+1,+G,)+(1—a)yd .

1—a(l—1) 1—a(1—9) 1—a(l—1)
Nhin xét: Trong thuc hanh, khi cho s6 liéu cu thé ta dugc cac hé PTTT don gian va giai dé dang
cht khong can phai nhd cac cong thirc trén.
Vi du 3. Cho t6ng thu nhap qudc dan Y, mirc tiéu diing C va mirc thué T x4c dinh boi
Y =C+ 1, +Gg;

C =15+ 0,4 -T);

T =36 + 0,1Y;
trong d6 lo = 500 (tri¢u USD) la muc dau tu ¢ dinh; G, = 20 (triéu USD) la muic chi tiéu c6
dinh. Hay xé4c dinh muc thu nhap quéc dan, mirc tiéu ding va muc thué can bang.
Gidgi Taco

[Y: C + 500 + 20 [ C= Y-50

ﬁc:15+0,4(Y—T) o 1 T =01y + 36

It - 36 + 0,1 lv - 520 = 15 + 0,4y - 0,1 - 36)
[c:vfszo [c:293,4375

®1T —01Y +36 o 1T — 117,34375 .

LO, 64Y = 520, 6 LY = 813, 4375

VAy Y =813,4375 ; C =293,4375 ; T =117,34375.

1.4.3. MO HINH 1S - LM

Trong kinh té vi m6, md hinh IS — LM (Investment/Saving — Liquidity preference/Money supply,
tam dich 13 Pau tw/Tiét kiém — Nhu cdu thanh todn/Tién cung cdp wu dai) do John Hicks (Anh) cing
Alvin Hansen (Hoa ky) dua ra va phat trién. M6 hinh nay duoc ding dé phan tich trang thai can
bang ctia nén kinh té trong ca hai thi {truong: thi trejong hang hoa va thi trejong tai chinh (tién t§).
O muc trén, ta d xét mo hinh can bang kinh té vi mé ciia nén kinh té dong

Y_C,I. G
C=aY +b,1=1,G=Gg
Vi sy gbp mat cua tién t€, mot bién s6 c6 v nghia quan trong can duoc xem xét 1a lai sudt r
(interest rate) vi gia tri cua tién té thay doi theo thoi gian tuy theo r. Khac véi mo hinh can bang kinh
té vi mo ¢ do6 ta gia thict tong dau tu khong doi I = o, dé xét anh hudng qua lai gitra hai thi truong
hang hoa va tién té, ta can xem tong dau tu I thay doi phu thudc vao 1ai suat theo quy luat: lai suat
cang cao thi dau tw cang giam. NOi cach khac, ta c6 ham dau tw | = by — air (a1 > 0, by > 0). Luc
nay phuong trinh can bang thi truong hang hoa la
Y=C+I1+G eY=aY+b+(b -an+G
11
C=aY +b,I =bhi—air,G =Gg

 jr=h+bi+Go—(1-a)Y| (IS)
Phuong trinh biéu thi quan hé giira 13i suat va thu nhap khi thi truong hang hoa can bang (tong cung
béang téng cau) nhu trén duoc goi 12 phwong trinh (15). O déy, thu nhap Y cang ting thi lai suat r
cang giam. Trén mat phang toa dO v6i truc hoanh biéu thi thu nhép va truc tung la 1ai sut thi duong
biéu dién Io 1a dojong thang déc di xudng. Puong thang d6 goi 1a dwong IS.

(0<b,0<a<1)
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Trong thi trudng tién 1€, luong cau tién mat, ky hiéu L, ddng bién véi tong thu nhap va nghich
bién voi 1. Gid sir ham cdu tién co dang tuyén tinh: L =boY — azr (a2 > 0, b2 > 0).

Goi luong cung tién mit 1a Mo. Diéu kién can bang trong thi truong tién té 1a

Mo=L < Mo=hoY - axr
& faer = bY — Mo (LM)

Phuong trinh trén biéu thi sy can bang ctia thi truong tién té va dugc goi 1a Phwong trinh (LM). 0
déy, thu nhip Y cang tiang thi lai suat r ciing cang tang. Biéu dién trén mat phang toa do vdi truc
hoanh biéu thi thu nhép va truc tung 13 13i suit ta co dwong LM, 36 1a dojomg thing ddc di 1én.

