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Lot not déu

Dé ndng cao chat lugng gidng day vé hoc tdp mén Todn roi rac
cho sinh vién vd hec vién nganh Cong nghé thong tin vd cdc ngdnh
khoa hoc tir nhién, chiing t6i bién soan cudén Todn rof rac ing dung
frong tin hoc gém:

— Phén I. Kiéh thifc bo tro;

— Phdn ll. Légic va ung dung;

~ Phén Il DS thi va ung dung;

— Phan IV. Ngon ngir hinh thitc.

Cudn Todn roi rac ing dung trong tin hoc trinh bdy cdc vén dé
todn hoc co ban nhdt nhung lai hét sic thiet yéu va cdn thiét dot voi
nhing ai muén cé dugc cdc kién thic tin hoc vilng chic. Cubn sich
giip ngwoi hoc hidu dugc Iy thuyét thau ddo, rén luyén tir duy khoa
hoc, ky ndng tinh todn vd kha ning véan dung todn hoc vao giai quyét
vén dé, kich thich niém say mé hoc tip va tir d6 ndng cao ky ndng
thuc hanh, tu duy sdng tao khi hoc cac mon hoc co so va chuyén
nganh Céng nghé thong tin tiép theo. Cuén sdch ndy cing rit bé ich
cho viéc 6n thi tuyén sinh sau dai hoc nganh (6ng nghé thong tin
dugc t6 chic hang ndm & Bai hoc Quéc gla Ha Noi.

Téc gia chan thanh cdm on cdc ban déng nghiép di dong vién tic
gid bién soan cudn sdch nay.

Cuén sdch xudt ban lan ddu, nén kho tranh khoi thiéu sof vé hinh
thuc cing nhu ndi dung. Vi vdy, tdc gida mong nhan duoc su gop y
ctda ban doc dé cudn sdch ngdy cing tot hon. Moi g0p ¥ xin gui vé:
Cong ty CO phdn Sdch Pai hoc va Day nghé: 25 Han Thuyén —
Ha N¢i.

TAC GIA
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] PHziNI )
KIEN THUC BO TRO

Chuong 1
CAC KHAI NIEM CO BAN
CUA THUAT TOAN VA PHUONG PHAP DE QUY

§1. KHAI NIEM THUAT TOAN

1.1. Thudit todn 1& gi

Thuat todn la mét khai niém quan trong cua todn hoc. N6i dén thuit
toan 1a né1 dén mot diy cdac quy tic, nham xdc dinh mé6t ddy céc thao tic
trén cdc doi tugng, sao cho sau mot s6 hitu han bude thuc hién cac thao tac,
ta dat duoc muc tiéu can lam.

1.2. Cac dac trung cua thudt todn

— Tinh dimg: Sau mot 36 hiru han bude thuat todn phai dimg,

— Tinh xdc dinh: O mdi bude, cic thao tac phai ré rang. khong gay nén
sy nhap nhang. N6i rd hon, trong ciing mot diéu kién hai b xir 1y ciing thuc
hi¢n mot bude caa thuat todn phai cho nhimg két qua nhu nhau.

~ Tinh hiéu qud: Trude hét thuat todn phai ding din, nghia 1a sau khi
dua du li¢u vao thuat toan hoat dong va dua ra két qua mong muon.

— Tinh phé dung: Thuat todn c6 thé giai bat ky mot bai toan no trong
16p cic bai todn. Cu thé la thuat todn ¢6 thé cé cic dau vao la cac bo dif lieu
khdc nhau trong mién xéc dinh.

— Yéu 16 vao ra: D6i véi mot thuat todn luén ¢6 moét déi tuong vao
(input) va doi tugng ra (output).
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1.3. Ngon ngu thudt toén

— Ngoén ngit diing dé miéu ta thual todn goi 1a ngén ngit thuat todn.

— Thuat todn thudng dugc mé ta bang métl ddy cac lénh. Bo xu 1y sé
thuc hi¢n cac lénh dé theo mot trat ty nhét dinh cho dén khi gap 1énh dung
thi k¢t thic.

— Ngon ngiY thudt todn bao gom:

+ Ngon ngir liét ke timg budc;

+ Sg d6 khoi;

+ Ngén ngit 1ap trinh.

a) Ngon ngit liét ké timg bude bao gom:

— Thuat todn: Tén thuat todn va chifc nang.

— Pau vao: Céc dir li¢u vao véi 1én, kiéu.

— Pdu ra: Cdc dir lidu ra véi tén, kicu,

~ Bién phu (néu ¢6) gom ten, kiéu.

— Hanh dong 1a cac thao tac véi cac 1énh ¢6 nhan 1 cdc s6 u nhign.

Vi du 1: D€ giai phuong trinh bac hai ax® + bx + ¢ = 0 (a # 0), ta ¢6 thé
mo ta thuat todn bang ngon ngir liét ké nhu sau:

Biroe 1: Xdce dinh cdc h¢ sd a. b, c.

Buoc 20 Kiém tra xem hé s6 a ¢6 khic 0 hay khong? Néu a = 0 quay lai
thue hién bude 1. -

Biege 3: Tinh biéu thic A = b* - 4ac.
Biere 4: Néu A < 0 théng bdo "phuong trinh v nghiém" va chuyén dén
budc 8. '

Bude 5: Néu A =0, tinh x, = x5 = é—;—) vi chuyén sang budc 7.

-b-Ja _~b+x/_A-
' 2a

Biee 6: Tinh x| = X9

> va chuyén sang budc 7.
d

Bure 7. Thong bdo cdc nghi¢m x|, X,.
Bude 8: K&t thiic thuat todn.

b) So doé khdi

Pé mo ti thuét todn bang so do khdi ta can dua vao cac nit sau:
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— Nt thao tdc: Biéu dién bing hinh chif nhat,
trong dé ghi cau lénh cin thuc hién. Néu ¢6 nhiéu
cau lénh hién tiép can duoc thuc hién thi chding cé
thé dugc viél chung trong nit thao tac;

Nut thao tac

— Niit diéu kién: Biéu dién bang hinh thoi,
trong dé ghi diéu kién cdn kiém tra trong qud
trinh tinh toén;

— Niit khdi dau, két thitc: Bi€u dién bang hinh —
. P PUA » . .. Nut khai dau,
elip, the hién su bat dau hay két thic qua trinh; k&t thue -

— Cung: Biéu dién bang doan thing c6 huéng,
dung dé chi dudng di cia thuat toan. Cung

Nat
diéu kién

Chang han, giai phuong trinh bac hai ax’+bx+c=0( # 0)tamo1ad
thuat todn bang phuong phdp so dé khdi nhur sau:

Nhap a, b, ¢

ban i
Sai Bl'mg

Pidng

¥

Phudng trinh
vd nghiém

Théng bao nghiém

!
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¢) Ngon ngit ldp trinh

D¢ giai bai todn bing mdy tinh, ngudi ta thudng sit dung mot loai ngén
nglt, goi 12 ngdn ngit Idp trinh, chang han nhu ngén ngi lap trinh Cobol,
Algol, Pascal, ... Churong trinh chinh la mét day hitu han cac cau lénh duge
viét theo mot quy tac nhat dinh trén mét ngdn ngit 1ap trinh ndo dé. Hay néi
cach khic; dé giai mot bai todn truée hét cdn c6 mot thuat todn dé gidi bai
todn d6; d€ méy tinh hicu duoc thuat todr, ngudi ta sir dung mot ngon ngir
lap trinh cu thé d€ dién dat thuat todn thong qua ngdn ngi do.

Chéng han, gidi phuong trinh bac hai ax®> + bx + ¢ = 0 (a = 0) ta mé6 ta
thuat todn bang mot chuong trinh Pascal nhu sau:

Program GIAl_PHUONG_TRINK_BAC_HAI;
uses ctt;
var a, b, c, delta, x1, x2: real;
BEGIN
clrscr;
write('Nhap he s0 .);
repeat
write('a = ); readIn(a};
write('b ="); readIn(b};
write{'c = ); readIn(c);
untita <> 0:
delta := sqr(b) — 4*a’*c;
if delta < 0 then
begin :
write('Phuong trinh vo nghiem’);
halt;
end
else
if deita = 0 then
begin
write('Phuong trinh co nghiem kep x =, —b/{2*a});
exit;
end
else
begin
x1:= {-b — sqri{delta})}/(2*a);
x2:= {~b + sqri{delta))/{2*a); _
writeln('Phuong trinh co hai nghiem phan biet');
write(x1 =", x1,"x2 =", x2);
- exit; .
end
readin;
END.
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1.4. b6 phic tap thudt toan

Khi dé xudt mot thuat todn, ngoai viec quan 1am dén tinh ding dén,
thuémg phai quan tam dén mot s vin dé nhu: vu diém, nhuoc diém, tinh phd
dung, thoi gian tinh todn, ... V@i cdc thudt todn duge sir dung ¢6 tan s6 cao
nhu cdc thuat todn sip x€&p, thuat todn tim ki€m, ... ta dac biét quan tam dén
thoi gian cén thiét cho viéc thuc,hién thuit todn dé.

Thong thudng v4i moi thuat todn, div liéu vao sé cé kich thude 12 mot s6
nao d6. Chéng han, khi sép x&p mot day s6 thi kich thudc ctia dif liéu ¢6 thé
xem nhu la s& phéan tif n ca ddy d6. R6 rang véi n cang lén thi thai gian cin
thiét cho viéc sip x€p sé cang l6n va n6 12 mot ham cia dai s6 n. Ta k¥ hiéu
ham d6 la f(n). Truéc khi dua vao khai niém d¢ phidc tap cia thuat todn, ta
dé cap téi mot s6 khdi niém sau:

a) Khai niém vé dé ting cia ham

Mot trong nhiing khai niém thudng ding dé phan tich do tang cha mot
ham la khai niém "Q" dugc dinh nghia nhu sau:

Cho f(x) va g(x) 1a hai ham tir tap céc s6 nguyén duong hodc tap cic s6
thuc vao tap cac s6 thuc. Ta néi f(x) 1a O(g(x)) n€u tén tai hai hing s6 C va k
sao cho '

If(x) < Clg(x)l véi moi x > k. - _

Can lwu ¥ rang, cap cic hang s6 C va k thoa man diéu kién trén 1 khong
duy nhat, dong thoi néu f(x) ta O(g(x)) ma h(x) 1a ham thoa mén tg(x)l < Ih(x)}
v6i x > k thi ta ciing ¢ f(x) la O(h(x)). ‘

Vidu 2: Cho f(x) = a,x" + a,x" ' + ... + a,x + a,, v6i a, 1A cdc s6 thuc
(i1=0,1, ..., n). Khi d6 f{x) = O(x").

That vay, véimoix > 1 :

) = lagx” +a, X" + ... +a,;x +af
< lag)x" + la,_ X" 4 L+l Ix + fa

=x“(a,; +—-|a“—1|+...+m+...+ﬁ}
x]'l

X xn—l

1A

X (|| + |agoi] + o+ ag] + |ay])-
Pat C = |an|+|an_l|+...+|al|+|aoi vak=1,tacéd

| f(x)| < Cx" v6i moi x >k, hay f(x) 1a O(x™).
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Vidu3: Chofm)=1+2+ 3+ .. +n. Chira f(n) 12 O@?).
That vay, [(n)<n+n+n+..+n=mn=n% nén fin) A OO véi C=k = 1.
Vi du 4: Chi ra ham n! 1a O(n") va logn! 13 O(nlogn).
That vay, tacén! <n"nénn! lAOMN") véi C=k = 1. .
Tirn! < n" = logn! < nlogn, vay logn! 14 O(nlogn) véi C=k = 1.
Vi du 5: Hay chi ra ham logn 1a O(n).
That vay, ta cé n < 2" v6i moi n 2 1, nén logn < n (16garit co 56 2) va vi
vay logn la O(n) véiC=k = 1.
b) Pé tdng ciia to hop cdc ham
* Tir khai niém v¢ d¢ tang cua ham ta ¢6 mot s6 két qua sau day:

Vidu 6: Néu f,(x) 1a O(g,(x)) va f5(x) 12 O(g,(x)) thi

(f,(x) + £,(x)) 1a O(max {lg,(x)}, 1g,(x)}).
That vdy, theo gia thiét ton tai C; va k, sao cho

|1, (0] < € g;(x)] v6i moi x >k, (i = 1, 2).
Talaico  |f(x)+ L)) <] (0 + | f(x)]

<G[0 + Cy | g5(x)
< C| g(x)\ voi moi X > Kk,
o day k = max{k,. k, }; C=C, + Cy: g(x) = max{lg,(x), [g,(x)I}.

Vidu 7: Cho f,(x) va fy(x} déu la O(g(x)). Khi d6

f,(x) + f,(x) 1a O(g(x)) (hé qua cha vi du 6).
Vi du 8: Néu f(x) 1 O(g,(x)) va f5(x) 12 O(g,(x)) thi

f(x).05(x) 12 O(g,(x).2,(x)).
That vay, theo gia thiét | f,(x)|< C| g,(x)] véi moi x > k,

va | 6 (x)}< Cy| g,(x)] v6i moi x > ks,
Xét | £00£) = 1) ] (0] < C,Cy | g1(x) || 8200
= C,Cy 100220,
Vay £(x). £(x) 12 O(g (x).g5(x)). véi C = C,C,, k = max{k;, k, }.
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Vi du 9: Cho f(n) = nlog(n!) + nzlogn, voin=1,2,3,..Khi dé f(n) la
O(nzlogn). .

That vay, ta ¢6 nlog(n!) la O(nzlogn), con nzlogn la O(nzl(')gn). Tuwvidu?
taco f(n) la O(nzlogn).

Vi du 10: Chimg minh ring, néu f(x) 12 O(g(x)) thi "(x} 1a O(g"(x)), &

day £'(x) = | f() (). 0(x)| =|F)][1R)]...| )| < € g"(x)‘
n lin n lin
vol moi x > k.
Hay f"(x)l <C g"(x)| véi moi x > k, C = C",

Vay f(x) B O(g"(x)).

Vidu 11: Gia sir f(x) 12 O(g(x}) v6i f(x), g(x) la cdc ham don diéu tang
va khong giéi ndi. Chimg minh log(f(x)) 1a O(log(g(x)}).

That vy, theo gia thi€t ta cé | f(x)[ <C i g(x)\ vdi moi x > k,. Ta ¢6 thé
gia thiét f(x) > 1, g(x) > 1 vdi x du lon, hay f(x) < Cg(x) véi x di 16n.
Logarit co s6 2 bat dang thic trén ta ¢d

log(f(x)) < log(C,g(x)) = logC, + log{g(x)) < 2log(g(x)) véi x du 16n.

Hay log(f(x)) 1a O(log(g(x)).

¢) Do phiic tap thudt todn

O day chiing ta chi dé cap téi do phifc tap chia thuat toan vé thii gian
tinh todn ma khéng dé cap t6i do6 phic tap vé khong gian ctia thuat todn.

Cic phép todn dugc dung dé do do phic tap thoi gian cia thuat todn 13
phép so sanh s6 nguyén; cdc phép cong, trir, nhén, chia cic s6 nguyén; hoac
bat ky mot phép tinh so cap nao khac xudt hién trong qua trinh tinh toan.

Can luu y cac thuat ngit dung trong do phiic tap thuét todn thudng gap:

— Do phifc tap O(1) goi 1a dé phiic tap hdng s6.

— Do phiic tap O(logn) goi 1a d6 phite tap légarit.

— D6 phitc tap O(n) goi 1a do phitc tap tuyén tinh.

- P3¢ phuc tap O(nlogn) goi 1a d¢ phitc tap nlogn.

— b phiice tap O(n®) got la dé phitc tap da thire.

- D6 phic tap Ob™) (b > 1) goi 1a dé phitc tap ham mii.

- D¢ phuce tap O(n') goi 1a do phire 1ap giail thira.
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DE minh hoa vé do phic tap clia thuat todn ta xéf mot sé vi du sau:

Vi duy 12: M6 1a thuat todn tim phdn’tr 16n nhat ca day hitu han céc s6
nguyén va tim do phiic tap cia thuat toan d6.

Buoe 1: Pat gid tri cuc dai tam thdi bang s6 nguyén ddu tién cla day.

Bitge 2: So sanh s6 nguyén tiép theo vdi gia tri tam thdi, néu nd 16n hon
gi4 tri cyc dai tam thoi thi dat cuc dai tam thdi bing s6 nguyén dé.

Bide 3: Lap lai bude 2 (néu con cdc s6 nguyén trong day).

Budce 4: Dimg khi khéng con s6 nguyén nao trong ddy. Khi dé cuc dai
tam thoi chinh 1a s6 nguyén 16n nhét trong day.

Maé 1a thuat todn tim phan tir 1én nhat trong day hitu han:

Procedure MAX(a,, a,, ..., a, . integer);
max = a,;
fori:=2tondo
if max < a, then max ;= g,
{max I4 phan 1lr f6n nhat}

Luwu y: Moi 56 hang clia ddy ding hai phép so sdnh, mot dé xdc dinh
chua dat dén cudi dﬁy; mot dé xdc dinh ¢6 phdi né 14 gi4 tri 16n nhat tam thoi
hay khong. Viéc so sanh ndy duge diung cho mdi phdn t a, trong diy tir
phén tix thit hai ) di (1=2,3, ..., n). Sau d6 12 phép so sanh dé ra khodi vong
lap, nén s3 phép so sanh cdn ding tat ca 1a 2(n - 1) + 1 d6i v6i thuat toan
trén. Vay thuat todn trén ¢ do phitc tap thoi gian 14 O(n) (d6 phic tap
tuyén tinh). _

Vi du 13: M6 14 thuat toan xédc dinh vi tri ciia mot phén tit trong mot
bang liét ke sap thi tu. Bai toan tim ki€m dugc phat bidu nhu sau:

‘Xdc dinh vi tri cia x trong bang liét ke cdc phdn tif phan biét: a,, a,, ..., a_.

Dudi day ta dé cap ti thudt todn tim ki€m tuyén tinh:

M0 id thudt rodn: Trude hét 1a so sinh x v6ia;, néu x = a, thivitri 1a 1,
cdn trudng hop x # a, ta so sanh tiép x véi a,. Néu x = a, thi vi tri cia x 1a 2,
con trudng hop x # a, thi so sdnh ti€p x véi a;. Qua trinh trén duge 1i&p tuc
cho dén khi néu x = a; (i < n) thi vi tri 1 i, trudng hop x # a; (Vi < n) thi x
khodng c6 mat trong bang liét ke,
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Mé 14 thudl todn tim ki€m tuyén tinh:
Procedure TIM_KIEM_TT {x: integer, ay, ay; ..., a,: cac 8 nguyén phan biét);
i=1 '
while (i< n)and (x= a) do
i=i+1;
if i < n then location = i
else location = 0 _
{location I chi s8 clia s6 hang bang x {location = 0 néu khéng tim duac x)}.

Lint y: O méi bude cha vong lap trong thuét toan trén cé hai phép so
sdnh: mot dé xem di téi cudi day chua; mot dé xem phdn 1 x ¢4 tring véi
mdt phan tr cua bang li¢t ké hay khong. Cudi cling 12 mot phép so sénh
ngoai vong lap.

Néu x = g; thi ¢6 2i + | phép so sdnh dugc sir dung. S6 phép so sanh lén
nhat 1a 2n + | (khi x # 4, 1 =1, 2, ..., n). Sau dé can mot phép so sanh dé
thoat khéi vong lap. Vay, khi x khong ¢6 mat trong bang thi téng s6 phép so
sanh trong thuat todn nay la 2n + 2. Vay do6 phic tap cha thuét toan 1a O(n).

Xét bai todn trén trong trudng hop céc phdn tir trong bang dugc séip theo
thit tu tang ddn. Vi dy, tim s6 19 trong bang liét ké theo thit tu tang dan: 1, 2,
3,4,5,6,7,8,10, 12, 13,15, 16, 17, 18, 19, 20, 22. Téng quat: Tim x trong
bang li¢tké a, a,, .., a, véia, <a, <..<a_

D¢ gidi bai todn trén ta dung thuat todn nhi phan, dugc mé ta nhu sau:
So sénh x vai so hang a,, & giita day (m = [(n + 1)/2}, & day [x] la phdn
nguyén I6n nhit khong vuot qua x). Néu x > a_ thi viéc tim kiém x trén day
gom cac 6 hang a,,, a_,5, ..., a;; cOn néu x < a_, thi viéc tim kiém s& thuc
hién trén day gom cdc s6 aj, a,, ..., a,,. Ca hai trchmg hop déu dua dén bai
todn tim kiém trén bang khong 16n ho’n [n/2] phén tir. Qué trinh trén duge
thuc hién cho t61 khi bang liét ké chi con - mot phdn tif va so sinh x v&i chinh
s6 hang nay.

M6 14 thuét todn tim ki€ém nhi phan:

Procedure TIM. KIEM_NH!_PHAN (x : integer, a,, &, ..., a, integer - tang dan)

i := 1 {ila diém mut tréi cla khodng tim kiém}
j = n {j1a di€m mat phai cla khoang tim kiém}
while i <j
begin
m:= [(i + /2]
ifx>a,theni:=m+1
glsej:=m
end

2 .-TOAN ROI RAC
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if x = a, then location =i
else location := 0
{location Ia chi s6 cdia s6 hang bang x (location = 0 néu khong tim thay x)}.

L y: DO phic tap cua thuat toan tim ki€m nhi phan trén 1a Ologn) vi
né phai ding téi 2[logn] + 2 phép toan so sanh. Nhu vdy, trong truong hop
bang liét ké.dugc sap thit tu thi thuat todn tim ki€m nhi phan t6t hon thuat
todn tim kiém tuyén tinh.

Dé két thiic phdn nay ta xét thém thuat todn Fuclid.

Trong 1y thuyél s6 ngudi ta da chimg minh duogc ring:

Néu a = bq + r, trong do a, b, g, r 1a cdc 0 nguyén thi:

UCLN(a, b) = UCLN(b, 1) *)

Gia sit a, b 1 cdc s6 nguyén duong, v6i a =2 b. Datr, = a, r, = b. Bang
cach ap dung két qua trén ta cd:

T2 =11 ¥ 1y (OSI’n<Fn_|)
I'n-1 = InYn-

S6 du xuat hién trong diay cdc phép chia lién ti€p, vi diy cic s6
a=r,>r1 >1,>..20khong thé chifa qui a s6 hang. Tir (*) ta suy ra:
UCLN(a, b) = UCLN(r,, r;) = UCLN(1, 1,) = ...
= UCLN(r, 5, 1,-;} = UCLN(r,,, 1) = UCLN(r,, 0) =1,
Vay, udc chung 16n nhit 12 s6 du khac 0 cudi cling trong diy cac phép chia.
Vi du 14: Tim UCLN(414, 662).
Ap dung thuat todn Euclid ta dugc:
662 =414.1 + 248
414 =248.2 + 166
248 = 166.1 + 82
166 = 82.2 + 2
82=2.41 _
Do d6 UCLN(414, 662) = 2 (2 1a s6 du cudi cing khac kht‘)ng).
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Thuat todn Euclid duge mé ta nhu sau:
Procedure UCLN(a, b : integer);
x=a
y=b
whiley = 0
begin
r:=xmody
XSy
y=T
end {UCLN(a, b} la x}

L ¥: Gid tri ban ddu ctia x, y tuong Gng 13 a vd b. O mbi giai doan cla
thu tuc x dugce thay bang v va y duge thay bdi x mod y (1a s6 du r trong phép
chia x cho y). Qua trinh nay dugc 1ap lai néu y # 0 va thuat todn sé dimg kbi
y = 0. Gid trf clia X & thoi diém nay 13 s6 du khéc 0 cuéi cung trong thi tuc
va chinh la ude s6 chung 16n nhat can tim.

§2. PHUONG PHAP DE QuUY

Pé¢ quy 1a mot khai niém t6n tai trong cude séng, trong todn hoc, trong
1ap trinh. B¢ quy cho mot phuong phdp ngin gon va sdng sha dé mo ta céc
doi teeng ciing nhu mot s& qud trinh. Nhu vay, dé quy la mét phuong phip
xac dinh tap hop cdc doi tugng thoa mdn mot yéu ciu ndo dé. NS bao gém
cdc quy tac, trong d6 mot s6 quy tic diing dé xdc dinh cdc déi tuong ban
ddu, con quy tac khic ding dé xé4c dinh cdc d6i tuong ti€p theo nhr cdc doi
tugng ban diu da duogc xdc dinh.

Vidu 1: Mot day s6 a,, a,, ay, ..., a, ... cO tinh chat: a, =0,a, =2a,_, + 3
v&i moi n > 1. Khi d6 ta ¢6 thé xdc dinh dugc s6 hang a_ tdng quat cha diy -
$6 trén nhu sau:

Trudc hét chon cad s6 o, o, sao cho

(@ — o) = oA —ay) (1}

Tir (1) suy ra a, = aza . ~ 0.0 + Q.

R6 rang cdc $6 o, o, phai thod man hé phuong trinh
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o — .0y =3
Tir hé trén ta ¢ ngay o, = -3, o, = 2. Dar g, =a, — o, voin 2 1. Suy ra

q, = 0.q,- VOin= 1 vag, =6,trdétacéq, = q .cxg"l

Vaya, - o, = q.0) ,suyraa, = a, + q o) =62"" -3,
Chuong trinh con dé quy dé tinh s6 hang téng qudt a, dugc minh hoa
nhu sau:
Function fn{n: integer): integer;
BIGIN
fn=0thenfn:=0
else fn = 2*in(n-1) + 3;
END;

Vi du 2: Mot day a,, a;, a,, ..., a,, ... c6 tinh chdt: a, = 0, a; = 1,
a, = a,_; + a,», v61 moi n = 2, dugc goi la ddy Fibonacci. Nhu vay, day
Fibonaccila day: 0,1,1,2,3,5,8,13,21,...vavdin=2tacd thé tim duoc
s6 Fibonacci thit n néu biét s6 Fibonacci thit n — 1 va thi n — 2. Bang quy
nap todn hoc ta dé dang chiing minh dugc ring, véin 20

. _Jﬁ_[uﬁ}“__l_{l—ﬁ]"
N Ysloo2

Tuy nhién cong thic trén ¢6 thé tinh truc tiép nhu sau:

Trudce hét hdy tim mot cap s o, o, sao cho:
a, — 0ag-; = 0plan—y — 02,-)
=  a,= (0 + o)A, — 00,
R& rang cédc cap s6 o, o, thoa min hé phuong trinh
| oy + oy =1
{Otl.az =-1

Khi d6 &, o, sé 1a nghiém ctia phuong trinh x* — x — 1 = 0, do d6 ta

1++/5 :l—\/g

¢6 thé chon o, =- % 5

: e s oA _ .n
Q= 0y, VOin22vag =1.Taco q, = a,

- Dal qn = an - alan__], khl d()

-1
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Vay a, — o,a,_, = ag_] ,SUY 13 2, = 0)a,; + ag_'
a,=q,a, + o, ) (1)
ay = oya, + a% (2)
ay = 0a, + ag 3)
. = 0,3+ Oy (n-2)
an‘ = oa,_, + o)) (n—1)

Khi nhan hai v&€ cha dang thic (n — 2) véi o, dang thic (n — 3) véi
af, ... ding thic (1) véi o va cong lai theo timg v€ ta cé:

l 2 3.2 o] — oy
_ . n- n— n- _ ] 7 Y2
a, =0 ap + 0 Oy +..+oy oy =——

o) — Uy

n n .
Viy a, = —L—{ﬂ] - —1—(1—_2—\/—5-] vl n 2 2. Tuy nhién cong

Jsio2 V5

thifc nay cling ding véin = 0. _
Chuong trinh con dé tinh s6 hang téng quét thit n c6 thé duge viét nhu sau:
Function fn(n : integer) : integer;
BEGIN
ifn<=1thenfn:=n
else fn :=fn{n — 1} + fn(n - 2);
END;

Vi du 3: C6 m phén thuong duge chia cho n hoc sinh gioi duge xép
hang tir 1, 2, ..., n. Hoi rang ¢6 bao nhiéu céch chia phan thudng trén sao cho
cac diéu Kién sau duge thoa min:

a) N€u hoc sinh A gidi hon hoc sinh B thi s phan thudng cla A sé 16n
hon hoac bang sd phan thuéng cba B;

b) T4t cé m phén thudng déu phéi thudng hét cho hoc sinh.

Gid sit rang v6i i < jva 1 <1, j < n thi hoc sinh thi i giéi hon hoc sinh
thir ). Ky hiéu 56 phan thudng ma hoc sinh thit i nhan duge 1a T;. Tir gia thi&l
~ cuia bai todn ta suy ra cdc diéu kién sau can duoc thod man:

T +T,+ .. +T,=m;
T, 2T,2..2T,>0.
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Ky hiéu CHIA(m, n) 14 s6 cich chia m phan thuong cho n hoc sinh theo
yéu ciu trén, )

Nhén xét ring:

— Khi m = 0, tirc 1a khong ¢6 phan thudng nao thi khi d6 16 rang chi ¢6
duy nhat mét cich chia: méi hoe sinh duge 0 phan thuong. Vay CHIA(O, n) = 1
ddi véi moi n. o

— Khi c6 m phan thudng va khong cé hoc sinh gioi, duong nhién sé

thfmg c6 cich chia ndo. Vay CHIA(m, 0) = 0 d6i véi moi m = 0.

— Khi ¢ m phén thuong, n hoe sinh gioi va m < n, khi dé n — m hoc

sinh phia cudi s&€ khéng nhan duge phan thudng nao, do dé:
CHIA(m, n) = CHIA(m, m) khi m < n.

— Khi ¢c6 m phan thudng, n hoc sinh gioi vd m > n. Khi d6 ta xét hai
truong hop sau:

+ Khi hoc sinh cudi cing khong nhan duge phan thudng nao, khi dé s6
céach chia s€ la CHIA(m, n— 1);

+ Khi hoc sinh cudi ciing nhan duge 1 phin thuéng, khi d6 tat ca céc
hoc sinh gioi sé nhan duge it nhat 1 phan thudng, do d6 s6 cdch chia trong
trudmng hop nay sé 14 CHIA(m — n, n).

Tém lai, khi c6 m phan thudng va n hoc sinh gidi thi s6 cdch chia sé 1a
CHIA(m, n — 1} + CHIA(m - n, n).

Trén co s6 d6 ra ¢6 thé viét mot chuong trinh con dé quy thé hién thuat
todn trén nhu sau: '

Function CHIA(m, n ; integer) : integer;

BEGIN
if m =0 then CHIA := 1
else if n =0 then CHIA := CHIA{m, m)
else CHIA := CHIA{m, n — 1) + CHIA(m - n, n)
END;

Thudt todn quay lui
Bai toan: Hay xay dung cdc bg gid tri gom c6 n thanh phén (x, X5, ..., X))

tr mot tap hitu han cho truéce, sao cho cdc bo d6 thoa min mét yéu cau B cho
truGe nao doé.
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Plueong phap:

Xay dung cdc phédn I X, X4, ..., X, theo cach sau day:

Gia sir da xdc dinh dugc k ~ 1 phan tir ddu tién cia diy dé 1a x,, x,, ..
X,—- Cin xé4c dinh 1i€p phén tir x,, phan t nay dugc xdc dinh theo cach sau:

=1

Gia st T, 13 tap tal ca cdc gid tri ma phan tir x, ¢6 thé nhan dugce. Vi tdp
T, 12 hitu han nén c6 thé dat n, 13 s6 phén tlr ctia tap T,. Khi d6 c6 thé liet ke
cdc phan tr cua T, theo mot thi tu nio d6. Tic 1a ¢6 thé thanh l‘ap mét anh
xal—1urtap T, lentap {1, 2, .., n,}.

— Néu k = n, khi dé b (x}, X9y vees Kj=p» Xi) €O dﬁ n thanh phin va thoa
mén yéu cau dat ra, do d6 bo nay dugc dua vao quan hé két qua.
Xétj e {1,2,...,n.}, tanéi rang "j chdp nhan dugc” néu c6 the bd sung
phén 1 thit j trong T v6i tu cdch 1a phén 1o x, vao ddy X, Xy, .oy Xy, Xy
— Néu k < n ta cdn phati thuc hién ti€p qué trinh trén, tic 1a phai bé sung
1iép phan tf x,,, vao day X,, X, ..., Xy d€ dugc day x|, X, ..., Xj—ps Xg-
~ Nhu vay, nét dic trung cla phuong phdp quay lui 12 & ché c¢é dugc 15
giai ta phai di timg budc bing phép thit. Khi mét budc lya chon chdp nhan
can ghi nhé thong tin can thiét va ti€n hanh budc ti€p theo. Nguoc lai, khi
khong c¢6 mot lua chon nao duge ¢hap nhan thi can phai thuc hién lai budc
trudc, xo4d bat ghi nhd va thir lai véi nhitng lva chon con lai.
a) Tha tuc dé quy cho thudt todn quay lui
Procedure THU (k: interger); .
-Var . interger,
BEGIN
 Jorj:=1ton do
if <j la chap nhan dugc> then
Begin
<xac dinh x, theo >
if k = n then <ghi nhan bé gia tri mai>
eise THU(k + 1),
End;
END;

Diéu dang quan tam & day la:

1) Lam thé ndo dé x4c dinh duge tap T, tic Ia tap tat ca cdc kha nang
ma phén tif thi k-chia ddy X, X5, ..., X, ¢6 thé nhan dugc.
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2) Khi da c6 tap T, dé xdc dinh x,, thdy rang x, khéng nhimg phu thugce
vao chi s8 j ma con phu thuge vao cac x,, X5, ..., X,—;. Y1 vay can phai ghi
nhé trang thai cta qua trinh xdc dinh day bang mat bién nhé nao dé sau khi
xdc dinh dugce x, theo j va dong thoi phai tra lai trang thai cii sau 13i goi
THU(k + 1). _

Ngoai thi tuc THU(k) nén ¢6 mot thi tuc goi 1a khdi tao, nham tao ra
mot sO gid tri cling nhu nhitng trang thai can thiét ban dau.

b} Céc vi du minh hoa cho thudt todén quay Iui

Trong cac vi du duéi day bo gia tri (x, x5, ..., X} s& dugc luu trir dudi
dang mang mét chiéu 13 x[1], x[2], ..., X[n].

Vi du 4: Liét ké tat ca cdc hoan vi cha n s6 tu nhién dau tién.

bat N = {1, 2, ..., n}. Khi d6 mét hodn vi clia n s6 tu nhién dau tién s& 13
mot bo x[1], x[2], ..., x[n). Trong dé x[i] = x[j] vGi i # j va x[i] € N. Nhan
thdy T, = N. Gia st d3 xdc dinh duogc x[1], x[21, ..., x[k-1], khi d6:

Ty =N~ {x[1], x[2], ... x[k-1]). |

Dé ghi nh6 tap T, (1 = L, ..., n), ta cén sir dung mot mang bf1..n] 13 cac
gié tri boolean sao cho b[i] = true khi va chikhii & T,.

Sau day la chuong trinh liét ké tat ca cc hodn vi clia n s6 ty nhién ddu tién.

Program HOANVI;

uses cr;

type  mang = array[1..20] of interger,

Var T x mang;

b: array[1..20] of boalean;
n, d: interger;

Procedure KHOI_TAQ;
Var I: interger;
BEGIN .
write('so phan tu = "); readin{n};
for iz= 110 n do bfi} := true;
d:=0

END;

Procedure INKQ;
Var i; interger;
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BEGIN

inc{d};
write {'Hoan vi thu', d:3, '),
for i = 1 to n do write (x[i]:4};
writeln;
END;
(Frorrrrree y
Procedure THU{k: interger);
Var j = interger;
BEGIN
forj=1tondo
if b[j] then
Begin
xIK] =;
b[j] := false; {chuyen ve trang thai moi}
if k = n then INKQ
else THU{k+1};
b[j] := true; {tro ve trang thai cu}
End;
END;
(Femmeeemmeeemeeees Y
BEGIN {Main}
clrser;
KHOI_TAG;
THU(1};
readin;

END. {Hoan vi}

Vi du 5: Li¢t ké it ca cac chudi nhi phan cé d6 dai n.

Nhan thdy ring, mét chudi nhi phan do dai n cé dang x[1), x[2], ..., x[n]
v6i xlil € B (B = {0, 1}). Ta ¢6 T, = B. Gid sir d&@ xac dinh dugc x[1],
x]2], ..., xlk~1]. Thay ring T, = B, do d6 s6 phan ti cua tap T, = 2.

Chuong trinh liét ké tat ca cdc chudi nhi phan ¢ d¢ dai n dugc the hién
nhu san:

Program CHUO!_NHI_PHAN;

uses crt;
type  mang = aray[1..20] of 0..1;
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Var X: mang;
n, d: integer;

Procedure KHOI_TAQ;
BEGIN
wrete('Do dai cua chuoi:’); readin(n);
=0

Procedure INKQ;
Var i; integer; -
BEGIN
in¢{d);
write {'Chuoi thu', d:3, "):
fori:=11to n do write (x[i):4);
writeln;
END;
{ %)
Procedure THU(k: integer);
Var J: interger;
BEGIN
forj:=0to 1do
begin
xfk] :=;
if k = n then INKQ
else THU(k + 1)
end;

END;
(" ")
BEGIN
clrscr;
KHOI TAO:;
THU(1);
writeln;
write('Tong so co’, d, ‘chuoi nhi phan®);
readin;
END.
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Vi du 6: Bai todn dat cic con hau.

Phart biéu bai todn: Cho ban cd hinh vuong ¢& n x n. Hay liét ke tat ca
cdc cach x&p n con hau trén ban cd sao cho chiing khong an duge nhau. Tic
14 khong c6 hai con hau nao cing dong, cling cot, cing duong chéo nao doé
ciing phuong véi dudng chéo chinh hoac dudng chéo phu.

Thudt todan: ‘

Xét mot ban ¢& gém n hang, n cot duge dénh 6 1, 2, ..., n. Sir dung chi
s6 k dé chi hang va chi so j dé chi cot. Vay: 1 €k, j < n. Quy udce néu x[k] = j
thi ¢6 nghia con hau & hang thi k va cot thi ).

Nhan thay T, =N = {1, 2, ..., n}. Gid str dd xdc dinh duge x[1], x[2], ..,
x[k—1], cdn xdc dinh tiép x[k| thoa min yéu céu cla bai toan. Trude hél ta
¢6 mot s6 nhan xét:

— Ban ¢d ¢6 hai duong chéo (dudng chéo chinh va dudng chéo phu), khi
d6 ¢6 2n dudng chéo cing chiéu véi dudng chéo chinh. Nhan thay rang, véi
hai 6 batl k¥ trén cling mot dudng chéo thi tong chi s6 hang véi chi s6 cot
ctia cdc 6 d6 la nhu nhau, chang han cing bang mot s6 i nao d6. Khi dé i 1a
chi $6 cta dudng chéo d6. RO rang 2 < 2n va i = k + j néu dudng chéo dé di
qua o ¢d toa do la (k, j).

Trén co s& dé, cé thé chon mét mang ¢[2..2n] cac gid tri Boolean dé ghi
nhan xem dudng chéo d6 ¢6 thé con dat con hau vao dé duge khong, tic la
cli] = true khi va chi khi wén trudng chéo d6 chua ¢6 con hau nao.

— Tuong tu thdy ring, cfing €6 2n — I dudng chéo cung chiéu v6i dudng
chéo phu. Nhan thiy, v6i hai 6 bat ky trén ciing mot dudng:chéo thi higu cia
chi s6 hang va chi s6 cot clia cdc 6 d6 1a nhu nhau, chang han cing bang
mot s6 m ndo dé. Khi dé ta goi m 12 chi sd cha dudng chéo d6. RO rang
l-n€m<n-1 va m = k - j n€u dudng chéo dé di qua o c6 toa do la (k, j).
Ta ciing chon mot mang p[2..2n] céc gid tri Boolean dé ghi nhan xem dudng
chéo dé6 ¢6 thé cdn dit con hau vao d6 duge khong, tic la p[m] = true khi va
chi khi trén dudng chéo d6 chua cé con hau nao. Khi d6 1ap T 1a tap ¢6 the
cla cic chi s6 céc ¢ot mi con hau trén hang thit k ¢6 thé dat vao. Nhu vay,
tap 14t ci cdc gid tri ma x{k] c¢6 thé nhan la tap T, dugc xdc dinh boi
biéu thiic: _

Ty={j:je N,j#x[hlvaihe{l, 2,...k-1,
clk + j] = true, p(k — j] = true}
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Chuong trinh dé gidi bai todn:
Program TAM_HAU;

uses crt;
type  mang = array[1..20] of integer;
var X . mang;
a : array[1..20] of boolean;
c : array[2..40] of boolean;
p : array[-19..19] of boolean;
n. d:integer,
[ "

Procedure KHOI_TAO:

var |, j, m:integer;

BEGIN
write{'Kich co ban co'); readin{n};
forj:=11o n do a[j} := true;
for1 = 2*n do cfi] := true;

form:=1-nton—1dop[m] = true;

d:=0;

Procedure INKQ;

Var i integer;

BEGIN
inc(d);
write('Phuong ary, d:3, ";
fori:=1tondo

begin
write(x[i]:4);
if i mod 10 = 0 then readin:
end;
writeln:
END;
A )

Procedure THU(k: integer);
Var | integer;
BEGIN

forj=1tondo
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if a[j] and cj+k] and p{k—j] then

Begin
xik] =],
a[j] = false;
c[j+k] .= false;
plk—j} := false;
if k = n then INKQ else THU(k+1);
afj] = true;
clk+jl = true,
plk—j] := true;
End;
END;
BEGIN
clrser:
KHOI_TAQ;
THU(1};
write{"Tong so co', d:3, 'phuong an');
readln;
END.