M6 hinh IS-LM dugc biéu thi boi hé hai phuong trinh (IS) va (LM).
{ls {alrzblbllGo (1-a)yY {alm(l Y =b+b +G,

= =

(Y, r 1a hai an s6)
LM ar=hy-M —a,r+byY =M

Giai h¢ trén, ta xac dinh dugc muc thunhip Y = Y valai suat r= r dam bao cho sy cin bing

trong ca hai thi trudng: hang héa va tién té. Cu thé ta dugc
7 abibiG)raM - b(bibiG) (1AM
ab, +a,(1-a) ° ab, +a,(1-a)

Nhan xét: Tat nhién, ta khong can nhé cac cong thire trén. Trong thuc hanh, khi cac dir liéu
dugc cho cu thé, viéc giai hé mo hinh IS-LM hét sirc don gian.

Vidu 4. Cho Go=250; Mo=4500; I=34-15r; C=10+0,3Y; L=22Y —200r.

a) Lap phuong trinh IS.

b) Lap phuong trinh LM.

¢) Tim murc thu nhép va 14i sudt c&n bang cua hai thi trudng hang hoa va tién té.

Giai a) Taco

Y=C+1+Go < Y =(10+0,3Y) + (34 — 15r) + 250.
Vay phuong trinh IS &  15r =294 —0,7Y.
b) Phuong trinh LM c6 dang

L=Mo < 22Y —200r = 4500 < 200r = 22Y — 4500.
¢) Muc thu nhap Y va l3i suat r can bang la nghiém cua hé phuong trinh

{ 15r = 294 - 0,7Y - QlS(O,llY —22,5) =294 -0,7Y

[200r = 22y — 4500 | r=0,11Y — 22,5
QJ 2,357 =63L5 !Y = 268,72
r =011y — 22,5 | r=7,06

Vay Y =268,72; r =7,06.

1.4.4. MO HINH INPUT — OUTPUT CUA LEONTIEF (INPUT-OUTPUT MODEL)

1. M0 hinh Input — Output

Muc nay gidi thiéu mo hinh Input-Output cua Leontief, con goi 1a md hinh 1/0 hay mé hinh
can ddi lién nganh. M6 hinh nay dé cap dén viéc xac dinh téng cau dbi voi san pham ctia mdi
nganh san xuat trong téng thé nén kinh té da nganh ctia mot quéc gia. Trong md hinh, khai niém
nganh kinh té dugc xem xét theo nghia thuan tdy san xuat. Hon nita, mé hinh duoc xét trong mot
vai gia thiét duoi day.

e MBOi nganh kinh té chi san xut mot loai hang hoa.

e MJi nganh déu str dung mot ti 18 ¢d dinh ctia cic san phdm cua nganh khac 1am dau vao

cho san sut dau ra cia minh.
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e Khi déu vao thay dbi k 1an thi dau ra cling thay dbi k lan.
Xét mot nén kinh té gdm n nganh kinh té (san xuat) goi quy uéce la nganh 1, nganh 2, ..., nganh
n. Dé tién cho viéc tinh chi phi san xudt, ta s& biéu thi luong cau cua tit ca cac loai hang hoa ¢ dang
gid tri, tire 1a do chung tat ca cac loai san pham khac nhau v&i don vi khac nhau bang tién (véi don vi
tién t& nao do cua quéc gia hoac ngoai t€ manh). Trudc hét, ta dua vao mot s khai niém va ky hi¢u
can cho md hinh.
e Cau trung gian xij: 1a gia tri hang hoa cua nganh i ma nganh j can dung cho san xuét, con goi
la (legng) cau trung gian d6i v6i san pham caa nganh i tr nganh j;i,j=1,2,...,n
e Cau cudi bi: 1a gia tri hang hoéa cua nganh i can cho lao dong, ti€u dung, dich vu va xuét khau
cua quéc gia;i=1,2,...,n
o Tong ciu mdi nganh x;: 1a tong cau trung gian va cau cudi caa nganhi,i=1,2,...,n
Hién nhién, ta c6
Xi=Xit+Xi2+ ... + Xin + b|, i= 1,2, ..., N
o x =X i=1,2, ...,n. (1)
|

—X 4 Z2y fo+Tmy b
Xl X2 n

Dit ajj := );l la ti 1& (c6 dinh khdng d6i dbi véi mdi i, j) cua cau trung gian doi voi nganh i tir

J

nganh j so voi téng ciu cianganh j; i,j=1,2, ..., n. Hién nhién 0 < ajj < 1, ajj = 0 khi va chi khi
hang hoa nganh i khong can str dung cho san Xuat cianganhj;i,j=1,2,...,n Y nghia cua cac hé
s6 ajj nhu sau: ajj chinh 12 ti phan chi phi ma nganh j phai tra cho nganh i de san xuit ra 1 don vi
gia tri hang hoéa ciia nganh j. Dé 1am rd hon, ta gia sir ding tién USD. Khi d6, tinh binh quan trong
1 USD gia tri hang hoa cua nganh j ¢ ajj USD dung dé tra cho viéc mua san pham cua nganh i.
Chang han, khi ajj = 0,3 ¢6 nghia 1a tinh binh quan dé san xuét ra 1 USD hang hoa ctia minh, nganh j
can phai mua (st dung) 0,3USD gia tri hang hoa nganh 1. Ttr cac hé thirc (1) ta c6 hé PTTT