BAI TAP
1. Ding dinh nghia ching minh rang:
a) t(x) = X roxd 4 ax + 712 0(x4);
b) f(x) = 2" + 17 14 O(3Y).
2. Tim $6 nguyén nho nhat n sao cho ham f(x) 14 O(x"):
a) fix) = 2x° + leogx:
e xt

x>+ 1

b) f(x) =

3. Chimg minh ring f(x) = x* + 4x + 17 1a O(x*), nhumg x’ khong 1a
O(x* +4x + 17).
4. Chung minh néu f(x} va {,(x) la O(g(x)) thi (f, + f5)(x)} 1a O(g(x)).
5. Thuét todn thong thudng dé ddnh gid mot da thie
ax"+a X" +..+ax+a,

tai X = ¢ ¢6 thé dugc mé ta nhu sau:
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Procegure DA_THUC (¢, a,, a;, ..., a, real);

power := 1;

y = a,,

fori:=1tondo
begin

power = power *¢
y =y +a " power
end{y=ac"+a, c"'+. +ac+al
{*a day gia tri cudi cung clia y chinh fa gia tri clia da thire tai x = ¢*}

a) Dénh gid 3x> + x + 1 tai x = 2 bang céch thuc hién timg budc clia
thuat todn trén.

b} C6 bao nhiéu phép nhan va phép cong di duge st dung dé€ danh gid
da thiic bac n tai x = ¢? (khong ké céc phép cong duge dung dé tang
bién cua vong lap).

6. Dung thuat toan Euclid tim:

a) UCLN(12, 18);

b) UCLN(1001, 1331).

7. Thuat todn nhan ma tran: Gid sit A™™ = jq, i 1d ma tran cdp m x k véi

phan 1t & hdng i, c¢t j 1a a;. Twong e B = = [b,/ 1a ma trdn cdp k x n
vGi phdan nt & hang i, ¢ét § fa by

Khi dé A" BF = o = {c;] la ma trdn cap m x n, véi

Z digby; -

Thuat todn nhin ma tran ¢é thé mé ta nhu sau:
. Procedure NHAN_MA_TRAN (A, B: ma tran)
fori=1tomdo
forj:=1tondo

begin
;=0
forg:=1tokdo
Tj 1= G + @gbg

end {C = [¢] la tich cda A va B}.
a) C6 bao nhiéu phép cong va phép nhan cic s6 nguyén duoc dung
trong thuat todn trén d¢ nhén hai ma tran c6 cdc phin tit Ia cic s
nguyén?
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b) Cho A, A,, A; tuong 1ing la cdc ma trdn cap 30 x 20, 20 x 40 va
40 x 10 véi cac phdn tir déu la sd nguyén. Hoi phai nhan A, A, va
Aj; theo trinh tu nhu thé ndo dé s6 cac phép nhan 12 it nhat?
8. Ma trdn logic:
Ma trén ma cdc phdn utla 0 hode 1 gof la mu trdn 16gic.
= [b,]. Ta ky hiéu A" v B™™
ma phdn tr o hang 1, ot § la
| [ néu a; =1 hodc b =1

0 néua; =b; =0

1 %4

Cho ma trdn logic A" = [a, ] va B

Lkt A

la ma trdn logic hop gita A™ " vdi B

Tuong tit A" A B™™ 1a ma tran 16gic giao giita A™™" va B™™" ma phdn
L ‘ _ I néu a; = b; =1
ned hang i, corjla: a; A by =
' 0 nguoc fai
Gid sit A"™ = fa;f va B = [b,] la ma trgn logic cdp m x nvan xk
ncong img. Khi dé iich boole cria A™™ va BY™ dwoc ky hieu A" @ 85
la ma trdn cdp m x n ma phdn i & hang i, cot j la ¢ ditoe dinh nghia
nhur sau:
Thuat todn tinh tich boole nhu sau:
Procedure TICH_BOOLE (A, B: cac ma tran logic)
fori:=11iomdo
- forj:=1tondo
begin
¢, =0
forg:=1tokdo
Cy =Gy v (Ag A by)
end {C = [c,} 14 tich boole ctia A va B}.
a) CO bao nhiéu phép todn bit dugc dung dé tinh A ® B véi A, B 1a céc
ma tran Iogic vudng cip n.
b) Cho A la ma tran l6gic cAp m x p, B 1a ma trén logiccapp x k va C
la ma trdn logic cApk xn.
Chimg minh rang: A® (BRC)=(A®B)®C.
9. D¢ giai bai todn tim trong ddy $6 a,, 4, ..., 4, MOt phan t ¢é gid tri
bang mot s6 cho truée, ¢6 thé dp dung thuat todn sau:
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10.

11.

12.

13
14.

15.

input - n va day s8 a4, ay, ..
output : vi tri phan t c6 gia lrl key hodc n + 1 néu khong tim thay
Function Linear-Search (a, n, key};
begin
i=0
repeat
=i+
until {i > n} or {key = a;);
Linear - Search = 1;
end.

Hay danh gia thoi gian t6i nhét va trung binh cla thuat todn trén vt diu
vao do dai n.
D¢ dinh nghia mot ham s6 xédc dinh trén tap cdc s6 nguyén khong am ta
xay dung nhu sau:
1) Gid tri cua ham tai n = 0,
2) Cong thiic tinh gia tri ciia ham d6 tai s& nguyén n tlr cdc gid tri clia
no tai cdc 6 nguyén nhé hon n.
Dinh nghia nhir trén goi la dinh nghia dé quy.
Gia str f duge dinh nghia bang dé quy nhu sau:
f(0) =3, f(n + 1) =2f(n) + 3.
Hay tinh (1), f(2), f(3) va f(4).
Cho dinh nghia d¢ quy cua ham giai thira F(n) = n! va ca him

F(n)= 3 a,.
k=l

Dinh nghia tip hop bang d¢ quy: Trudc tién dua ra tap xuat phét, sau dé
la quy (ac tao cdc phdn wr mdi wr cdc phén tir da biét clia tap hop.
Dinh nghia tap hop A bang dé quy nhu sau:

JeA;x+y e Anéuxvay thudc A.
Hay chi ra A 13 tap cédc s6 nguyén chia hét cho 3.
Tim thuat todn d¢ quy tinh gid tri a” v6i a 1a s6 thuc khac khong va n 1i
s6 nguyén khong am.
Tim thuét 104n dé quy tinh UCLN clia hai s6 nguyén a, b khong am
via<b,
Hay bic¢u dién thuat todn tim ki€m tuyén tinh nhu mot thi tue dé quy.
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Chuong 2
CAC PHUONG PHAP PEM

§1. TAP HOP VA BIEU DIEN TAP HOP TREN MAY TiNH

1.1. Cdc phép todn trén tap hop

Cho A, B la céc tap hop.
a) Phép hop (k¥ hi¢u L)

AUB={x:x e A hoic x € B}
b) Phép giao (ky hieu n)

AnB={x:xe Avix e B}
c) Hiéu hai tdp hop (ky hi¢u \ hay —)

A\B={x:xe Avax ¢ B}
Dac biét khi A ¢ B, phdn bu cia A ky hi¢u 1a A va dugc dinh nghia

nhu sau:
A={x:xeBvaxegA} goi la tap vil tru.

Sau day la hinh anh minh hoa cdc phép todn trén:

AUB ANB ANB
Vidu 1:
4) Cho: A=1{1,2,3,4}:B=1{5,6,7.8}

AvuB=1{1,2,3,4,56,7 8}.
b) Cho: C={a b.¢c}:D=l{c.d e}
CubD={a, b cd e}

3. TOAN RAIRAC
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Vidu 2: A, B,C, Dnhuvidu .
AN B=O (tap rong)
CnD={c}.

Vidu 3: A, B,C, Dnhuviduy 1.
A\B=1{1,2,3,4}]\{5,6,7,8}=11,2,3,4}=A
C\D={a,b,c}\{c,d, e} = {a, b}.

Vidu 4: Cho A=1{1,2,3.4,5}:B={4. 5} (Bc A)

B =11, 2, 3}.

1.2. Céc finh chét cla tap hop

Gia sir A, B ¢ X. Khi dé ta 6 cac tinh chat sau:

—Tinh giao hodn:
— Tinh két hop:

—Tinh De Morgan:
—Tinh phdn bo:

~ Tinh trung hoa:
—Tinh phan tir bi:
— Tinh thong wi:

AvB=BUAANnB=BnA.
AuBuO=AvB UG
ANBNCO=(AnBNnC
m:xr\ﬁ; AnNB=AuUB.
AUBNO=(AUB AU
ANnBuUuO=(AnByUANCQC).
AUD=A AnX=A.
AUA=XAnA=0.
AuX=X;AnZ=0.

1.3. Luc lugng cua tap hop

Ta ky hic¢u fuc hiegng clha tap A 1a |Al va dinh nghia:

. Al = s0 phan tr cua A.
Khi d6 ta ¢c6 ba cong thic thudmg gap khi phai tinh s phin 1 cua mot

tap hop:

DIAw B =IAl+ 1Bl - |A n Bl
DIAUBUC=IAI+IBI+ICI-IANBI-IAnCQ-IBNCl
' +IANBnC, '
3)lAuBuCuDi:IAI+IBI+ICI+1DI—IAhB1—IAmCI

~IARD -BNCI-IBnDI-ICnDI
+IANBAC+IANBADI+IANCADI
+ BACADI—IANRBNCADIL
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1.4. Tich bé-cac cua cdc tap hop va luc luong claa nd

e AxB={(a,b):ae A, be Bi va lyc lugng ctia né 1a
IA x Bl = JALIBI.
-AxBxC=_{(a,b,c):aeA;be B; ¢ € C} va luc lugng cta né la
IA x B x Cl =1ALIBLICI. '
o IA; x Ay x .. x Al = [(ay, &y, . a ) la € A, (i = I, n)} va luc luong
cta nd la

n
A x Ay x o x Al = IA LA 1A = TTra; 1
. : 1=1

1.5. Biéu dién céc tap hop trén méay finh

C6 nhiéu cach biéu dién 1ap hop trén may tinh. Du6i day gidi thiéu mét
céch bi¢u dién 14p hop trén mdy tinh bang cach hru trif cdc phdn tir clia né
dudi dang sap tuy ¥ cdc phan tir cia tap vil tru.

Gia s X 12 mot tap vii tru va A ¢ X (vi gia thiét dung lluqmg bo nhd
cua may tinh khong bé hon luc luong cua X). .

Gia st IXI = n, khi d6 ta sap (danh s6) cac phan tr cia X = {a,, ay, ..., a,}.
Ta c6 thé biéu dién tap A trén mdy tinh bang mét xau bit ¢é chiéu dai n,
trong d6 bit thiila I néua, € A, con bitthdilaOnéua ¢ A= 1, n).

Vidu5: ChoX=1{1,2,3,4,5,6,7, 8,9, 10} (sip x&p cac phin 1 clia
X theo thit ur tang dan).

a) Xic dinh xau bitcuatap A ={1,3,5,7,9} c X.

b) Xéc dinh xau bit ctia tap B= {2, 4, 6, 8, 10} c X.

¢) Xac dinh xau bit cdc phan tur khong vugt qui 5 trong X, ufe la tim
xdau bitcua C=1{1, 2, 3, 4, 5}.

Gidi:

a) Xau bitchatap A =1{1,3,5,7,9} 1a 1010101010.

b) Xau bit cha tap B= {2, 4, 6, 8, 10} 1a 0101010101.

c)XaubitchatapC=1{1,2,3, 4,5} 1a 1111100000.

Vidu6:ChoX=1{1,2,3,4,5,6,7,8,9,10} va

A=1{1,3.57.9}
B=12.4,6,8, 10} vaC={1,2,3,4,5) nhutrong vidu 5.
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a) Tim x&u bit ciia A « B.

b) Tim xau bit cia A N B.

¢) Tim xau bit cia A va B.

Gidi.

Xau bit cua A 14 1010101010.

Xau bit cGa B 1a 0101010101,

a) Xau bit cha A w B la:

1010101010 v 0101010101 = 111811E111.
b) Xau bit cua A N B la:
- 1010101010 A 0101010101 = 0000000000.

c) Vi xau bit coa A = {1, 3, 5, 7, 9} 1a 1010101010 nén xau bit cta
A ={2,4,6,8, 10} 12 0101010101.

Vi xau bit cua B = {2, 4, 6, 8, 10} 12 0101010101 nén xau bit cla
B = A 12 1010101010.

Chity: |

— D€ nhan duge cde xau bit cho hgp chia hai tap hop, ta thuc hién phép
tuyén (v) hai xau bit d6 v6i nhau.

— D€ nhan duge xau bit cta giao hai tap hop, ta thuc hién phép hoi (A)
hai xau bit d6 véi nhau.

— Dé nhan duge xau bit clia phan bi tap hop A, ta chi viéc thay 0 béi 1
va 1 bdi O trong xau bit cia A.

Vidu 7: Cho X=141,2,3,4,506,7,8,9} _

A=1{1,2,38};B={2,4,8,9};C={6,7,8,9}.

‘a) Tim xéau bitcta A W B,AUBUC. '

b) Tim xadu bitchta A "B, A~ BnC.

¢) Tim xau bit cta _A_ E C.

Giai:

X4au bit cia A 1a 111000010.

 X&u bit cia B 1a 01010001 1.
Xau bit cha C 1a 600001111. _
a) Xaubitcia AW BIa 111100011 (hay AU B=1{1,2,3,4,8, 9.
XaubitcuaAwWBUCIallli01111
(hayAvuBuULUC={1,2,3,4,6,7.8,9}).
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b) ‘Xau bit chia A ~ B 12 010000010 (hay A " B= {2, 8}).

Xau bit ciia A ~ B~ C 13000000010 (hay A ~ B~ C = {8}).
c) Xau bitctia A 1a 000111101 (hay A = 14,5,6,7,9})

Xau bit cia B 12 101011100 (hay B = {1,3,5,6,7})

Xau bit ctia C 12 111110000 (hay C = {1,2,3,4,5}).

§2. HOAN VI, CHINH HOP VA 1O HOP

2.1. Hodn vi va chinh hgp
Hodn vi ciia mot tap cic d6i tugng khic nbau 1a mot cdch sap x€p cd thi
tu cac doi tugng nay.

Mot cach sip x€p ¢6 thit tu r phan tir cha mot tap n phan tr duoc goi la
chinh hop chédp r cha tap n phén tir. Ky hiéu P(n, r) la s8 chinh hop chap r
clia tap n phdn tr. Ta cé két qua duéi day:

Pinh Iy 1: S6 chinh hgp chép r cha tap n phan 17 la

Ph,=nn-1¥n-2)..(n-r+1) (z n: )

{n—nn)!
~ Viduy 1: Cho A = {1, 2, 3}. C6 bao nhiéu cach sap x&p c6 thit ty hai
phan it trong tap A? :
Gidi.
| P3,2)=32=6.
b6 lacdc cap: {1,2}, 12, 1}, 11,3}, {3, 1}, {2, 3}, {3, 2}
Vi du 2: C6 bao nhi¢u ¢4ch chon 4 cdu thi khdc nhau trong 10 cdu thu
cua doi bong.
Gidi:
P(10, 4) = 10(10 — 1)(10 — 2)(10 - 3) = 10.9.8.7 = 5040.
Chii y: S6 chinh hop chap n cla tap n phén ti la P(n, n) = n!
Hay s6 hodn vi cha tap gém n phén tir la P(n, n) =
Vi du 3: Gia sit ¢6 8 van dong vién chay thi t6c d6 cu ty 2000m. Ngudi
dén dich ddu tién duge trao Huy chuong Vang, ngudi dén dich thit hai dugc
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trao Huy chuong Bac va ngudi dén dich thif ba dugc trao Huy chuong Déng.
Hoi ¢6 bao nhiéu cach trao Huy chwong Vang, Bac va Déng cho 8 van dong
vién trén.

Gidi: 80 cach trao Huy chuong Vang, Bac va Déng cho 8 van dong vién
chinh 1a chinh hgp chap 3 cta 8, hay P(8, 3) = 8.7.6 = 336 cich.

Vi du 4: Gia sit van dong vién di xe dap du dinh di qua 8 thanh phe.
Van dong vién bat ddu cudc hanh trinh tr mot thanh phé nao dé va cé thé
dén thanh phé kia theo bat ky mot thif ty ndo anh ta muén. Hoi van dong
vién c6 thé di qua 8 thanh phé nay theo bao nhiéu 16 trinh khéc nhau?

Gidi: 86 10 trinh ¢6 thé gifta céc thanh phd bang s6 hoén vi clia 7 thanh
pho (vi thanh phé dau tién di duge xdc dinh). 7 thanh phé con lai ¢6 thé ¢b
th ty chon tuy §. Do d6 ¢6 P(7, 7) = 7! = 5040 cich dé van dong c6 thé
chon 19 trinh khéc nhau cho minh.

2.2. T8 hgp va dinh ly nhi thiic

a) To hop

Mot 16 hop chap r cia mot tap hgp la mot cach chon khong c6 thir
r phan tir cua tap da cho.

Vi vay, mot 16 hop chap r chinh 12 mét tap con r phdn tit ciia tap hop
ban dau.

S& t8 hop chap r ctia 1ap n phan tir ky hiéu 1a C(n, r) (0 < r < n). Ta cé
ket qua sau day: |

Pinh Iy 2: S6 16 hop chap r cia n phdn ti 13

n!
Cnr)=——,
(n. 1) ri{n - r)!
Chimg minh:
P(n, r) = C(n, n).P(r, 1)
P(n, 1) n!
ha C(n, r}) = = .
Y (n. 1) i r’(n — r)!

Hé qud 1: Cho n, 1 12 céc s6 nguyén khong am sao cho r < n. Khi dé ta
¢o: C(n, r) = C{n, n — ).
' 1
Chitng minh: Theo dinh 1y 2 ta ¢6; C(n, 1) = _n—..
r’'(n —r)!
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Vay _
n! n!
C . — = = = C N N
(B, -0 (n—t{n—-(m-r)! rn-—r) (n. 1)

Hé qua 2 (Hang dang thirc Pascal):

Cho n, k 1a céc s6 nguyén duong, vdi n > k. Khi d6 ta cé
Cn+ 1, k) =Cn, k- 1) + C(n, k).

Hé qud 3: z C(n, k) =2" (n nguyén duong).
k=0

Chitng minh: S cac tp con ca tap gém n phin wr la
n
2% = C(n, 0) + C(n, 1) + ... + Cm,n) = Y C(n, k).
k=0
b) Dinh ly nhi thic

Pinh I¥ 3: Cho x, y 12 hai bién va n la mot s6 nguyén duong. Khi dé6
ta co
n . .
(x +y)" = Cln. nx""'y’
i=0
= C(n, O)X" + Cn, ™'y + ... + C(m, n=1)xy"™" + C(n. n) y".
Vi du 5: Cho A = {a, b, ¢, d}. Tim C(4, 2), C(4, 3).
4 1234
214 -2y 1.2.1.2
Cu thé 1a cdc cap: la, b}, {a, ¢}, {a, d}. {b, cl, {b.d}, {c,d}.

Gidai: Tacé: C4,2)=

C4,3) ==
( ) 34 - 3)!

Cu thé 1a: {a, b, ¢}, {a, b, d}, {a,c, d}, {b,c,d}.
Vi du 6: C6 bao nhiéu céch tuyén 5 trong s6 10 cdu thu cia mot doi
quén vot dé di thi ddu?
0
5110 - 5) ‘
Vidu 7: Cho A = {a, b, ¢} va B = {a, b, c, d}. Hay liét ké tat ca cac
hoén vi cia A va cia B.

Gidi: D6 chinh 1a C(10, 5) =
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Giai:

D6i véi A ¢6 3! = 6 hodn vi 1a ; abc, ach, cab, cba, bac, bca.’
DGi v6i B c6 4! = 24 hodn v la: abed, acbd, adbe, ...
Vidu8:Giasd A=1{1,23,4,5).

a) Tim cdc chinh hgp chap 3 cha A.

b) Tim céc 6 hgp chap 3 cha A.

Giai.
a) P(5,3)=5.4.3 =60.
) '
b) C(S, 3) = _i_ziizlo_
3121 2

Vi du 9: Tim gid tri cda cdc dai luong sau:

a)P6,3); )P, 1)  e) P, 8); 1) C(5, 1); n) C(8,4)
b)P(6,5):. dPB.5) HPUO, 9 . j)CES,3):; m) C(12,6)
Gidi:

a) P(6, 3) = 6.5.4 = 120.

b) P(6, 5) = 6.5.4.3.2 = 720.

¢)P(8, 1)=8. '

d) P(8, 5) = 8.7.6.5.4 = 6720.

e) P(8, 8) = 6720.3.2.1 = 45720.

- HP(10,9)=10.9.8.7.6.5.4.3.2 = 362880.

. 5!
DEG. = =5,

5120
HCG,3) = —— === = 0.
DE =572

1

nC@, 4= S 5678 5372

4141 1234 3

!

m CU2.6)= 121 . 789100112

616! 23456
Vi du 10: Tinh s6 chinh hop chap 5 cita 1ap 9 phan .
Gidi: P(9, 5)=9.8.7.6.5 = 15120,
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Vi du 11: C6 bao nhiéu khi niang c6 thé xdy ra dai vé6i cdc vi tri tha
nhat, thit hai va thit ba trong cudc dua ¢6 12 con ngua, néu moi thit t 13i
dich déu c¢é thé xay ra?

Gidi: $6 kha ning cén tim chinh 1a P(12, 3) = 1320.

Vi du 12: C6 bao nhiéu cdach chon mot tap hop 5 chir tir bang chir cai
tiéng Viét?

Giai: S6 cach chon chinh 1a:

2060 2223242526 7393600

C(26,5) = — = = 65780 .
51211 5! 120

Vi du 13: Mot tap hgp 100 phén tit ¢6 bao nhiéu tap con cé nhiéu hon
hai phan tir? :
Gidi:

100
Theo hé qua 3 ta ¢6: ZC(n. i) = 2100 hay
=0

2% = (100, 0) + C(100, 1) + C100, 2) + C(100, 3) + ... + C(100, 100).
S6 céc tap con clia tap 100 phin tit cé nhiéu hon hai phén ti 13

! ! !
sioo _[ 1001 1001 100! ) _ioo (|, 00 5 29-100
01100! 1199t 2198!) 2

=2'"% _ (101 + 4950) = 2'™ - 5051.

Vi du 14: C6 100 vé danh s6 tir 1 dén 100 duge ban cho 100 ngudi khac
nhau. Ngudi ta sé trao 4 giai thudng ké ca giai déc dac. Hoi:

a) C6 bao nhiéu cich trao thudng?

b) C6 bao nhiéu cdch trao thudng néu ngudi gilr vé 47 tring gidi doc dac?

Giai:

a) 80 cach trao thudng la

P(100, 4) = 100.99.98.97 = 94109400.

b) 56 cach trao thudng 1a P(99, 3) = 99.98.97 = 941094.

Vi du 15: M6t cau lac bo ¢6 25 thanh vién.

a) C6 bao nhiéu cdch chon 4 thanh vién vac iy ban thudng tryc?

b) C6 bao nhiéu cach chon chu tich, phé chi tich, thu ky va thi quy?
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Gidi:

25! 22.23.24.25
41211 24
chon 4 thanh vién vao ban thudng truc.

b) C6 P4, 4).C(25, 4) = 24.12650 = 303600 cach chon chu tich, phé
chu tich, thu ky va thu quy.

a) Cé6 C(25, 4) = = 22.23.25 = 12650 céch

_ Vi du 16: Gia sit mot 16 bé mén ¢é 10 nam va 15 nit. C6 bao nhiéu cdch
chon mot hoi déng gém 6 Gy vién, trong d6 s6 uy vién nam bang sé uy
vién nir? '

Gidi: C6 C(10, 3).C(15, 3) = 120.455 = 54600 cich chon.

" Vidu 17: Tim khai trién clia (x + y)°.
Giai: Ta cé
(x +y)’ = C(5, 0% + C(5, Dx'y + €G3, 2y + €6, 3%y
+ C5, 4xy* + C5, )y

véi C(5,0) =1, C(5, 1) =5, C(5, 2) = 10.

(x+ y)5 =x" + 5x4y + 10)(3)*2 + lezy3 +_5Ky4 + y5

Vi du 18: Trong khai trién (x + y)'® ¢6 bao nhiéu s6 hang?

Gidi: C6 101 s6 hang 13 C(100, 0), C(100, 1), ... C(100, 100).

Vi du 19: Tim hé s6 cha x” trong khai trién cba (2 — x)"°.

Gidi:

L @2-%0"=C19,02" + (19, 128 -x) + C(19, 22V (—x)? + ..

+C(19, 9)2'%=x)" + ...

Vay s6 hang ciia x” 1a: —C(19, 9)2'° = -94595072.

Vi du 20: Tim heé s6 cia x'°'y”” trong khai trién cita (2x — 3y)*".

Gidi: " |

S6 hang thit 100 trong khai trién (2x — 39)°® 1a

C(200, 99)(2x)'%" (-39 = 2'°'.(-3)”C(200, 99)x "'y
Vay hé so cia '™y 1a: -2'%'.3%°.C(200, 99).
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§3. CAC QuY TAC PEM CO BAN

3.1. Quy tac céng

a) Co s& cha quy tac cong la mot trong cdc cong thirc thuomg gap
sau day:

IA v Bl = Al + 1Bl - 1A n B

hoac 1AW BwWCl=IAl+IBl + ICI—IANBI-IAnClI-IBNC

+IAnNBNQL

b) Quy tic cong c6-thé phat biéu trong hai trudng hop sau:

e Gia sir c6 hai cong viéc. Viéc thi nhdt ¢é thé lam bang n, cich;
viéc th hai c6 thé 1dm bang n, cach va néu hai viéc khong the lam dong thoi
thi dé 1am hai cong viéc irén ta cén n, + n, céch. Truong hop nay tng voi
ANB= T haylAm Bl =0.

e Trutmg hop giita hai cong viée ¢6 k céch lam dong thoi thi dé 1am hai
cong viéc trén ta ¢ n) + n, — k cdch lam.

Truong hop nay img voi A N Bz valAn Bl =k.

Chii y: Quy tac cong cd thé mo rong cho n cong vie, n 2 1.

Vi du 1: Mot sinh vién ¢6 thé chon bai thuc hanh trén may tinh tir
4 danh sdch. Danh sach thit nhat ¢6 23 bai thuc hanh; danh sach tha 2 ¢6 19
bai thuc hanh; danh sdch thit 3 ¢6 15 bai thuc hanh va danh séch thi 4 ¢6 20
bai thuc hanh. Biét cic bai thuc hanh trong céc danh sach la khiac nhau.
Hoi ¢6 bao nhiéu cich chon bai thuc hanh trén may tinh?

Gidi: C6 23 + 19 + 15 + 20 = 77 cach chon.

Vi du 2: Trong 16p Cong nghe théng tin (CNTT) khod K46 c6 45 sinh
vién hoc tiéng Anh; 30 sinh vién hoc tiéng Phdp va 10 sinh vién hoc ca tiéng
Anh va phéap. '

a) Tinh s6 sinh vién CNTT K46, biét trong 16p khong ai khong bi€t mot
trong hai thy tiéng trén.

b) Cho biét si s6 cha 16p 1a 70. Hoi cé bao nhiéu sinh vién khong bi€l
ngoai ngit Anh, Phap.

Gidi:

Pat: A la sd sinh vién hoc ti€ng Anh: |Al = 45;

B 1 s& sinh vién hoc tiéng Phdp: 1Bl = 30.
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A M B la s6 sinh vién hoc ti€éng Anh va Phip: |1A n Bl = 10.
a) Theo cong thiic co sd ta ¢6
IAw Bl =1Al + 1Bl - A n Bl =45 + 30 - 10 = 65,
S6 sinh vién cha K46 nganh CNTT 12 65.
b) IA v Bl = 65, day 1a s6 sinh vién hoc ngoai ngit Anh, Phdp hodc ca
Anh va Phap. S6 sinh vién khong hoc ngoai ngit 1a 70 — 65 = 3.

3.2. Quy tac nhén

a) Co s¢ cua quy tdc nhdn

e AxB={(a,b):ac Avabe B}:
IA x Bl = |ALIBI.

e AxBxC={(a,b,c):aeA,beBceC};
A x B x Cl = |ALIBLICI.

b) Quy tdc nhdn phdt biéu nhi sau

Néu mot qué trinh ¢6 thé thuc hién theo hai giai doan lién ti€p nhau,
sao cho ¢6 n; cdch khidc nhau dé thuc hién giai doan 1 va véi méi cich lua
chon trong giai doan 1 déu ¢6 n, cdch khac nhau dé thuc hién giai doan 2.
Khi 4y ¢6 n|.n, cach khac nhau dé€ thuc hién toan bo qua trinh.

Vi du 3: D¢ chudn bj m& dai dién van phong & nuéc ngoai, gidm doc
Cong 1ty X cdn chon mot [udt su trong 5 luat su ctia cong ty va chon mot ¢
vin dia 6¢ trong 3 ¢§ vdn dia 6c¢ ciia cong ty dislam viéc tai van phong dai
dién ¢ nudc ngodi. Hoi ¢6 bao nhiéu cich chon hai dai dién theo nguyén tic
trén lam viéc o van phong dai dién nudc ngoai?

Gidi:

A la tap gom 5 luat su cla cong ty.

B 1a tap gém 3 ¢6 van dia 6c cua cong ty.

Khi d6 moét cap cé thit tu (a, b) véia € A, b € B1a mot phuong an chon.
Vay s6 cach chon la A x Bl = JALIBI = 5.3 = 15 c4ch chon hai dai dién
(1 luat su, 1 ¢6 van dia 6¢) di lam viéc & van phong dai dién nudc ngoai.

Chit y: Quy tac nhan cé thé mé rong cho qud trinh ¢é nhiéu hon hai
giai doan.
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3.3. Mot s8 bdi todin dém két hOp glua quy téc cong v
quy tdc nhéan

Vi du 4: Dé chudn bi vao giai doan 2, ¢6 150 sinh vién ghi tén hoc mon
Logic toan; 120 sinh vién ghi tén hoc mén Ly thuy&t d6 thi va 200 sinh vién
ghi tén hoc moén Van pham vi 6tomat. Hoi c6 bao nhiéu sinh vién ghi tén
hoc mét trong ba moén, biét ring khong ¢6 sinh vién nao ghi tén hoc dong
thoi 2 mon hoac ca 3 mon.

Giai:

A := Tap sinh vién hoc moén Logic 10dn = 1Al = 150.

B := Tap sinh vién hoc mon Ly thuyét d6 thi = IBl = 120.

C := Tap sinh vién hgc mén Van pham va étémat = |Cl = 200.

Tacs: ANB=0,ANC=@,BNC=0,AnBNC=2.

S6& sinh vién ghi tén hoc mét trong ba mon la:

lAw Buw Cl=I1Al + Bl + ICI = 470.

Vi du 5: Ghi nhan cho chié€c ghé trong hoi trudng bing mot chir ci va
mot s6 nguyén duong khong vuot qud 100. Héi ¢6 bao nhiéu chiée gheé duge
ghi nhan?

Gidi:

Thil tuc gdn nhin gém hai viéc: Viéc thit nhat 1a chon mét chit céi trong
1ap A = {26 chir cdi}; viéc thi hai 1a chon mét chir s6 trong cac chit s
khong vuot qua 100 ¢6 thé chon trong tap B := {1, 2, ..., 100}. Khi d6 nhin
trén ghé la cap (a, b) véia € A, b € B. Vay s& ghé c6 thé gan nhan la:

JA x Bl = |ALIBI = 26.100 = 2600 chiéc. _

Vi du 6: Trong mot trung tdm may tinh c¢6 50 mdy tinh. Mdi may c6 24
cong. Héi c6 bao nhiéu céng khéc nhau trong trung 1am nay.

Gidi:

Tht tuc chon ¢dng gém hai viéc: Vlé(. chon mdy, sau dé 1a chon cong
cua chi€c mdy nay.

Cé 50 kha niang chon mdy; méi mdy c6 24 céng nén s6 cong clia trung
tam nay 1a: 50 x 24 = 1200 cdng.

Vi du 7: C6 bao nhiéu xau nhi phan do dai:

a) Bang n?

b) Nhé hon hodc bing n?
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Gldi:
a) Xau nhi phan d6 dain 1 a,a,..a_.
a; hoac 1 1 hoac 12 0 nén s6 xau nhi phan do dain 1a 2".
b) Xaunhi phanc6 dd dai 1laa,a € {0, 1} nén ¢d 2 xau.
Xau nhi phan c6 do dai 2 1d a;a, ¢6 2% = 4 xau.

Xau nhi phan c6 do dai 3 1a a,a,a; ¢6 2° = 8 xau.

Xau nhj phan ¢6 do dain ¢6 2" xau.
Vay s6 xau nhi phanc6 do dai <nla: 2+ 22+ 2% + ... + 2"
Vi du 8: Mot diy XXXYYY d6 dai 6. X ¢6 thé gan bdi mot chir cdi,
Y c6 thé gdn mot chit s6. C6 bao nhiéu diy duge thanh lap theo cdch trén?
Gidi:
Co 26 chir cé1 va 10 chir s0. Vay s6 diy dugc thanh 1ap theo cdch tren
1a: 26°.10° = 17576000.
Vidu 9: C6 thé tao duge bao nhi¢u ham s& tir tap A ¢6 m phén tr vao
tap B ¢6 n phan r?
Gidi:
Theo dinh nghia mo6t ham s6 f : A — B 1a mét twong img mdi phan tir
X € A baoi mot phan tirndo d6 y € B sao cho y = f(x).
R rang, v6i mdi x € A tacdncichchony € B dé y = f(x). Mdl khac n
¢6 mrcich chon. Vay s6 ham tir tap A vao B 1a: nn.n = n"
m
Vi du 10: Trong tuong lai s6 dién thoai ¢6 dinh gém 10 chif s6, trong dé
3 chir s6 dau NXX 1a md viung, ba chii s6 1i€p theo la ma chi nhanh cé dang
NXX. 4 chir s con lai [d XXXX 12 md mdy. Biét N ¢6 thé nhan chit s& tr 2
dén 9, con X nhéan cdc s6 tir 0 dén 9. Hoi ¢6 bao nhiéu sé dién theai khic
nhau theo cach trén?
Gidi:
S6 dién thoai ¢4 dang NXX NXX. XXXX.
Viy co tat ca:
8.10.10.8.10.10.10" = 800.800.10000 = 6400000000 s6 dién thoai.

e e ——~
800 8O0
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Vidu11: Chotdp A, véi | Al =n. Dung quy tic nhan, hay chi ra s6 tap
con cha tap A 12 2",

Gidi:

Gia sir A = {a,, 2y, 23, ..., 4,}. :

X6t diy aj, 4y, a3, ..., 4, 1y 13p con bat k¥ B.< A. Ta c6 thé bicu dién
trén mdy tap B boi xau bit do dai n, trong d6 bit thi 1 1a 1 khia; € B: 14 0 khi
a, ¢ B. Mbi tap con tuong tng v6i mot xau bit do dai n. S& tap con cua A
tuong ¥mg vdi s6 xau bitdodainla: 2.2..2 = 2",

n

Vi du 12: Méi ngudi sir dung mdy tinh déu c¢6 mat khau dai tir 6 dén 8
ky wr. Trong d6 méi ky tu 12 mét chi¥ hoa hay mot chit s6. Mbi mat khiu
phai chifa it nhat mot chit s6. Hoi ¢6 bao nhi¢u mat khau?

Gidi:
Goi P 13 tong s6 mat khau: P, P;, Py 1a mat khdu c6 do dai 6, 7, 8 tuong
ing. Theo quy tic cong ta co:
P =P, +P;+ Py
Theo quy 1ac nhan:
> = (26 + 10)° - 26° = 1.867.866.560;
P, = (26 + 10)" — 26’ = 70.332.353.920;
= (26 + 10)° - 26° = 2.612.282.842.880.
Vay P =P, + P, + Py = 2.684.063.360.
Vi du 13: Trong mot trudng dai hoc ¢6 18 sinh vién xual sic vé Todn va
325 sinh vién xudl sac vé CNTT.
a) C6 bao nhiéu cdch chon hai dai dién, sao cho mot la sinh vién Toan,
" con nguoi kia la sinh vien CNTT?
by C6 bao nhiéu cach chon mét dai dién hoac 12 sinh vien Todn hodc la
sinh vién CNTT?
Gidi.
a) Cé 325.18 = 5850 cach.
b) C6 325 + 18 = 343 cach.

Vi du 14: Mot phiéu tric nghiém da lya chon gém 10 cau hoi. Méi cau
hoi cé 4 phuong 4n tra 1oi.
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a) C6 bao nhiéu cach dién mot phi€u trdc nghiém néu moi cau hoi déu
dugc tra 1on. .

b) C6 bao nhiéu cich dién mot phiéu tric nghiém néu ciu hdi c6 thé
bo trong?

Gidi:

a) C6 4'° cach.

b) C6 5'° cich.

Vi du 15: C6 bao nhiéu ngudi c6 1én ho viét tit bing 3 chif cdi,

Gidi:

Tén ho viét tat biang 3 chit cdi ¢6 dang XYZ. Vay ¢6 26° ngudi cé tén ho
viét tat bang 3 chir céi.

Vi du 16: C6 bao nhiéu xau nhi phan do dai 10 ¢6 bit ddu tién va bit
cubi ciing 13 17

Giai:

Xau nhi phan c6 dang: 1a,a,a;a,a:a6a,a41, a, € {0, 1}.

C6 2* xau nhi phan nhu vay.

Vi du 17: C6 bao nhiéu xau nhj phan ¢6 do dai khong vuot qud n va
chifa toan s6 1, trong d6 n 1a nguyén duong?

Gidi: |

Céc xau nhj phan c6 d¢ dai khong vuot qué n gém céc xau:

L1LILL, . 1L hay 1, 12, 1%, ., 1. C6 n xau nhu vay.

n

Vi du 18: Mdi sinh vién 16p Toén rai rac (TRR) hoac 1a gi6i Todn, hoic
la g161 Tin, hoac giodi ¢4 hai mén nay. Trong 16p ¢6 bao nhiéu sinh vién néu
€6 38 ngudi gidi Tin, 23 ngudi gidi Todn va 7 nguoi gioi ca hai mon?

Gidi:

A := 50 sinh vién gidi Tin = Al = 38.

B := s6 sinh vién giodi Toan = IBl = 23,

A M B = s6 sinh vién gidi Tin va Todn = A~ Bl = 7.

Tacé: IAUBI=IAI+1BI- A~ Bl =38 +23 - 7 =54.

Vay s6 sinh vién cha 16p Ia 54.

Vi du 19: Gia sir trong Khoa Cong nghé c6 1807 sinh vién nam tht
nhat, trong s6 nay cé 453 sinh vién chon mén Tin hoc: 567 chon moén Todn
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va 299 chon ¢4 hai mon Todn va Tin. Hoi c6 bao nhiéu sinh vién khong hoc
Todn ciing khong hoc Tin?

Glai: .

A := tap céc sinh vién hoc Tin = |Al = 453.

B := tap cdc sinh vién hoc Toan = |B! = 567,

A M B = tap céc sinh vién hoc ca Tin va Toan = 1A m Bl = 299.

S5 sinh vién hoc Todn hodc Tin hoac ca Toan va Tin la

IA v Bi=IAl+IBi — A n Bl = 453 + 567 - 299 = 721.

Vay s6 sinh vién khong hoc Tin 1an Todn la

1807 — 721 = 1086.

Vi du 20: Biét ring ¢6 1232 sinh vién hoc ti€éng Tay Ban Nha; 879 sinh
vién hoc tiéng Phap va 114 sinh vién hoc 1iéng Nga; 103 sinh vién hoc ca
Tay Ban Nha va Phdp; 23 sinh vién hoc cad Tay Ban Nha va Nga; 14 sinh
vién hoc ca Phap va Nga. Néu 14t ca 2092 sinh vién déu theo hoc it nhat mot
ngoai ngi thi ¢6 bao nhiéu sinh vién hgc ca ba thit tiéng?

Gidi:

Goi: S :=tap sinh vién hoc ti€ng Tay Ban Nha = IS} = 1232;

F := tap sinh vién hoc tié€ng Phap = IFl = 879;
- R := tap sinh vién hoc tiéng Nga = (R} = 114.
Khi do: S ~ F = tap sinh vién hoc ca tiéng Tay Ban Nha va Phap
= IS Fl=23;
S M R = 1ap sinh vién hoc ca ti€éng Tay Ban Nha va Nga
= 1SN RI=23;
F R = tap sinh vién hoc ca ti€ng Phip va Nga
= IFnRlI=14
S M F A R = tap sinh vién hoc c& ba thit tiéng
= ISNFnRI=x.
Ta c6:
SOUFURI=ISI+IFI+IRI-ISNFI-ISARI-IFARI
+ISFRI
=1232+879+114-103 — 23 — 14 + x = 2092
hay 2085 + x = 2092 = x = 7. '
Vay ¢6 7 sinh vién hoc ca ba thi tiéng.