X1 - a‘11X1 + a12X2 +o.F a1an + b1 (1_ all)xl — X, —..—a X = b1

X, =a,X +a,X, +..~a, X +b, a,x +(1-a,)x,—..—a, x =bh,
=

X =a Xx+aX +.+a x +b —a,X —a,X, —..+(1—a, )x, =b,

& day, cAc an sb 12 X1, Xz, ..., Xn; €ON cac hé sb aij, bi (i, j = 1, 2, ..., n) da cho c¢6 dinh dbi voi mot nén
kinh té trong mot giai doan nhét dinh. Hé nay goi 1a mé hinh Input-Output hay mé hinh cén doi
lién nganh. Giai hé nay ta s& tim dugc tong cau x1, X2, ..., Xn hay du ra ciia mdi nganh trong nén
kinh té. Diéu nay ¢ y nghia quan trong déi véi viéc lip ké hoach sin xudt, dam bdo cho nén kinh
té vdn hanh binh thuwong, tranh tinh trang dw thiva mét hang nay hay thiéu hut mat hang kia.

Trong ngdn ngir ma tran, ta Xet cac ma tran dudi day.

o A:= [aijn Ia ma tran gom cac hé so ti phan aij va duoc goi la ma trdn (hé s0) ky thudt hay ma

trdn (hé sé chi phi) ddu vao cua nen kinh te

o B:=[bi]nx1 la ma trdn (c4t) cau cudi cia nén Kinh té.

o X:= [Xi]nx1 12 ma trdn (cét) téng cdu (dau ra) cua nén kinh té.

Ldc nay, hé trén duoc viét lai & dang ma tran nhu sau: X = AX +B < (- A)X =B.

R0 rang néu I — A kha nghich thi 161 giai cua hé 1a duy nhat va cho béi X = (1 — A)~%.B. Con néu
det(l — A) = 0 thi hé c6 thé vo nghiém, cd thé v sd nghiém.

2. Nhin xét
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a) Trong nén kinh té hoat dong binh thuong, ma tran hé s6 ddu vao A = [ajj]n cho ta nhiing
thong tin sau day:

+ MJi phan tir ajj O dong ila ti phan gia trj hang hoa ma nganh i ban cho nganh j lam hang
hoa trung gian dé san xua. Chang han ajj = 0,2 tirc 12 hang h6a ma nganh i ban cho nganh j lam
hang héa trung gian chiém 20% gié tri hang hoa ctanganh j (i,j=1,2, ..., n).

+ Tdng c4c phan tir trén cot j chinh 12 ti phan chi phi dau vao ma nganh j phai tra cho viéc
mua hang hoa trung gian tinh trén 1 don vi gia tri hang hoa cua minh, do d6 khdng qua 1, tac la

n

Ya<lj=12.

i=1

[ Hay tu 1y giai didu nay.
b) Hiéu agj: = 1 —»_ a; <1 chinh 1a h¢ sb #i phan gia ting trong téng gia tri hang hoa ciia
i=1
nganh j (con goi la ddu vao ddc biét ciia nganh j), tic 1a binh quéan trong mdi 1 USD gi4 tri