4-TOAN RO RAC
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Vi du 21: Tap A v B ¢6 bao nhiéu phan tir néu A ¢6 12 phan t, B ¢6
18 phan tir va: g .

AANB=G?
by IAnB=1?
c)IANBlI=67
dHAcB?
Gidi:

A lIAUBI=IAl+IBI—IANBI= l2+ 18 = 30.

HIAUB=IAI+IBI-IANBI=12+18-1=29.

AOIAUBI=IAI+IBI-IANBI=12+18-6=24

d)IAUBI=IAl+ Al =12+6=18.

Vi du 22: Két qua chia mot cude diéu tra & Ha Noi cho thdy 96% cic gia
dinh ¢ may thu hinh, 98% c¢6 dién thoai va 93% ¢6 dién thoai va may thu
hinh. Tinh ty 1€ % céc gia dinh & Ha N6i khong ¢6 dién thoai hoac khéng ¢6
may thu hinh.

Gidi:

Ty 1& % cua céc gia dinh ¢ Ha Noi ¢6 may thu hinh hoac dién thoai la:

96% + 98% — 95% = 99%.

Vay, ty 1& % khong c¢6 miy thu hinh hodc khong cé dién thoai 13 1%.

Vi du 23: Tim 6 phan tlr cia tap A U B w C ndu mdi tap c6 100 phin
tr va néu:

a) Céac tap hop 1a timg cap roi nhau;

b) C6 50 phan tir chung clia mdi cap tap hop va khong co phén tir chung
clia 3 cap;

¢) C6 50 phan tir chung cua moéi cap tap hop va 25 phan tl chung cta ca
+ 3 cap 1ap hop.
Gidi:
d)IAuBuCl—IAI+IBI+lCF-300
D)IAUBUCI=1AI+IBI+ICI-IAnBI-1AnCI
_ - 1B Cl=300-150 =150.
OIAVUBUCI=1IAI+IBI+ICI-TIANBI-1AnCI

—IBNACI+IANBNCI =300-150+25= l";’S.
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Vi du 24: Gia sir Khoa Cong nghé c6 tong s6 1a 2504 sinh vién. Trong
dé ¢6 1876 sinh vién hoc Pascal; 999 sinh vién hoc Fortran; 345 sinh vién
hoc C. Ngoai ra ¢é 876 sinh vién hoc ca Pascal va Fortran; 232 sinh vién hoc
Fortran va C; 290 sinh vién hoc Pascal va C. Néu c6 189 sinh vién hoc ca ba
mén Pascal, Fortran va C thi trong khoa c6 bao nhiéu sinh vién khong hoc
mon nao trong ba mon ké trén?

Giai:

A = tap sinh vién hoc Pascal = Al = 1876.

B := tap sinh vién hoc Fortran = Bl = 999,

C := tap sinh vién hoc € = ICl = 345.

Ta c¢6: A m Blatap sinh vién hoc ca Pascal va Fortran = 1A m Bl = 876;
B m C la tap sinh vién hoc ca Fortran va C = 1B~ Cl = 232;
A m C la tap sinh vién hoc ca Pascal va C = IA m Cl = 290.

Ngoai ra A n B » C la t3p sinh vién hoc ca ba mdn ngbn ngi ndi trén
= IAnB~Ci=189.

Viy s6 sinh vién hoc it nhat mot moén trong ca ba mon ta
FAVUBUCI=1AI+IBI+ICI-1IAnBI-1ANCI
~IBNCI+{ANBACI

= 1876 + 999 + 345 — 876 — 290 — 232 + 189 = 2011.

S¢ sinh vién khong hoc mdn nao trong ba mon trén 1a

2504 — 2011 =493,

Vi du 25: Sau cudc phong vin sinh vién tai nha an PHQGHN, ngudi ta
thdy .64 sinh vién thich an cai xanh; 94 sinh vién thich an bap cai; 58 sinh
vién thich an sdp lo; 26 sinh vién thich dn cai xanh vA bap cai; 28 sinh vién
thich an cai xanh va stp lo; 22 sinh vién thich dn bap cai va stp lo; 11 sinh
vién thich an ca ba loai rau. Hoi trong s¢ 270 sinh vién nay ¢6 bao nhiéu
sinh vién khong thich an ca ba loai rau trén?

Gidi:

A, :=tap sinh vién thich an cai xanh = | A | = 64.

A, = tap sinh vién thich 4n bip cai = 1 A, | =94,

A, = tap sinh vién thich an siip lo = | A, | = 58.
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Tacé: A, ™ A, = tapsinh vién thich dn cai xanh va bip cai
= 1A N A L=26;
A M A;=tap sinh vién thich an cai xanh va sup lo
= A N A;|=28;
A, ™ A, = tap sinh vién thich an bap cai va sip lo
= 1A, MA;1=22;
A, "A, N Ay = 1p sinh vién thich an ca ba loai rau
- S0 sinh vién thich an it nhat mot trong ba loai rau a
TA; WA, VAT =TA THTA T HTA L= TA M A,
=64+94+58-26-28-22+11=151.
Vay s6 sinh vién khong thich an ca ba loai rau trén la
270 - 151 =119.

§4. NGUYEN LY CHUONG CHIM BO CAU

4.1. Nguyén ly chuéng chim bd cau

Néu chudng chim bé céu ¢6 it clra hon s6 bd cau thi ¢6 it nhat ¢6 hai
chim bé cau di chung mot cira. Vay nguyén 1y chuéng chim bé cau duge
phat biéu dudi dang téng quit sau: ' _

Néu ¢6 k + 1 hoac nhiéu hon dé vat dugc dit viio k hop, thi ton tai mot
hop chia hai hodc nhiéu hon hai dé vat.

Nguyén ly chudng chim bd cau ciing dugc goi la nguyén 1y Dirichlet
~ trong muc 4.2. '

4.2. Nguyén ly Dirichlet
Néu ¢6 N d6 vat, dit vao trong k hop thi s€ t6n tai mot hop chita it nhat
N vat (¢ day: N 15-1 s6 nguyén duong bé nhdt sao cho N < N ;
k k k k
[x] dugc goi 14 ham san trén cua x).
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Chimg minh: Gia st nguoc lai khong ¢6 hop nao trong k hop chita nhiéu

hon [%] — 1 d6 vat. Khi d6 téng s6 cdc vat duge chita trong cdc hop nhiéu

nhat la k [[E} - lj.
k
N

Nhung do dinh nghia: N < E+ I, hay i —| - 1< N nén ta cd
_ k k k k

k[{%} - 1) < k[(% + 1) - 1] = N . Diéu ndy trdi vdi gia thiét.

Chii - Theo dinh nghia [x] thi

3100422 20
|4 3 4

4.3. Cac vidu ¥

Vi du 1: Trong mot nhém 367 ngudi. bao gid ciing c¢6 it nhat 2 ngudi
cung ngay sinh.

Giai: .

Vi mot nam ¢6 nhiéu nhat 365 ngay, nén N = 367, con k = 365.

Theo nguyén ly Dirichlet thi [%} =2 nén ¢é it nhat 2 ngudi trong
367 ngudi cd ;:tmg mot ngay sinh.

Vi du 2: Trong bat k¥ mét nhém 27 tir ti€ng Anh nao, it nhat ciing ¢6 2
tir bat dau bang ciing mot chit cai.

Gidi:

N =27, k = 26. Vay it nhat cé B%] = 2 tlr bat ddu cling mot chir céi.

Vi du 3: Trong 100 ngudi ¢d it nhat may ngudi cung thang sinh?
Giai:

Do N = 100, k = 12 nén !:J;—I} = [%q] = 9. Vay c¢6 it nhat 9 ngudi

cung thang sinh.
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Vi du 4: Cin phai ¢4 16i thi€u bao nhiéu sinh vién ghi tén vao 16p Toén
o1 rac dé chac chan s& ¢d it nhat 6 sinh vién dat cung mot diém thi néu
thang diém gém 5 bac?

Gidi:

Can tim 88 sinh vién N 16i thiéu dé cé it nh4t 6 sinh vién dat cung mot

thang diém 1:?] =6.

Tir dinh nghia {%] =6 < ESI- + 1 hay 5 < -ISE = N > 25. Vay 16i thiéu

26 sinh vién ghi tén vao 16p Todn rdi rac.

Vi du 5: Chimg 10 rang, trong bat ky mot tap hgp gém 6 16p hoc nao
ciing ¢6 it nhat hai 16p gap nhau cling m6t ngay, bigt mot wdn hoc 1y thy 2
dén thi 6. '

Gidi.
N =26,k =5 (1 tuan c6 5 ngay hoc).
Vi ,Il:_] = g = 1,2 nén [%] = 2. Viay it nhat ¢é hai 16p cung hoc trong
mot ngay.

Vi du 6: Ching t6 rang, néu trong mot 19p c6 30 sinh vién thi it nhat c6
2 sinh vién ¢6 tén bat ddu bang cung mot chix cai.

Gidi.

N =30, k = 26 (bang ky tuf ¢S 26 chi cai).

0 % = % = 1,1 nén F:—} = 2. Vay it nhat ¢é 2 trong s6 30 sinh vién

¢6 1én bat ddu bang mot chir céi.

Vi du 7: Mdi sinh vién trong 16p K46CA cia Khoa Cong nghé déu ¢6
qué 0 mot trong 64 tinh thanh trong ca nudc. Cin phai tuyén bao nhiéu sinh
vién d€ dam bao trong 16p K46CA c6 it nhit:

a) 2 sinh vién c6 qué cung tinh.

b) 10 sinh vién ¢6 qué cung tinh.

¢} 50 sinh vién c6 qué ciing tinh.
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Giai:

a) N =2.D01 > 1 nén N> 64.
64 64
Vay cén tuyén vao K46CA it nhat 1 65 sinh vién thi chéc chén dam bio
¢6 it nhat 2 sinh vién cing mat tinh.

B M

b) NI 10. Do N > 9-nén N > 576. Vay can tuyén it nhat 577
64 | 64
sinh vién.
N | N - \ P
¢) | — | = 50. Do =—— > 49 nén N > 3136. Vay cdn tuyén it nhat 3137
| 64 | 64 o '
sinh vién.

Vi du 8: Chi ra trong 5 s6 chon tirtap 8 s6 {1, 2,3, 4, 5,6, 7, 8} bao giv
cling c6 mot cap s6 c6 tong bing 9.

Gidi:

Trong tap (1. 2, 3, 4, 5, 6, 7, 8} ta ¢6 4 cap ¢6 16ng bang 9 1
(1.8), (2,7, (3,6). (4,5).

. | N 5 . £ oA x .

Do N=35.k=4nén ‘:—E} = [Zl = 2, Vay trong mdi tdp gdm 35 s6 chon
ra i 14p 8 6 & trén, bao gid cling chifa mot ¢ap s6 6 tong 1a 9.

Vi du 9: Chi ra rang, trong 6 s& batl ky chon tir tip 9 s6 nguyén duong
ddu tién, bao gidy ciing chita {t nhat mot cap s ¢6 1ong bang 10.

- Giai:

Tap gém 9 s6 nguyén duong ddu tién 1a {1,2,3,4,5,6,7, 8, 9}.

Trong tdng nay ¢ 5 cap s6 ¢6 tdng bang 10 la: (1, 9), (2, 8), (3, 7).
(4, 6).(5.5).

Do chi ¢6 5 hop, trong khi d6 s6 vat la 6. Theo Dirichlet thi {%} =2

nén trong tap 6 s6 phai chira ft nhat mot cap 6 ¢6 tong bing 10.

Vi du 10: Cin phai tung mét con xtic xac bao nhiéu ldn d¢ ¢é mot mat
xudt hién it nhat: '

a) 2 lan;

b) 3 lan;

c)nlan(n 2 4).
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Giai:
a) 86 lan tung xtc xdc 1a N. Vi con xiic x4c ¢6 6 mat nén k = 6. Vay

theo Dirichlet thi [%] = [E]z 2.Do —12— >1nénN>6=N=7. Vaycan

6
tung xdc xic it nhat 7 1an d€ c6 mot mat xuat hién 2 14n.
b) N =3.Do % >2nén N> 12 = N = 13. Vay can tung xic xic it

6 _
nhat 13 idn d€ c6 mot mit xuat hién 3 lan.
N

c) 3 =n.Do%>n~l:>N>6n—63N=6n—5.Vaycz‘inlung

xtic xac it nhat 6n — 5 ldn dé c6 mot mat xuat hién n lan (n > 4).




t
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Chuong 3
QUAN HE

§1. QUAN HE VA BIEU DIEN QUAN HE

1.1. Quan hé va vi du vé quan hé

Cho hai tap A, B khéc réng. Mot tap con R cua tich Dé-cdc A x B duge
goi I mot quan hé R tap A vao tap B. Nhu vay, cho quan hé R tr A vao B,
tic lacho R € A x B.

Giasir(a, b) € A x B, v6ia € A, b e B. Khi d6 néu (a, b) € R thi ta viél
aRb va doc 12 a ¢6 quan hé R v6i b. Con néu (a, b) ¢ R thi ta ndi rang a
khong ¢6 quan hé R vdi bva ky hiculaaRb.

Vidul:Cho A={a,b,c,d},B={n, m}.

Khi d6 tap R = {(a, n), (b, n), (¢, m}} € A x B la mot quan hé tir A vao
B va aRn, bRn, cRm; cdc cip con lai trong A x B khong c6 quan hé R
vdi nhau. .

Vidu2:Cho A=1{1,2,3,4,5},B=1{4,5,6,7}.

Gia st R = {(1, 4), (2, 5), (3, 6), (4, T}. Khi-d6 R 1a mot quan he tu A
vao B.

Vidu 3: Cho A = {1, 2, 3,4, 5}. V6i moi a, b € A ta dinh nghia aRb
khi va chi khi a + b 12 mot 56 1€,

Khi do R 1a mot quan hé tit A vao A, hay R € A x A.

R={(1,2),2, 1) (1,4).(4,1)2,3),3,2), 3. 4. (4, 3). (2, 5).
(5,.2),(4,5), (5,4}

1.2. Phuong phdp biéu dién quan hé

Ciac phuong phip biéu dién quan hé thong thuong la: phuong phip dinh
nghia, phuong phap ma tran va phuong phédp dé thi.

L4
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a} Phuong phdp dinh nghia

Phuong phap nay dugc minh hoa théng qua cdc vidu 1, 2, 3 & trén.
Phuong phdp dinh nghia la phwong phip cho R mét céch truc tiép hoac gidn
tiép dua vao tinh chdt cdc phén tilr cia R.

b) Phuong phap ma trdn

Cho hai tap hiw han A = {a,, a,, ..., a,} va B={b,. b,. ... b_}. Gia sir R
1a mot quan he tir A vao B, hay R ¢ A x B. Khi d6 ma tran ctia quan hé R 1a
mot ma {ran cdp n x m, tifc 14 gom n hang v m ¢6t ma phén 9;; 0 hang i,
cot j coa ma tran d6 duge xdc dinh nhu sau:

. I néu a;Rb;
"7 10 néu khong ¢6 a;Rb;

Ma tran trén duoc ky higu 1 ME™ = [6”] (i=Ln, j=1,m). Do cic

phdn tIr cua ma trén ndy 12 0 hoac 1 nén ma tran MZ™ con duoc goi la
ma trdn logic. RO rang la khi biél quan h¢ R, ta tim duge ma tran logic biéu
di¢n nd; va nguge lai, khi biét ma tran 16gic thi ta xdc dinh duge quan hé R
ung vol ma tran 1ogic do.

Vidu4: Cho A = {a, b.c.d, e}, B= {x, v,z t}. Gia sit R Ia mot quan
hé tr A vao B: R = {(a. x). (a, z), (a, 1), (b, y), (b, 1), (c, X), (¢, ¥), {c. V),
(d, x), (d. ), (d, 2), (e, y). (e, )}. Khi d6 ma tran bi€u dién quan hé R s& la:

1 0 1 |
01 0 1
Myd =11 1 0 1
[ 1 1 0
01 0 1

RO rang tir ma tran trén ta dé dang xdc dinh duoc quan hé R.

¢) Phuong phdp doé thi

Cho tap hitu han khac trong: A = {a. a5, ... a}.

Khi d6 mot quan hé R < A x A ¢6 thé duge biéu dién biang mot do thi
© ¢4 hudng nhu sau: moéi mét a € A duge xem 1a mot dinh cta dé thi, do d6 s6
dinh cta dé thi bang s6 phdn tlr chia 1ap A. V6i (a, b) € R thi ¢6 mot cung di

tx dinh a t6i dinh b. Nhu vdy, néu a, b € A ma (a, b) € R hay aRb thi tir a
dén b ¢6 mot cung:
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oS -®
Néu (a, a) € R thita c6 moi khuyén tai dinh a: 8
Néu (a, b) ¢ R thi khong ¢6 mot cung nao di tira téi b.

Ciing nhu déi v6i cdch biéu dién quan hé bing ma tran, véi moi mot
guan hé R < A x A ta c6 the bicu dién quan hé bang d6 thi c6 hudng; va
nguoc lai, tng v6i mbi mot d6 thi c6 huéng ma cic dinh thudc tap A c6 thé
xéc dinh duge mot quan hé R trén A, sao cho né nhan 46 thi d6 12 dang bicu
dién ciia no.

Vidu5:ChoA={1,2,3,4} vaiquanhé RC A x A, véi
= {(1, 1), (1,3), 3, 4, (4, D}
Khi dé d6 thi biéu dién quan hé R s€ la:

@

Oy
Nguoce lai, cling tir d6 thi ta hoan todn ¢6 thé xdc dinh lai quan h¢ R
da cho.
Vidu 6: Cho A =11,2,3,4,5,6} vaquan hé R c A x A dugc xdc dinh
nhu sau: Vi moi a, b € A, aRb khi va chi khi hiéu a - b la mot s6 chin. Khi
d6 ta 6 thé bifu dién quan hé theo cé ba phuong phap nhu sau:

a) Bi¢u dién quan hé R theo dinh nghia:

Quan hé R chinh 1a tap {(}, 1), (2, 2). (3. 3). (4. 4), (5. 5), (6, 6), (), 3),
(3, 1), (1, 5), (5, D). (2, 4, (4, 2). (2. 6). (6, 2), (3. 5}, (5, 3), (4, 6). (6. H}}.

b) Bié¢u dién quan h¢ R theo ma tran:

1 01 010
010101
o6 |1 0 1.0 10
M“ =16 1 01 01
i 01 010
010101
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¢) Biéu dién quan hé R theo do thi:

1.3. Tinh chéat cla quan hé

Cho A 12 mot 1ap hitu han, khic réng. Sau day ta xét mot s6 tinh chat
chaquan hé R ¢ A x A,

a) Tinh phdn xa

Quan h¢ R ¢6é tinh phdn xa néu Va € A ta luén c6 aRa, hay (a, a) € R.

b) Tinh doi xing

Quan hé R c6 tinh déi xitng néu Va, b € A ma aRb thi bRa, hay néu
{a.b) € Rthi(b, a) ¢ R.

c) Tinh phdn déi xing

Quan h¢ R ¢4 tinh phdn déi ximg néu Va, b € A ma aRb va bRa thi
a=bjtirclanéu(a,b)c Rva(b,a) e Rthia=b.

d) Tinh bdc cdu

Quan hé R c6 tinh bac cdu néu Va, b, ¢ € A ma aRb va bRc thi ¢ aRc;
tirc 1a néu (a, b), (b, ¢) € R thi (a, ¢) € R.

Nhdn xét: Bang phuong phip bi€u dién quan hé theo ma tran vi theo d6
thi ta dé dang nhan biét dugc maét s6 tinh chat chia quan hé.

Chang han:

— Mot quan hé ¢6 tinh phén xa khi va chi khi ma tran biéu dién né cé tat
ca cac phdn tir trén dudng chéo chinh déu bang 1.

— Mot quan hé¢ 6 tinh phan xa khi va chi khi d6 thi biéu dién né tai méi
dinh déu c6 khuyén.

— Mot quan hé ¢6 tinh d6i xing khi va chi khi ma tran bi€u dién né la
mot ma trdn déi xiing qua dudng chéo chinh.
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— MOt quan hé ¢6 tinh d6i xing khi va chi khi d6 thi bi¢u dién n6 c6
tinh chdt: V6i a, b 1a hai dinh bat ky va néu ¢6 mot cung di tir dinh a dén
dinh b thi cling c6 mét cung di tir dinh b dén dinh a. -

Sau day ta xét mot s6 vi du. '

Vidu7: Cho A = {1, 2, 3, 4}. Tap R < A x A dugc dinh nghia nhur sau:
Va, b € A thi aRb khi va chi khi tdng a + b 12 mot s6 1€.

a) Biéu dién R bing ba phuong phdp da néu.

b) R ¢ nhimng tinh chat gi?

¢) C6 nhan xét gi vé ma tran va dé thi cua R?

Gidi:

a) — Dang dinh nghia ctia R 13

R ={(1,2), (1.4),(2,3), 3.4), (2,1), (4.1), 3.,2), (4,3))

- Dang ma trn cua R la

01 01
1 01 0
dxd
MR =

: 01 01

1 010
— Dang d6 thi cua R 1a

1 »{ 2
4= >3

b) Ta c6 nhan xé1 vé mat s tinh chét clia quan hé R nhy sau:

— Quan hé R ¢6 tinh chat d6i ){L’mg, via+b=b+ahaynéu(a b) e R
thi (b,a) e R. -

— R khong phan xa, vivéi (1, 1) ¢ R.

— R khong phan d6i ximg, vi(1,2) € R, (2,1) € Rnhung 2 = L.

~ R khong bic cdu, vi(1,2) € R, (2,3) € R nhung (1, 3) ¢ R.

¢) — Nhéan xét tinh chat ctia R tir ma tran cta quan hé¢ R: Trong ma tran
trén phan t trén dudng chéo chinh béng 0, nén R 1a khong phan xa. Do céc
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phan to d6i xing qua dudng chéo chinh déu bang nhau nén R ¢6 tinh
doi xing.

- — Nhan xét tinh chdt cha R tir d6 thi ciia quan hé R: Vi trong d6 thi t6n
tai dinh khong ¢6 khuyén nén quan hé R 1a khéng phéan xa. Tir d6 thi ta thay
ring, néu ¢6 mot cung di tir dinh i sang dinh j thi ciing ¢6 cung nguoc lai di
tir dinh j sang dinh i, do d6 R ¢6 tinh chat d6i xdng. Tén tai mot cdp cung c6
huéng {a (1, 2) va (2, 3) trong d6 thi, nhung cung (1, 3) lai khong thudc dé
thi. do d6 quan hé R khong ¢6 tinh bic cau. _

Vidu8: Cho A = {1, 2,3, 4}. Quan hé¢ R € A x A dugc dinh nghia nhu
sau: Va, b € A thi aRb <> a + b = 2k (k la nguyén). Chiing ta s& chi ra quan
hé¢ R thoa min ba tinh chat: Phin xa, d6i xing va bic cdu.

Gidi: That vay:

— R ¢6 tinh chat phan xa, vi Va € A tacé a+ a = 2a }a mdt s6 chédn, do
dd (a, a) e R.

— R ¢6 tinh chat d6i ximg, vi va,be Amaa+b=2k thib+a = 2K, do
dé néu (a, b) € R thi (b, a) € R.

— R ¢6 tinh chat bic cdu, vi Va,b,c € Anéua+ b=2k b+ ¢ =2k thi
a+c=1{2k -b)y+ 2k -b)=2(k + k') — 2b = 2k" v&i k, k', k" 12 cic s6
nguyén ndo d6. Didu dé cé nghia 12 néu (a, b) € Rva(b,c) e Rihi(a,¢) e R.

Nhdn xét vé do thi va ma trdn cia R:

— Ma tran cua quan hé R;
1
0
1

0

0 1
_ 1 0
M4X4=

R 0 1
1 0

0
1
0
1

Trong ma tran ctia quan h¢ R, cdc phan tir trén dudng chéo chinh déu
bang 1. do d6 quan hé R ¢6 tinh phan xa. Vi cdc phan tr d6i ximg qua dudng
chéo chinh déu bang nhau suy ra R cé tinh d6i ximg.

— Dang dé thi cha R:

Tir d6 thi ca R, méi dinh déu ¢6 khuyén, do
dé quan h¢ R ¢6 tinh phan xa. Tir dinh i dén dinh
Jj €6 mot cung thi ciing ¢6 cung nguge lai tlr j dén
i nén R ¢6 tinh d6i xing.

4
(2)

<
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§2. CUNG VA DUGNG TRONG PO THI CUA QUAN HE

2.1. binh nghia 1

Giast Rc A x A. Néua,be Ama(a, b) e RhayaRbthititadénb
c6 mot cung hudng di tir a dén b:

® -®

Néu giifa dinh a va dinh b ¢6 ton tai mét day cac dinh a = a, a,, a,, ...,
a,_|.a, = bsaochoaRa,, (i=0,1,2,..,n0-1)thitanditiradénbcémo
diomg di trong d6 thi cia quan hé R.

Do dai cla dudng di la s6 cdc cung ¢é mat trong duong d6. Trong
dudng trén ¢é do dai n. Néu dudng di c¢6 do dai bang 1 thi dudng di dé la
mot cung, hay cung ¢6 thé xem 13 dudmg di ¢6 do dai bang 1.

2.2. Tinh chét

Pinh Iy 1: Cho quan hé R < A x A va R ¢6 tinh chat bic cdu. Khi dé
néu trong dé thi cua R ¢6 mot dudng di d6 dai n (n > 1) tirdinh a dén dinh b
thi ciing c6 mot cung Wra dén b.

Chitng minh: Quy nap thcon > 1.

— Trwomg hop n =1: Cung va duong tring nhau nén dinh 1y 12 diing.

— (id st dinh 1y ding véi n, tifrc 12 tir a dén b c6 mot dudng di ¢6 d¢ dai
n thi cling ¢6 mot cung tir a sang b.

— Xét dutmg di bat ky tira dén b ¢6 do dai n + | trong do thi cha R:

O day aRa,, a,Ray, ..., a,.,Ra,, a,Rb. Duong di tir a dén a, ¢6 do dai n nén
theo gia thiét quy nap thi 1t a dén a; ¢6 mot cung, tic la aRa,. Do R cé tinh
bic cdu nén tir aRa, va a Rb ta cé uRb, hay trong dudng do dain + 1 tr a
dén b 6 mot cung di tir a dén b. Pinh 1y duge ching minh.
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§3. QUAN HE NGUGC VA QUAN HE HOP THANH

3.1. Quan hé nguoc

Dinh nghia 2: Gia st R I mot quan hé tir tdp A vao tap B. Quan hé
nguoce cha quan hé R duoe ky hiéu 1a R™'. D6 12 mot quan hé tir tap B vao
1ap A va duge dinh nghia nhu sau:

R™'={(b,a):a e A, be BvaaRb}.

Ma trdn quan hé ngitge: Gia st A = {a), a,, ..., a}, B={b;, b,, .., b_}.
Ma tran quan hé ngugc 1a ma tran 16gic cdp m x n; tde la ma trdn gém m
hang, n ¢4t ma phén ur hang j cot i la oy duge xac dinh nhu sau:

{1 néu bjR—lai

0 trong trudng hop nguoc lai

_ {l néu a;Rb;
0 trong trudong hop nguoc lai
= &; 1a phan 116 hang i, cot j trong ma tran cua quan he R.
Nhur vay, néu quan hé R ¢6 ma tran 1a ME™ = [::Sij] (i=Ln,j=1m)

thi ma tran cfa quan hé nguoc R™' < B x A ma ta ky hiéu 1a- M:‘f,“ = [o])

(= Lm,i= 1,n) s& nhan duge tir MY™ bing cach déi hang thanh c6t, cot
thanh hang.

Vidul: Cho A ={1,2, 3,4}, B={5,6,7}; R la quan hé 1ir A vao B
dugc cho bai tap R = {(1, 5), (1, 7), (2, 6), (3, 6), (3, 5)}. Tim quan hé nguoc
R™' va ma tran ciia nd.

Theo dinh nghiatacé6 R} = {(5; 1), (7. 1), (6, 2). (6, 3), (5, 3)}

Lot 1 010
_ 010
M§*3=110;M§"_‘1=0110

0 0 0 - 1 000

RS rang ma tran clGa quan hé R nhan dugce tir ma tran cua quan hé R
bang cdch doi hang thanh cét, ¢ot thanh hang.
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3.2. Quan hé hop thanh

Dinh nghia 3: Gia sir R 14 quan hé tir1ap A vao tap B, S 1a quan hé tir
tap B vao tap C. Khi dé mot quan hé Q tx A vao C duge dinh nghla sau day
got la quan hé hop thani gitta hai quan hé R va S;

Q={(a,c):a e A,c e C, saocho3Ib € BmaaRb va bSc}.
Ta ky hiéu quan heé hop thanh giita R vA S1a Q =R.S.
Ma trdn ctia quan hé hop thanh: Gia st Q 1a quan hé hgp thanh cia hai

quan h¢ R va S, Q = R.S. Khi d6 ma trdn cua quan hé hop thanh Q duge xéc
dinh nhu sau:

Gid su ¢ A = {ag, a5, .o a ). B={b, by, .. b} VAC={c,, ¢y, ..., .}
Ma tran cha quan hé¢ R < A x B1a ME™ gém n hang, m cot va phan t
hang 1, cot j la:
5 o {l neu a;Rb,
( trong truong hop nguoc lai
Ma tran cia quan hé S B x Cia M™ gém m hang, r cot va phan nr
Bjx 0 hang j cot k duge xdc dinh boi
|1 néub;Se,
10 trong trudng hop nguoc lai
Ky higu M 1a ma tran cfia quan hé Q, goi v, 12 phén ti & hang i, cot
k cua ma tran quan hé hop thanh Q =R.S:
1 néu a;,Qc,
T = {0 trong truong hop nguge lai
Theo dinh nghia cua quan hé hgp thanh thi:
_ |1 n€u3b; € Bsao cho a;Rb; va b;Sc,
= {0 trong trudng hop ngugc lai
Tir d6 ta thay y;, = | khi va chi khi §; = B;, = 1, hay ma tran cta quan h¢
hop thanh bang ma tran cva quan hé R nhan véi ma tran cua quan hé S:
My" = MR™. Mg

Vidu2:ChoA={1,2,3,4,5},B=1{6,7,8,9} va C= {a, b}.

5. TOAN ROI RAC
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R < A x B dugc cho boi:
= {(1.6). (1, 8), (2, 7),(2.9), (3. 9), (4, 6). (4. 8). (5. T}}.

Sc Bx C dugc cho bdi:

S={(6.a), (7,a), (8, b)}.
Xdc dinh quan hé hgp thanh Q = R.S va chi ra rang:

M\xZ Mix4 M4x2 ]

Giai:
That vay, xét quan hé Q < A x C va dua vao R, Sta co:

Q=R.S={(1,a),(I,b),(2,a),(4,a), (4, b), (5,a) };
1
0
M?_{xdf _

0
0
1
0

1
1
to
0

= O = D
cC - Qo —
— = ) e

0

i
0 1
1 0
0 0

R& rang ta ¢6: ME;Z = MY MEZ,

§4. QUAN HE TUONG PUCNG

4.1. Pinh nghia quan hé tuong duong

Gia st R 1a mot quan hé tr tap A vao tap A. Quan hé R dugce goi la quan
hé mong duong trén A néu R thoa man ba tinh chat sau day:

1) Tinh phan xa: Va € A ta co aRa;

2) Tinh d6i xling: Va, b € A néu aRb thi bRa;

3) Tinh bic cdu: Va, b, ¢ € A né€u aRb va bRc thi aRc.

Vidul: Cho A =1{1,2,3,4,5, 6,7, 8. 9}. Trantddmhnghlqudn
h¢ R nhu sau: Va, b € A thi aRb <.a + b = 2k, v&i k 12 mot s6 nguyén
duong nao do.

Ta s€ chi ra R 14 quan hé¢ trong duong; tic 1a can chi ra R thoa man céc
tinh chdt phan xa, d6i ximg, bac cau.
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That vay:

- Phan xa: Va € Atacoa+a=2anénaRa.

— Déi xiing: Gia sira, b € A vaaRbkhidéa+b =2k, dodéb+a=2k
nén bRa.

— Bac cau: Giasira, b, ¢ € A va aRb, bRc; tic 1a

a+b=2k; vab+c=2k,.

Xét: a+c¢ = 2k, — by + (2k, ~ b) = 2(k; +k;) - 2b=2(k; + k; - b).

Tir d6 suy ra a + ¢ = 2K, v0i k; 12 mot s6 nguyén duong nao 46, nén
aRc. Vay R [a quan hé tuong duong.

4.2. Phan hoach tuong duong va ISp tuong duong trén
tap hop

a) Phan hoach tuong duong

Cho tap A # & vi hiru han phan ti. Ta chia tap A thanh n 1dp con

AL A, . A saocho A = U Ay va A N A= v6i i # ). Khi d6 ta noi
. k=l

cdc 1ap A}, Ay, .. A, 1 ot phan hoach nwong diwong trén tap A. Nguoc lai,
éng v&i moi phan hoach wong duong A, A,. ..., A, trén tap A, ta xdc dinh
quan hé twong duong R trén A sinh ra phan hoach dé nhur sau: Va, b € A,
aRb ¢ JA saochoa, b € A; (i € {1, 2, ..., n}). Ta s€ chi ra quan h¢ R dinh
nghia nhu trén la quan hé wong duong trén A va R sinh ra phan hoach da
cho. That vay, ta s& chimg 10 R thoa mén ba tinh chat:

- Phan xa: V&i mdi a € A c6 duy nhdt A, dé a € A, hay aRa.

— D@6 xing: Néu-a, b € A ma aRb, suy ra c6 it nhat A;saochoa, b e A
(ie{l.2,..,n}),ttdéb,a € A nén bRa.

— BAc cau: Gia sir a, b, ¢ € A va aRb, bRc, ta ¢dn chi ra aRc. That vay,
tir aRb suy ra 16n tai tap A, dé a, b € A;; tif bRc suy ra tdn tai tap A, dé
b. ¢ € A;. Do tinh chat Aj N A;= & v6i i # ) nén suy ra A; = Aj (Vi chiing
ciing chita b). Diéu d6 chiing to a, ¢ € A;, hay aRe,

Vidu 2: Cho A = {2, 3, 4, 5, 6} va phan hoach cua A 1a A, = {2, 3},
A, = {4}, A; = {5, 6}. Quan h¢ tuong duong R sinh ra phén hoach trén la
R = {(2,2).(3,3),(2.3),(3,2), (4, 4. (5. 5), (6, 6), (5, 6), (6, 5)}. Dé dang
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chi ra R 1a quan hé tuong dwong wén A. D¢ chi ra R sinh ra A Aas Ay
O trén ta 14p ma tran:

0)

My® =

Lo T we T R
S O = OO

0 0

= T = R ]

Hang thit nhét va thit hai cia ma tran sinh ra A, = {2, 3}.

Hang thir ba ctia ma trn sinh ra A, = {4}.

Hang thd tu va thi ndm cla ma trén sinh ra A; = {5, 6}.

Cdn heu y rdng: VG6i méi quan hé twong duong R trén tap A thi n6 sé
sinh ra mot phan hoach tuong duong trén tap A; va ngucc lai, vdi phan
hoach wrong duong trén A s& sinh ra mot quan hé tuong duong trén A,

Vidu3:Cho A=1{1,2,3,4,5,6,7}. Trén A ta dinh nghia quan hé R
nhu sau: Va, b € A: aRb < a — b = 3k (v6i k 1a mét s6 nguyén). Hay chi ra
quan hé R trén [a quan hé twong duong va tim phan hoach tuong duong trén
A do R sinh ra.

Giai: Tir dinh nghia ta ¢6:
= {(1,1),(2,2),(3.3),(4,4.(5,.5).6,6), (7, 1), (1,4), 4, 1),
(1,73, (7, 1),(2,5),(5.2),(3,6), (6, 3), (4, D). (7. H}.
“Trudce hét chi ra R thoa man ba tinh chat:
—Phanxa: V& Vae Ardrainga—a=0=30 nén aRa.
— Doi xing: Giasra,be AvaaRb,tacéa~b=3k.
D1 nhién b — a = 3(—k), do d6 bRa.
— Bac cauw;  Giasira, b, c € A; aRb va bR, theo dinh nghia ta ¢c6
- a—b=3k;,b-c=3k,. _
Xéta~c = 3k, +b) — (b - 3ky) = 3(k, + k,) = 3k;.
Vay aRc.

bé tim phan hoach twong duong trén A do R sinh ra 1a 1ap ma tran
cua R: ‘
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1001001
0100100
0010010

ME7=11 0010 01
0100100
0010010
1001001

Cac hang 1,4 va 7 sinhratap A, ={1,4,7}.

Céac hang 2 va 5 sinh ra tap A, = {2, 5}.

Cac hang 3 va 6 sinh ra tap A, = {4, 6}.

Khi d6 céc 1ap A, A,, A; s€ tao thanh mot phan hoach tuong ducmg
wén A.

Dinh iy 2:;

— Néu R < A x A 13 mét quan hé tuong duong trén A (A # @) thi R s¢
tao ra mot phan hoach tuong duong trén A.

— Gia sir A, A,, ..., A, 1a mét phan hoach tvong duong nao dé trén A.
Khi dé s& ¢6 mdt quan hé twong duong S — A x A sinh ra phan hoach tuong
duong trén.

Cliuing minh:

Dua vao dinh nghia quan hé tuong duong va phan hoach tuong duong
trén A.

b) Lop tuong duong

Cho R c A x Avaae A. Lop twong duong cta a déi v6i quan hé R ky
hiéu la |a], va duge dinh nghia nhu sau:

fal; = (b:be Ava(a b)e R}

Tt dinh nghia ta cé két qua sau:

Binh Iy 3: Cho R 1a mot quan hé tuong duong trén A. Ba diéu kién sau
la tvong duong:

1) aRkb:

2) [a]g = [blg;

3) [a]y ™ [blg =D
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§5. BAO DONG BAC CAU CUA QUAN HE

5.1. Bao déng bdc cdu cua quan hé

Gia sir R © A x A. Bao déng bdc cdu clia quan hé R duge k¥ hi¢u béi
[R] 1a quan hé bic cdu nhoé nhat chida R. Néi cach khac, néu R 13 mot quan
h¢ trén A thi [R] 12 mdt quan hé nho nhat chdéa R sao cho néu véi moi cap
(a,b) e [R]va(b,¢) € [R] thi(a, c) € [R].

Vidul: ChoA={a,b,c}vaR=1{{ab) (b c}}la métquanhétrCnA

Khi d6 dé dang thdy rang, quan hé [R] = {(a, b) (b, ¢), {a, ¢)} 1A bao dong
bac cdu nhd nhat chita R.

Binh Iy 4: Gia st S 12 quan hé bic cdu trén A: R 12 quan hé trén A thoa
min R — S. Khi dé [R] < S.

Chitng minh: Ta chi ra rang, néu (a, ¢) € [R] thi (a, ¢) € S. That vay,
néu (a. ¢} € R thita ¢é ngay (a, ¢) € S.

Néu (a. ¢} ¢ R, diéu d6 ¢6 nghia 12 phai 3(a, b) € R va (b, ¢) € R dé 1ir
do co (a, ¢) € [R]. Theo gid thiét, R < Snénta ciing c6 (a, b) € Sva (b, ¢) € 8.
Do S 1a quan hé bic ciau, suyra(a, c) € S.

Binh 1y dd duge chimg minh.

5.2. Xéc dinh bao déng bdc cdu cla quan hé
Trudce hét ta ky hicu:
R' = {(a.b):a, b e A; aRb}: dudng do dai 1 tira dén b.

RY= {(a,b):a,be A;Jc,; € A sao cho aRe| va ¢ Rb}: duong do dai 2
di tir a dén b.

R*={@ b):a beA; dcy, ¢; € A sao cho aRc), ¢,Rc,, ¢,Rb}: dudng
do dai 3 ditradénb.

= {{a,b):a,be A; dc;, ¢y, ..., ¢ € AsaochoaRc|, ¢|Rey, ..., ¢ - Rb}:
duong do dain ditira dén b.
bat R” = U R".

Tir ky hiéu trén ta ¢é: (a, b) € R”™ néu 16n tai s6 nguyén duong k sao cho
(a, by € R*. Diéu d6 ciing twong duong voi viéc ton tai ¢, ¢4, ..., ¢y .| SAO cho
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aRe,. ¢,Rey. ¢,Res, i ¢ yRey ), ¢ Rb. Ni cdch khdc [a (a, b) € R” néu
tén 1ai mot duding di 4o dai k tir a dén.b.

Pinh Iy 5: Gia st R < A x A. Khi d6 R” = |R].