hang héa ma nganh j san xut ra c6 a,j USD la gié tri ting thém, con Za“ |a téng chi phi dau
i=1
vao dé cé dugc 1 USD gia tri hang hoa d6. Tinh trén toan b gia trj hang hoa cta nganh j, ta ¢ ti
phan gia tri gia tang la 100a0j%, j=1, 2, ..., n
Vi du 5. Cho ba nganh kinh té vi ma tran hé sé dau vao la
[0,2 0,3 0,2]
A={04 01 0,2].
o1 03 0.2]]
Biét nhu cau cudi cung cua cac nganh lan luot la 10, 5, 6.
a) Giai thich y nghia ctia hé s6 0,3 & dong 3, cot 2 clia ma tran dau vao.
b) Tim hé sé ti phan gia ting aoj ctia timg nganh (j = 1, 2, 3). Giai thich y nghia ctia hé s6 ao.
¢) Tim dau ra cho mdi nganh.
Gidi 2a) Pé tién ta g1a sir cac gia tri hang hda dugc quy vé USD. Khi d6, hé sb as2 = 0,3 c6 nghia
dé san xuét ra 1USD gia tri hang héa cua nganh 2 can mua 0,3USD gia trj hang hoa ctia nganh 3.
b) Tong cac phan tir trén mdi cot cila ma tran A déu nho hon 1. Ta c¢6 cac hé s6 ti phan gia ting
cta cac nganh la
an=1-(ai1+ax+asu)=1-(02+04+0,1)=0,3.
ane=1-(aptax+ax)=1-(03+0,1+0,3)=0,3.
as=1-(aiz+as+a)=1-(0,2+0,2+0,2)=04.
Hé s6 a0l = 0,3 c6 nghia la ti phan gia tri gia ting trong tong gia tri hang hda cia nganh 1 1a
30%.
(1—0,2 -0,3 -0,2 1 ( 0,8 -0,3 —0,2]
c)Taco I-A= | -0,4 1-01 0,2 = | -0,4 09 -0,2 k
|01 -03 1-02]] [|l-01 -0,3 08 |]
Hé¢ Input —Output ¢ day c6 dang ma tran la

0,8 -0,3 —0 2 10
(I—A)X:B<:>|(—o,4 0,9 ”[ ] [ ]
|01 -03 08l]]x U |Le U
trong d6 X 1a ma tran dau ra, B 1a ma tran nhu cau cudi cung.
Tim ma tran nghich ddo cua ma tran | — A, ta dugc
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1 (066 0,3 0241|

(1-A) 1= 0,34 0,62 0,24
0,384 |

l0,21 0,27 0,6 |

Do do
X, 0,66 0,3 0,24][10 28, 84—|
x = x |:(I—A)‘1B: 1 [0,34 0,62 0,2 ” |—(2068
|| 0,384 | i
Lx 1l 021 0,27 o,eUILeU ||_18,36U

Vay, daura ciia cac nganh la x_l: 24.,84; )6 = 20,68; g = 18,36.

BAI TAP CHQJONG |

I.1. Tinh
R PO S A R S S { N R Bl
5|5 0 7|+4—3 6|; b)4|4 3 3| 3| 1 4|.
-6 3 3l 1 5 -2l 10 4l ll-14 3]

1.2. Thuc hién phép toan sau déy dbi voi cac ma trén

oft Al 5l e 0, weld ST
L

15 0 s, A
34y ] n 7 ol

1.3. Tinh
'3 2P [2 -1 of w11 BT TaaT
a)t J . b)| 3 1 OI C*) 1 3} d*) 3 8 e*) 2 ? g*) L | .
’ 31 2 3 ’ - ’
1 4 -3 2 4“ g % | 11
(ne N).

I.4. Giai phuong trinh ma tran

, P 2])(:[5 7 71
a) Tim ma tran X cap 2x3 sao cho 13 18 17

(11 1] [5 7 7]

b) Tim ma trdn X cap 2x2 sao cho X||_2 3 4J - tlg 18 17h'

N A 2 C
c) Tim cac sb a, b, ¢, d sao cho l_élt 5 b”3 4~ 64|-

J|L5 61|

1.5. BPSC dwa cac ma trdn vé dang bac thang (dong) va tinh hang cta ching
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{123—1—2—3] {112_12_31
a)2581‘1‘5 b)55131018'5

’511181096 ‘337594

. .
2 >

18 18 29 106‘2J |9 9 22 14 29 -4
12213—12] [ 1. 2 33 21 —2 |
51 9 7 15 1 5 51 9 11 15 7 5

c)

;0 d)
375482—1J 37 6 49 3 -1

|9 20 16 12 26 2 6 8 20 18 18 26 11 2|

1.6. Tim hang (theo m néu c6) clia cac ma tran dudi day. Vi m nao thi hang 16n nhét?

1 o2 -3 1] ’_1 1 4] 3 m o 1
o 1 3 5| ‘1 4 m|| 9 gm O m+2
'3 2 4 8] |2 8 m] |15 5m O 7 ]
1 3 31 [1 13 3 ]
d) 2 7 4 1 ||; e)|3 2 8 8 .
-3 3 2 —1] |3 2 8 m+3
1 4 -6 mJI ‘2 15 m
I.7. Tinh dinh thuc sau day
1 -2 3 2 -1 3 4 -2 1 2 3 -4 1 1 1 1
a) 2 1 0—3; b)—302 ,C)2 -3 0 -1 d)1—1 1
-2 3 4 1 5 5 0 4 -3 1 3 1 1
4 3 0 4 2 3 1 2 o 1 3 2 11 1 -1
1 1 1 . 11
1 2 22 .. 2?2 2t i
e*) (2<n tunhién).
1 nn .. n?% nt