Diédu d6 ¢6 nghia R” 1a bao déng bac cau nho nhat chita R,

Clumng minh:

— Trude hét ching minh ring R 1a bao déng bac cdu:

That vay, gia sir{a, b) € R va (b, ¢) € R”, ta s& chi ra rang (a, ¢) € R”
Do (4, by € R”, suy ra ton tai so nguyén duong k sao cho (a, b) € R*. Tuong
trdo (b, ¢) € R, ta ¢6 6 nguyén duong h sao cho (b, ¢) € R". Khi dé 16n
tai ¢, Cq. ..oy € -y € A sa0 cho: |

aRc |, ¢ Rea, c9Req, e nRe L ¢ R (1)

Mat khic cling 16n tai s, 84, .... $)-, € A sao cho:

bRs,, $,Rs,, s,Rs3, o5, R, 9 Re. (2)

N&i dudng (1) va (2) tai dinh chung b ta ¢6 duong do dai k + hditira
dén c. do dé (a. ¢) € R*® hay (a, ¢) € R™.

— Tiép theo s& chiing minh rang, v6i bat k¥ quan hé bic ciu S chita R thi
dduco R S

That vay, gia su ¢d (a, b) € R”. Khi d6 tén tai ¢, Cys .o Gy € A 520
cho: aRe,. ¢|Rcy, ¢;Rey, ooy R, ¢ Rb, tic 1a tr a dén b c6 mot
dudng do dai k. Vi R < Snén tr aRe|. ¢ Rey, ¢5Rey, ., ¢ pRey ), ¢ Rb ta
¢O: aScy, ¢, Scsy, €38¢3, ..., CpSey s €4 Sb.

Do S 1a quan hé bic ciu nén theo dinh 1y 1, suy ra tir a dén b ¢6 mdt
cung, tic 13 (a. by € S. Diéu d6 chimg td R € S, hay R™ = [R] i bao déng
bac ciu nho nhat chira R,

Thuét todn tim bao déng béc cdu nhd nhat cia quan hé R theo dinh 1y 5
rat khé thue hién, vi vay ta can dua ra mot thuat todn don gian hon sau day:

Pinh Iy 6: Gia sir tap A c6 n phin tir v R 12 mot quan hé tit A vao A.
Khido R”=R' UR* UR U, UR™

Ciutng minh.

— Bao ham thic R' w R? W R* U... W R" < R a hién nhién.

- Ta chitng minh bao ham thic ngugc lai:

R"cR'UR*UR L., URY,
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Gia str (a, b) € R, khi d6 tén tai mot s& nguyén duong k sao cho
(a, b) € R*. Diéu d6 ¢6 nghia la t6n tai Cy, Cyy - €y € A sao cho: aRe,
¢|Rey, ¢Res, o, e 5Re s ¢ Rb. Nhu vay, c6 mét dudng tir a dén b do
dai k. C6 hai kha nang: :

1) Khi k < n: Trong trudng hop nay R¥ 12 mot trong cc tap R' (i = L.n ).
dod6 (a,b) € R' UR* U R L., UR".

2) Khi k > n: Vi tir a dén b ¢6 dudng véi do dai k. c6 nghia 1a ton tai
€14 €25 - G-y € A sa0 cho: aRc |, ¢|Re,, cyRe;, ., o Rey ., ¢ Rb.

Trong dudng d6 ¢6 k + 1 dinh, ma k > n nén phai t6n tai ft nhat mot cap
dinh {c;, ¢;} sao cho ¢; = ¢; va i < j. Khi d6 dudng di do dai k tir a dén b
cé dang:

=@ ® QD OO

O day: aRc,, ¢ Ry pRe3. s € Reys s ¢ Rey, oy ¢ Rb
Trong dudng trén ta bo di chu trinh vong, tic 12 bo di cée dinh ¢ . ...,
Cj-1- €j VA nOL ¢; VGi ¢j,, bdi mét cung ta duge dudmg di tira dén b do dai k' < k:

O @ @D DD

O day: aRe,, ..., ¢;Rej, s ..y ¢ | Rb.

Néu k' > n thi trong dudng ndy van t6n tai cdc cip dinh bang nhau, e
la dudng di tir 2 d€n b van cog chu trinh. Ta 1ap lai qud trinh trén dé loai bo
chu trinh vong cho 16i khi nao trong dudng di tir a dén b gém cdc dinh a, b
va cdc dinh trung gian khic nhau timg cap. Duong nhu thé s& cé do dai
khong 16n hon n va do d6 (a, b) € R' U R* U R? U... 2 R™. Dinh 1§ di duoc
ching minh.




Phén 1. KIEN THUC BO TRU ' 73

§6. THUAT TOAN XAC DINH BAO DONG BAC CAU
CUA QUAN HE

Theo dinh Iy 6 thi R” = R' w R? w... w R" [a bao déng bac cau nho
nhat cita quan hé R trén 1dp A gém n phan tir.
Ta goi: My = M, lama ran cua quan hé R:
M, lamatrdn cha quan hé R%:
M, l& matran cua quan hé R".
Con M,,. la ma tran bao dong bac cdu nho nhat chira quan hé R duge
xac dinh trong dinh 1y 6.
Khidétacé: M, =MpvM,v . .vM
. N R
(01
Vidul: M, = [U 1 0| lAmatrancia R ¢ A x A v Al =3,
1 1 0

Khi do: M., =

Vay M, = My v Mi<3 v M .

R
(Lo (1'11 Loy (11
:!0 1 {)vi() b0 |0 b O=|0 1 [}1'
(r 1 oy, 11 1) 11

Dinh 1§ 6 dimg d¢ 1am co s& cho thuat todn tinh ma tran quan h¢ cla
buo ddng bic cdu nho nhat chia R trén tap A gom n phén 1.

Thuit 1odn tinh bao ddng bac ciu nhé nhat chia quan hé R trén tap A
gém n phan tr nhy sau:
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Procedure BAO_DONG_BAC_CAU (M, ma tran capn=nclaR)
A= M '
B:=A;
fori:=2tondo ,
Begin

A= M A

B=BvA
End; (Blamatrancia [R] = R"'wR* L. WRY

Chir y: — D¢ phiic tap cta thuat todn trén 13 O(n™).

— Ngoai thudl todn trén, ngudi ta ¢6 thé dung thudt toan Warshall dé

tinh M|, v6i do phitc tap thip hon fa O(n®).

BAI TAP
ChoN=1{1,2,3.,4,..}. Trén N xéc dinh quan hé R nhu sau:
Va,b e N: aRb < % “kk=1,2,.)

R ¢o nhlmg tinh chat nao trong cac tinh chét: phian xa, d6i xung, phan
ddéi xiing va bac cau?

(6 bao nhi¢u quan hé ¢6 tinh phan xa trén mot tap hop ¢6 n phén 1.
Cho A 1a 1ap cédc sinh vi¢n va B La tap cdc mon hoe. Gid sir R, 12 tap tat
ca cdc cap (a, b), trong dé a 1a sinh vién con b 1a mén hoc ma a di hoc.
R, gom tat ca céc cap (a, b), trong d6 a 14 sinh vién cidn hoc méon b dé

16t nghiép. Xic dinh cdc quan hé: R, U R,, R, M R, R \R,, R,\R .

Cho R € A x A. Tadinh nghia R" (n = 1, 2, ...) bang quy nap nhu sau:
R'=R,R™ =R"R.
a)ChoR = {{1, 1), (2. 1),.(3.2), (4, 3)}. TimR" (n=1, 2, ..).

b) Chiing minh tinh chat: Quan hé R trén tap A 13 biac ciu khi va chi khi
R"« R.

€6 bao nhiéu quan h¢ khéc nhau tir tap ¢6 m phan nr vio tap ¢6 n phin nr?
Cho R o A x B. Qudn h¢ nguoc cua R 1a
={(b,a):be B,aec Avala, b)eR}
Con-quan hé bl cta R 13 R = {(a,b): (a, by ¢ R}.
a) Cho R = {(a, b) : a < b} trén 1ap céc s& nguyén. Tim R~ v R.
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10.

11.

12.

13.

14.

15.

b) Cho R 12 quan hé trén tap tat ca cdc tinh, thanh phé cla Vi¢t Nam va
duoc xic dinh R = {(a, b) : a 1a tinh gigp véi tinh b}. Tim R ' va R.
Cho R 12 quan heé trén tdp moi ngudi ma

R = {(a, b) : al2a b6 hodc mg cla b}.
S ciing 12 mot quan hé trén tap moi nguoi va

S = {(a, b) : a 1a anh hoac chi ruét cua b}.
Xéc dinh quan hé S.R va R.S?
Ching minh riing, néu R < A x A ¢6 tinh déi xtng va bac cdu thi R ¢6
tinh phan xa.
Chiing minh rang, quan hé R trén tap A 12 phan xa néu va chi néu quan
he R™' 11 phan xa.
Chitng minh ring, quan hé R trén A la phan xa khi va chi khi R 1
khong phan xa.
Gia st R 12 quan hé trén tap cac xdu chit cdi tiéng Anh sao cho aRb khi
va chi khi X(a) = {(b), & day /(x) 12 d0 dai ciia xau Xx.
R ¢6 phai [a quan hé trong duong khong?
Chiing minh rang, quan hé R trén tap cdc s6 nguyen duge x4c dinh aRb
khi va chi khi a = b hodc a = —b 1a quan h¢ tuong duong.
Cho m L2 mét s6 nguyeén duong 1én hon 1. Ching minh rang,

R = {(a, b): a =b (mod m)} & quan hé tvong duong.

Gia st R 12 mot quan hé tuong duong trén tap A. Khi d6 ta ndi 16p tuong
duong cla phin tir a déi véi R 1a [a]y (d¢ cho gon ta ky hi¢u 14 [a]) dugc
dinh nghia nhu sau:

lalg = [a] = {s:(a.s) € R}.
Néu b e {aly, thi ngudi ta néi b 1a dai dién clia 16p twong duong 6.
a) Xdc dinh 16p tuong duong cla mot s6 nguyén doi véi quan hé cho
trong bai 12.
b) Xéc dinh céc 16p tuong duong cta 0 va 1 d6i véi quan hé dong du
theo mod 4 (mddun 4).
Ching minh ring, néu R 1A mot quan hé tuong dueng trén A thi cic
ménh dé sau day 1a wong duong:
1) aRb;
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16.

17.

18.

19.

20.

2) [a} = [b];

3) [a} M [bl # @.

Cic quan h¢ nao trong s6 cac quan hg trén tap {0, 1. 2. 3} cho duéi day
la quan h¢ twong duong? Xdc dinh cic tinh chat ctia mot quan hé tuwong
duong ma cac quan hé¢ khic khong cé:

a) {(0,0), (1 1),(2,2). 3, H}:

b) {(0, 0% (0. 2). (2,00, (2. 2). (2. 3). (3, 2). (3, 3)};

) {0, O3 (1 D (120,42, 1D.(2.2), (3. B }: .

d) €0, 0), (1, 1), (1, 3), (2. 2). (2, 35, (3. 1), (3. 2). (3. B));

e} {10, 01 (0, 1), (0. 2). (1. 0y, (1. 1), (1, 2), €2, 0), (2, 2), (3, 3)).

Gid st A ta mot 1ap khong rong va f 1d mot ham ¢6 A 1a mién xdc dinh.
Trén A ta dinh nghia quan h¢ R nhur sau: Vx, y € A: xRy & f(x) = f(y).
a) Chuimg minh R 14 quan hé trong duong.

b) Xdc dinh céc 16p tuong duong cia R,

Cho cdc do thi:
(A
@

| g ;8 \-'2‘1

Hay xdc dinh quan hé duoc bicu dién bdi cdc d6 thi trén 1a quan hé
tuong duong.

Xdc dinh xem cdc quan h¢ duoe bidu difn bdi cic ma tran logic dudi
day c6 phai Ia quan he tuong duong hay khong?

1 01 0 1 1 1 0
Mo 1] :
(101 0 1] 110
0 1 1 Vi
110 10 1 1 1 0
11 1
10 1 0 1 0 0 0 |

Cho tap Z = {0. 1}. Mot ddy hitu han cdc ky ty trong 1ap T duoe sap xCp
dimg lién nhau, ta goi la mer xdr. Vidu: x = 11010 1a mot xau trén =.
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21.

22,

23.

24,

25.

Tap 141 ca cdc xau (k¢ ca xéu rong - Xau khong ¢6 ky ty nao) duge
thanh laptir X taky hicula X . Trén £ ta dinh nghia quan h¢ R nhu sau:
Wx,y € 2" xRy > 56 1 trong céc xau X, y la nhu nhau,
Chitng minh rang R 12 quan h¢ tuong duong.
X4c dinh 16p tuong duong clia xau x = 011 d6i v6i quan hé twong duong
trong bai 20.
Gia stir R, v R, 1 hai quan h¢ tuong duong trén tap A. Xac dinh xem
céc quan hé R, U R;, R, m R, ¢6 nhit thiét fa quan h¢ twong duong
hay khong?
Xic dinh $6 cdc quan hé 1wong duong khidc nhau trén (ap ba phan ta
bang cach 1i¢t ké ra cdc quan hé do.
Cho A = {1,2, 3, 4,5}, Trén A xdc dinh quan h¢ R nhu sau:
Va,be AraRbe=a+b=2k(k=1,2,..).
a) Biéw dién R bing cic phuong phap liét k¢, ma trin va dé thi ¢6 hudng.
b) Chiing minh R 1a quan h¢ twong duong trén A.
¢) Tim phén hoach tuong duong trén A do R sinh ra.
d)Cho A = {1}, A, = 12,3}, Ay = {4, 5}.
Tim quan hé tuong duong S trén A ma S sinh ra phin hoach A, A,, Az
o ren.
e) Ching minh F = R v S 1a mét quan hé trén A ma M. = Ry v Mg
f) Cho Q = {(l1, 3), (3, 5)} la mot quan h¢ trén A. Dung thudr todn tim
bao déng nho nhat cia mot quan hé dé tim [Q].
Cho A = {1,2,3,4,5, 6}. Trén A ta xdc dinh quan hé R nhu sau:
VYa,be AtaRbe>a—-b=3k(k=0,+1,+2,..).
a) Biéu dién R biang cdc phuong phép liét ké, ma tran va d6 thi c6 huéng.
b) Chiing minh R la quan hé tuong duong trén A,
<) Tim phan hoach tuong duong trén A do R sinh ra.
d) Tim quan h¢ tuong duong S trén A sinh ra cic tap
A =111 A, =1{2,3), A;=1{4,3,6}.
e) Chimg minh R’ =R va [R} = R.
DTIM[QIvei Qo AxAvaQ=1{(1,2),(2, 3.3 ).
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Chuong 4
LOGIC MENH DE

§1. CAC PHEP TOAN VA CONG THUC

Trong chuong nay chiing ta chi dé cap (61 cdc ménh dé hodic ding, hodc sai.

Vi du 1: "Ha Noi 12 thi d6 coa Viét Nam”, "1 > 3" 12 nhitng ménh dé
hoac ding, hoac sai. Ching 1a khong nghién cdu ménh dé "Dé nghi cic em
trat ty” ta nhitng ménh dé khong du nghia dé khang dinh ménh dé d6 13 ding
hay sai.

Chinh vi ta chi quan tam t6i ménh d¢ hoac ding, hoac sai ma khong
guan tam tdi noi dung ciing nhy cdu tric cta ménh dé. Vi vay, hai ménh dé
12 trong duong nhau néu nd hodc ding, hodc sai nhu nhau.

Vi du:

— Hai ménh dé: "Bdc Ho sinh nam 1890" va "Bac HO mat nam 1969,
lic Ngwdi 79 wéi 1a hai ménh dé wwong duong nhau,

— Hai ménh dé: "3 1a sd nguyén 18" va "Chu vi dudng tron ¢d tam la goc
toa do, ban kinh bing 1 la s& hitu ty" 13 khong twong duong nhau.

Cac ménh dé chiing ta nghién ctu trong phan nay chi nhan mot trong
hai gia tri ding, hodc sai nén ta ¢6 thé dinh nghia cac phép toan Tuyén (v),
Hoi (n), Kéo theo (—), Phii dink (—) trén tap cdc ménh dé hoac ding, hoac
sal. Su nghién ciu cac ménh dé goi la dai s6 ménh dé.

Dudi day dé chi ménh dé A nhan gid tri ding tuong img véi ky hieu T
(T'rue), con nhian gia tri sai tuong tng véi ky hiéu F (False).

1.1. Dinh nghia cac phép todn trong dai s& ménh dé

Ky hi¢u X, Y, Z (doi khi ca chi s6) 1a cac ménh dé hoac dung hoac sai
{(sau nay ¢On goi 1a ménh dé so cap hay bién ménh dé).
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a) Phép tuyén

Ménh dé X tuyén voi ménh dé Y (ky hieu X v Y) 1a mot ménh dé duoc
dinh nghia nhu sau: X v Y nhan gid tri T khi va chi khi it nhat mot trong hai
ménh dé X, Y nhan gid tri T. Ménh dé X v Y nhan gid tri F khi va chi khi ca
X, Y déu nhan gid tri F.

b) Phép hoi ‘

Ménh dé X hoi ménh dé Y (ky hiéu X A Y) la mot meénh dé ma né nhan
gid tri T khi va chi khi ¢4 hai ménh dé nhén gia tri T. Ménh dé X A Y nhan
pia tri F khi va chi khi it nhat mét ménh d¢ nhan gid tri F.

¢) Phép phu dinh

Phit dinh ciia ménh dé X (ky hiéu X ) nhan gi4 trj F khi va chi khi menh
dé X nhan gia tri T. Ménh dé X nhan gia tri T khi va chi khi X nhan gid tri F.

d) Phép kéo theo

Ménh dé X kéo theo (suy ra) ménh dé Y (ky hiéu X — Y) nhan gid in T
khi vi chi khi X nhan gi4 tri F hodc X va Y cang nhan gid tri T. Ménh de¢
X —» Y nhan gi4 tri F khi va chi khi X nhan gid tri T va Y ohan gid i F.

Cic phép todn (v, A,—, —) ¢6 the dinh nghia thong qua bang g1d tr sau:

X Y XvY XAY X XY
T T T T F T
T F T F F F
F T T F T T
F F F F T T

Chii y: Doi khi gid tri dting (T) ky hiéu 1a 1, gid tri sai (F) ky hiéu 12 0,

1.2. Binh nghia céng thic trong 16gic ménh dé
Dinh nghia l:

a) M6i ménh dé so cap, ky hiéu 1a X, Y, 7 (d6i khi ca s6 nira) la mot
cong thiic.
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by Néu A, B 1a hai cong thiic thi (A v B), (A A B), {K ). (A — B) cling
la nhimg céng thic. )

Lir ¥ Méi cong thite chi chira cde ky hiéu X, Y, Z. cdc phép todn v, A.
—. = va cdc ky hiéu ma ngoiac "(", déng ngoac ")". Ban than A v B, A A B,
A . A — B khong phai 12 nhimg cong thtic theo dinh nghia, nhung doi khi dé
cho gon ta viét A v B thay cho (A v B), ...

1.3. Céng thic déng nhét bdng nhau v céng thic dong
nhat dang

Dinh nghia 2: Hai cong thic A va B duge goi 1 ddng nhdl bdng nha
(ky hicu A = B) khi va chi khi ching cling nhan gid tri ding, sai nhu nhau
doi vai moi by gid tri ding, sai cha cde ménh d¢ so cdp co trong hai cong

thic A v B.

' Binh nghia 3: Cong thitc A duge goi 1 ddng nhdl ding (hing ding,
ky hicu 1a FA hoac A = 1) khi va chi khi A luon nhan gia tri dding véi moi
b gid tri ding, sai ¢6 thé ca cidc ménh dé co sap trong A.

Binh nghia 4: Cong thiic A dugc goi 1a ddng nhd’ sai (hang sai, k¥ hiéu
la A = 0) khi va chi khi A ludn nhan gia tri sai v6i moi b gid tri ding, sai ¢
thé clia cac ménh dé so cap trong A.

1.4. Bang cdng thiic ddng nhdt bdng nhau
) A=A
'2) AvB=BvA
3) AAB=BAA _
4) (AvBvC=Av(Bv(O=AvBv(C
5) (AABIAC=AABAC=AABAC
6) AvB=AAB
7 AAB=AVB
8) AvBAO=(AVvBEAAVO
9 AABVO=(AABIVAAD
'10) A>B=A vB
11) AvA=A
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12)
13)
14)
15)
16)
17)
18)
19)
20)

AAA:A
AnA =0
AvA=l

'AAI;A
_AVOEA

Avi=l
Anl0=0
Av(AAB)=A
AA(AvB)=A

Chit y: 1) Céc cong thic tir | dén 20 dung dé tim dang chudn tac hoi va
dang chuén tic tuyén cha mot cong thirc cho trudc. : '
2) K¢ hiéu 1 chi cong thic héng dung con 0 chi c()ng thuc h,ang sal.