1.8. Tim ma tran nghich dao ctia cac ma tran sau day
||_1 2 oﬂ ||_—1 3 2—|| 1 _‘
a)A:|2 3 —1|; b)B:|1 -2 4|; c)C=|1 0 3|.

||_o4 3J| ||_3 1 3|J ||_21 —2|J
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1.9. Giai cac hé phuong trinh sau

[x1+2x2+3x3+4x4:3 [ X1 +4Xg + 3Xg + 4%, =1

a) {2X; +3Xo —4Xg +5X4 =5 b) {—2X; —7X, —6Xg + 3%, = 2
x1+x2—7x3+x4:2 [2x1+3x2—4x3+5x4=3
[2X; +3Xy — 2Xg =2 [ X + 2%y —3Xg =2
c) 13X +4X -3X =1 d)sz +3X —4X =1
% 1 2 3 1 2 3

1.10. Tim nghiém tong quat va hé nghiém co ban ciia hé phuong trinh tuyén tinh thuan nhat sau day
X; = Xg = Xg = 2X, +2Xz =0

[x1—2x2+4x3 +3X4 =0
a) 12X; — 3Xg + 2Xg +4X4 =0 b) 12X; +2X, +3Xg — 3X, +5X5 =

1.11. Cho mot thi truong gdm hai loai hang hdéa. Ham cung, ham cau va gia caa ching thoa mén cac diéu

kién sau
Qs; =—-1+3p; Qso =—3+5pP,

Qg1 =10-2p; +2pP,, Qgy =15+ Py —3Po-
a) Hay tim diém can bang thi trudng.
b) Xac dinh lugng cung va ciu can bang cua m01 loai hang hoa.
1.12. Cho mét thi truong gom ba loai hang héa. Biét ham cung va ham cau la
Qs1 =—15+8p; — P2 — Pg
Qs2 =—10— Py +12P, — Pg
Q3 =—6-p, - ps +10P;
Qd1 =20-4p; +3P2
Qg2 =40 +2p; —6p, + Pg
Qg3 =30 +2p, —6p,

a) Hay tim diém can bang thi trudng.
b) Xac dinh lugng cung va cau can bang cua mdi loai hang hoa.

1.13. Xét mo hinh can bang kinh té vi mo voi

Y=C+1,+G,
C=50+0,6(Y -T),
T =12+ 0,3Y

lp =800 ; Gy =55.
Hay xac dinh muc thu nhap quéc dan, muc tiéu ding va mirc thué cin bang.
1.14. Xét m6 hinh IS-LM véi
Gy =75; Mg =8160; | =50 —25r
C=40+0,5Y;L=28Y —4oo0r.

a) X&c dinh cac phuong trinh IS, LM.
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b) Xéc dinh muc thu nhap va I4i suat can bang.

1.15. Trong md hinh Input — Output biét ma tran hé s6 ddu vao ctia ba nganh Ia
[0,2 0,2 O |

—| 0,3 01 03y
| |0,1 O 0,2 U
va nhu cau cubi ciing ctia cac nganh tuong tmg 1a 40, 60 va 80. Hiy xac dinh dau ra ciia mdi nganh.
1.16. Cho ba nganh kinh té v&i ma tran hé s dau vao la
[0,4 0,2 0,2]
=(0,2 03 04
| |0,3 0 0,1 |J
a) Xac dinh hé s6 ti phan (gia tang cua moi nganh.
b) Xé&c dinh dau ra cia moi nganh biét nhu cau cudi cling cia c4c nganh twong tmg la 40, 60, 80.
1.17. Gia sir mot nén kinh té c6 ba nganh: néng nghiép, cong nghiép va dich vu. Biét ring dé san xuat
mot don vi dau ra
- nganh ndng nghiép can sir dung 10% gia tri ctia nganh, 30% gié tri ciia cong nghiép, 30% gia tri
cua dich vu;
- nganh cong nghiép can st dung 20% gia tri cua nganh, 60% gid tri cua ndong nghiép, 10% gia tri
cua dich vu;
- nganh dich vu can 10% gi4 tri ciia nganh, 60% gia tri ciia cong nghiép, khdng sir dung gié tri ciia
nong nghiép.
a) Lap ma tran hé s6 dau vao cho nén kinh té nay.
b) Xac dinh mirc san xuat ddu ra ciia mdi nganh dé théa man nhu cau cubi cung 1a 10, 8, 4.
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