1.5. Bang céng thic hdng ding

1)
2)
3)
4)
3)
6)
-
8)
9)
10)
11)

A > B A)
|=(A—>(B—>C))—>((A—)B)—)(A—>C))
KA AB) > A
KAAB) 5B
|=(A—)B)—>((A—>C)~+(A—)(BAC)))
kA > (A v B)

B - (A v B)
KA > C) > ((B->0C - (AvB)—>C)
F(A—)B)—)(E—)Z)

}=A—>z.
Fi—)A

1.6. Ludt d8i ngdu

~ Gia sit A 12 mot céng thiic chi chita céc phép toén v, A, — ma khong
chita phép toan —. Trong A ddi chd vai trd hai phép todn A va v cho nhau ta
duge cong thitc A*, 1a goi A* 1a cong rhitc doi ngdu cia cong thitc A.

&-TOAN RO RAC
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Vi du 2: D6i ngiu cha cong thitc A = (X v Y) A Z 13 cong thiic
| A*=(XAY)v Z.

Pinh Iy 1: Gia siu A(X;, X,. ..., X,) la mot cong thuc, trong dé X,
(i=1, ..., n) 1a cdc ménh dé su cap trong A. Khi dé6 ta ludn cé:

A*= K(i[ iz, - in)

Chiing minh: Dua vad'dinh nghla dé quy cua cong thiic A. D€ cho gon
ta viét A(X) thay cho A(X| Xz Xn).

—~NeéuA=X,dday X a mt_:nh dé so cdp thi hién nhien

AX)=X =X hay A*= A(X).

~ Gia su u cong thirc da dugce ching minh che cac cong thiic A va B, uic
a A* = A(X) va B* = B(X) Ta chimg minh dinh 1y ciing dung cho cac
cong thiic (A A B), (A v B) v (A)

+ Xét cong thic (A A B):

(A ABY* = A* v B* = A(X) v B(X) = (A AB)(X).
+ Xét cOng thitc (A v B):

(A v B)* = A* AB*= A(X) A B(X) = (A v B)(X).
+ X¢ét cong thire (K):

(A)*= A* = A(X).
" Binh ly duogc chimg minh.
Vidu3: Cho A= (X v Y) A Z. Theo dinh Iy thi

K(K)E(iv?)AEE(R—V?)ViE(XAY)VZEA*.
Can chi ¥ ring, néu A = B thi A* = B*,

1.7. Lugt thay thé

Néu A 1a mo6t cong thiic chita ménh dé so cap X thi khi thay X bdi mot
cong thirc E nao dé ta duge cong thie mdi ky hiéu 1a B. Véi cac ky hiéu dé
ta co:

Dinh Iy 2: Néu FA thi }B.

Chimg minh suy ra tir dinh nghia cong thitc dong nhat ding.
=
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1.8. Ludt két luén
Dinh Iy 3: Néuv FA va FA - Bthi |B.
Chatng minh bang phuong phip phan chimg.

§2. DIEV KIEN PONG NHAT DUNG (héing ding)
DIEU KIEN DONG NHAT SAI (héing sai)

2.1. Tuy&n va héi so cép

Bai toan: Cho cong thitc A bét ky. C6 hay khéng mot thuat todn ma sau
hitu han cdc budce lam viéc 1a c6 thé biét cong thiic A c6 phai 12 cong thitc
dong nhat ding hay khong? -

Do véi bai toan trén ludn c6 mot thuat toan dé biét cong thic A cé phai
la cong thitc dong nhat ding hay khong, d6 1a thuit toan 1ap bang.

X, X, X, Al X s Xo)
( F F F ?
an F F I ¢ ?
hang
\ T T T ?

Phuong phap 1ap bang s& gap khé khan khi s6 cac bi€n trong A qua-16n.
D¢ khdc phuc nhuge diém trén ta can xAy dung thuat toan khic 16t hon, dé 1a
thudt tedn tim dang chudn tic tuyén va dang chuén tac héi clia cong thiic A.

Truée hét, ta dua vao cac khdi niém sau:

Dinh nghia 5:

1) Tuyén cdc ménh dé so cép va phi dinh cta né goi 1a tuyén so cdp (TSC).

2) Hoi cdc meénh dé€ so cap va phi dinh cla né goi 1a héi sa cdp (HSC).

Pinhly 4: B

1) Diéu kien cén v db dé mot TSC déng nht ding 13 trong tuyén dé cé
chita mét ménh dé so cip déng thdi vdi phit dinh cia né.



84 TOAN ROI RAC UNG DUNG TRONG TIN HOC

2) Diéu kién cdn vd dit d€ mot HSC dong nhdi sai 1a trong-hoi dé c6
chita mot ménh d¢€ so cap dong thdi v6i phl dinh cda nd.

Chitng minh: o |

1) Diéu kién cdn: Gia sit TSC 12 déng nhdt ding. Ta chi ra trong TSC c6
chita mot ménh dé dong thdi véi phh dinh cua nd. Gia s nguoc lai, trong -
TSC khong chita mét ménh dé so cap nao dong thdi véi phit dinh clia né.
Trong TSC, thay ménh dé so cdp khong c6.ddu phi dinh bang gia tri F, con
ménh dé so c4p c6 dau phii dinh thi thay bang T thi TSC nhén gid tri F. Diéu

ndy mau thuin véi glé thiét. Chimg td6 TSC phai chifa ménh dé so cap cing
v6i phu dinh ca né.

Diéu kién dii: Gia si trong TSC c6 chita mot ménh dé so cdp dong thoi

v&i phit dinh cfa nd, chang han TSC = XvXvYv.vZ.ViXvXh
cong thitrc dOng nhét dung nén TSC pha1 1a ¢cong thic déng nhat dung

7) Chiing minh tuong tu.

2.2. Dang chudn téc tuyén va chudn tac hoi. -
Dink nghia 6: o
1) Gia sit A 1a mot cong thic. Néu A’ = A ma A’ 1a tuyén cia cac HSC,

tic 1a A" = (HSC), v (HSC), v... v (HSC), thi A’ dugc goi la dang chudn tdc
tuyén (DCTT) cua A.

2) Néu A" = A ma A" 1a héi ciia cdc TSC, tic 1a
_ A" = (TSC), v (TSC), A... A (TSC),
ta néi A" 1a dang chudn tdc héi (DCTH) clia A.
Vidu 1: A= XAX->Y)
A'=Xna X)V(XAY)]&DCTTCUdA
A"=X A (X v Y) 1a DCTH cia A.
A nhién A=A"=A",
Pinh Iy 5: Moi cong thiic trong dai s6 ménh dé déu c6 DCTT va DCTH.
Chimg minh: Gia sit A 1a mot céng thic bt ky trong dai s6 ménh dé.
Néu trong A ¢6 chira phép todn —» thi c6 thé khir phép — bang céch 4p dung
cong thitc déng nhat bang nhau X > Y = X v Y. Vi vy ta c6 thé gi thiét
A chi chita phép todn v, A va —. Néu phép phu dinh chua tryc ti€p doi véi
cdc ménh dé so cdp trong A thi ta st dung céc cong thic dong nhil bang
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mhau X vY=XAY hay X A Y = X v Y. Tiép theo nh¥y cdc cong thiic
déng nhat bang nhau: '
Xv(YAZ)y=XvY)AaXvZ)
XA vD=XAY)VXAL)

d€ dua A vé DCTH va DCTT. Dinh 1y dugc chiing minh.

Vidu2: Cho A=Z — (Y = X), tim DCTH va DCTT cla A.

Tac6A=X—> (Y > X)=XvYvX=A laDCTH véi cic
TSC= X v Y v X va ciing 1a DCTT véi cdc HSC1a X, Y va X.

Dinh Iy 6: |

1) Didu kién cdn va di dé cong thiic A dong nhat diing 1a rong DCTH
ctia A mbi TSC chira mot ménh dé so cap dong thii véi phu dinh cta no.

2) Diéu kién cén va du dé cong thiic A dong nhdt sai 12 trong DCTT cua
A méi HSC chita mot ménh dé s cdp-dong thoi véi phu dinh cha nd.

Chimg minh:

1) Diéu kién cdn: Gia st A 1a cong thiic dong nhat diing.

Theo dinh 1y 5 thi v6i A ¢6 ton tai DCTH:

= (TSC), A (TSC)y A ... A(TCS), = A

Vi A déng nhat ding nén (TSC); (i = 1, ..., n) la dong nhat ding.
Theo dinh 1y 4 thi trong mdi (TSC); (i = 1, ..., n) cé chita mot ménh dé so cap
dong thdi v6i pha dinh cua né.

Diéu kién dii: Gia st A' = (TSC); A (TSC); A ... A (TSC), 1a DCTH cia
A, trong d6 méi (TSC), (i = 1, ..., n) ¢6 chita mot ménh dé so cap dong thoi
vGi phu dinh cua né. Theo dmh ly 4 thi méi (TSC) i=1,..nla dong nhat
diing va do d6 A 1a cong thic dong nhat ding.

2) Ching minh tuong tu.

2.3. Thuét toan nhan biét hdng dang, héng sai va thyc
hién duge cda céng thic trong 16gic ménh dé
Bai todan:  input: A la cong thic bat ky.
output: DCTH, DCTT cuta A;
A héang ding, hang sai?
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T}mat todn:

Buoc 1: Khu phép todn kéo theo (—) lrong A biang céich 4p dung cong
thicX>Y=X vYta duoc cong thic A, (= A). Chuyén sang budc 2.

Buoe 2: Dua phép todn phu dinh (<) trong A, vé truc ti€p lién quan t6i
timg bi€én ménh dé so cdp c¢é mat trong A, bing cich 4p dung cong thic
XvY=XAYvXAY=XvY taduge cong thic A, (= A,). Chuyén
sang budc 3. |

Bioc 3: Dua A, vé DCTH bang céch dp dung cong thic

Xv(YAZ)=(XvY)A(XVZ

ta dugc cong thic A; (= A), § day A = (TSC,) A (TSC,) A ... A (TSC,) (n > ).

— Néu trong mdi TSC ¢6 chita mot bién ménh dé so ca’p dong thdi vé6i
phi dinh cha né thi A, hang ding hay A hing ding.

— Nguoe lai, n€u t6n tai m6t TSC khong chifa bién ménh dé so cap nio
dong thoi v6i phi dinh ciia n6 thi A khéng hing ding. Chuyén sang budc 4.

Biroc 4: Dua A, vé DCTT bang céach dp dung cong thiic

XAa(YvD=AYIVXAZ) _

ta duge cong thic A'; (= A,), 0 day A'; = (HSC)) v (HSG,) v ... v (HSC,)
(nz1).

— Néu trong méi HSC c6 chia mot bi€n ménh dé so cip ddng thoi véi
- phu dmh cla né thi A'; hang sai hay A héng sai.

- Ngucrc lai, A khong hang sai va A 1a cong thitc thuc hlen ducc.

Chit y: Céng thitrc A thuc hién duge khi va chi khi trong A ¢6 t6n tai
mot bo gid tri ding, sai cla cdc ménh dé so cdp trong A sao cho véi bo gid
tri dung, sai do thi A nhan gia tri diing,

§3. CAC QUY TAC SUY DIEN
TRONG LOGIC MENH DE

Mot hé théng todn hoc bao gém céc tién dé, cac dinh nghia va cdc khdi
ni¢m khong dugc dinh nghia. Céc tién dé dugc gia dinh 1a ding. Cic dinh
nghia duge sir dung dé xay dung khéi niém mdi trén co s& nhimg khdi niém
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da c6. Trong mot hé todn hoc, ta ¢ thé suy ra dugc céc dinh ly. Mot dinh ly
14 mot khing dinh dugc chitng minh 13 ding. Mot 1ap ludn chi ra duge tinh
ding din ca mot ménh dé phat biéu trong dinh 1y dugc goi ta mot chimg
minh. Logic 13 mot cong cu phuc vu cho viéc phén tich cac chimg minh.
Thong thudng mot chimg minh s& bao gém nhiéu budc suy ludn ma & moi
budc ta di dén (hay suy ra) mot sy khing dinh mdi tr nhimg khang dinh da
biét. Trong chimg minh todn hoc, ta thuomg gip dang suy dién sau day:
Néu A, vi A, vh ... vad A thi B. Dang suy luan nay la hop 1y (chdp nhan
la ding) khi cong thic (A, A Ay A .. A A)) = B Ia hing diing. O day
Ay A Ay A A A 1 gid thiét (hay tien dé), con B la két luan (hay B la
hé qua logic cla gia thiél). Cdc tién dé da dung thi hé qua logic cua nd
phai ding.
Mo hinh suy dién cha cong thitc (A} A Ay A ... A A) — B viét dudi
A
Az

A .
dang ~—I“3 (doc la: Néu A, ding, A, ding, ..., A, ding thi B ding).

3.1. Cac quy tac suy dién

1. Quy tdc suy dién rit gon (Rg)
Co s3 cia quy tic suy dién riit gon 14 hang ding: (A A B) - A.
Mo hinh suy dién cua cohg thiic nay vi€t dudi dang:

A

B

SoA
Ky hiéu trén vach 12 gid thiel, k¢ hiéu dudi vach 1a két lugn, cdn ky hiéu .-
c6 nghia la thi. Doc: "Néu A ding va B diing thi A ding”.
2. Quy tdc suy dién cong (Cg) _
Co s& chia quy tic suy dién 1a hang ding: A - (A v B).
Mo hinh suy dién cua cong thic nay la:
A .
~AVEB
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3. Quy tdc suy dién khing dink (Kd)
Co s& clia quy tac suy dién khéng dinh 12 hing ding: (A A (A — B)) > B.
M0 hinh suy dién cla céng thic nay la: '

A

A—>B
-~ B

4. Quy tdc suy dién phil dinh (Pd)
Co s6 cuia quy tac suy dién nay 14 hiang diing: ((A - B) A E) —~A.

M6 hinh suy dién ciia cong thitc nay 1a:
A—>B
B

A

. 5. Quy tdc suy dién tam doan ludn (Tdl)

Co s¢ clia quy tic suy dién tam doan luan I3 hing diing:
(A->BAB->0C)>A->O0.
M¢ hinh suy dién cla cong thitc nay la:
A—>B
B->C
L AC

6. Quy tdc suy dién tam doan ludn roi (Tdir)
Co sd clia quy tic tam doan luan rdi la hing ding: ((A v B) A K) — B.

M6 hinh suy dién cla cong thic naty la:
Av B

A

~ B

7. Quy tdc suy dién mdu thudn (Mt)

Co 30 clia quy tic suy dién méu thuan la hing ding:
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(A AA A AA)>B=(A AA AL AAAB) O
Mo hinh suy dién cita cong thic nay la:

Ay
A,
: Ay
B 0

Cong thic niy c6 nghia 1a: N&u ta thém vao gia thi€t ban dau gia thiét
phu B ma din t6i mau thudn thi B 1a h¢ qua logic cha cdc gia thiét ban dau.

8. Quy tdc suy dién theo truong hop (Th)

Co s clia quy tac suy dién nay 12 hang ding:
(A —>C)A(B-C) > (AvBE) > C).
M@ hinh suy dién ctia cong thitc nay la:
A—-»C
"BoC
L(AvBY»C

Cong thic nay ¢6 nghia la: Néu mot gia thiét ¢6 thé tich 1am hai trudng
hop A ding hay B ding, va ta da chimg minh dugc riéng ré cho timg truong
hop 1a két luan C dung thi C ciing diding trong ca hai truong hop.

3.2. Vi du minh hoa viéc @p dung céc quy tac suy dién
Vi du 1: Dung quy tac suy dién, chi ra cong thic sau la hing ding:
(A AB)— (A AB) (%)
Gidi: S
Coéng thifc (*) 6 mo hinh suy dién la:
A~rB
AAB {A AB—oA _ A

(Kd) —
LAV B LAV B LAvEB

I
i
[

Vay (*) 1a hang ding.
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Vi du 2: Ching minh cong thic sau 13 hing ding:
(xlvx,_,_),«((x,vxzyax3,«x4)—>(x3;\x4) (*)

Gidi: Mo hinh suy dién cla (*) la:

(X, v X5)
(X, v Xz)—)(X3 A X%)(Kd) _ MLL 1
... X3 A X4 -‘- x3 A X_l
Vay (*) hing ding.

Vi du 3: Chi ra suy luan dudi day 1a diing:

"Binh di choi thi Binh khong hoc toén 18 rac. Binh khong hoc todn rdi
rac thi Binh thi trugt todn r&i rac. Ma Binh thich di choi. Vay Binh thi truot
todn roi rac.” . '

Gidi:

bat  X,: Binh di choi;

X5: Binh khong hoc todn rdi rac;
X3: Binh thi trugt todn rdi rac.

Doan van trén ¢4 thé viét duéi dang mé hinh suy dién sau day:

Xl - Xz
X, > X, {x, - X
X
X (Td)) = =1 = X3 =1
" Xy X, o X,

Vay suy luin cia doan van trén la ding.

Vi du 4: "Néu duge thudng cudi nam An s€ di Da Lat. Néu di Da Lat
thi An s& tham Thién Vién. Ma An khong tham Thién Vién. Vay An khong
duoc thuong cudi nam."

Suy luan cua doan van trén ¢ ding khong?
Giai:
bat Xl:' An duge thudng cudi nam;
X,: An sé di Da Lat;
X3! An s& tham Thién Vién.
Boan van trén tuong duong véi mo hinh suy dién duéi day:
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X 2 X,

{XZ ~3 X3 Xl -“).Xz

_X'E.T__ (Pd) = &—_*—— (Pd) = _XT'- =1
L Xy coo Xy coXl

Suy luan ciia doan van trén la ding,.
Vidu 5: Chira
((A—)B)A(B—)C)A(DVE)A(BVE)AE)——)K hang ding.

Gidi: ThayDv C=C—-»Dv D vE=D>E.
Cong thitc trén c6 mo hinh suy dién Ia:

A—->B |

B-»C

C-D
D—->E A—->E -

E E A
A (Tah SOA ) : SOA

Vay cong thifc trén 13 hang ding.
Vi du 6: Suy luan dudi day cé dang khong?

A—->B

B->C

C—-D A-D

A A D
Tdh = Kdy=——=1.

.'.D( ) .'.D'( ) D

Suy luan dang.
Vi du 7: Chi ra cong thitc dudi day la hang diing:

((A—)B)A(K—*}C)A(C—)D))—)(E—)D).

Gidi: Vi B — D = B A D nén ap dung quy tic mau thudn ta suy luan
nhu sau:
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A—>B {A—’B

A->C (B
AsB C-o>D AC A
A>C B ) {C—)D A->C
c»bp _b _|b _C (Kd) =
~B->D .0 .0
C
_C _CaC_o0 .
20 L0 L0
Viay cong thirc trén 13 hang diing.
Vi du 8: Chi ra suy luan dudi day 1a ding:
' XY
X 7
L7
= Tt (*)
Y > 27
- Gidi:
Ding quy tic mau thudn ta cé6 (*) tuong duong voi
X Y {XﬁY
X 7 Y ‘
7.7, {i»zl X
_ - _
1_’\_21._(1‘(]1)5__'__(13(3)5 X _XAX_ 0 1.
s =0 R | -0 =0

Suy luan trén 1a ding.

Vi du 9: "Néu An duoc én chic v 1am viéc nhiéu thi An ducc ting
luong. An dugc tang lyong thi An mua xe mdy. Ma An khong mua xe méy.
Vay An khong dugc 1én chiic hay An khong 1am viéc nhiéu.”

Suy luan trén c6 ding khong?

Giai:

bat - X;: An duoc 1én chiic;

X,: An lam vi¢c nhiéu;
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X4t An dugc ting luong;
X, An mua xe mdy.
Suy luan trén tuong duong voi:
Xy AaXy) o X,

X, A Xp) = X, X, > X,
Xy > X, Xs
S X2 '
~ 0 A | S |

~ Viy suy luan trén dang.
Vi du 10: Suy luan dudi day cé ding khong?

"Néu muén di hop sing thi ba thi An phal day sém. Néu An di nghe
" nhac 161 thi hai thi An s& v muén. Néu An vé mudn va thifc diy sémi thi An
phii di hop séng thi ba va chi dugc ngh duéi 7 gid trong ngay. Nhung An
khong thé di hop néu chi ngh duéi 7 giv. Vay hodc An khong di nghe nhac
t5i thit hai hoac An phai bo hop sdng thit ba."
Gidi: _
bat  X,: An mudn di hop sdng thi ba;
X,: An phai day som;
X4: An di nghe nhac t6i thit hai;
X4 An s€ vé mudn; |
Xs: An ngh duéi 7 gidr trong mot ngay.
Khi d6 suy luan trén twong duong véi

X; = X,
X, =X, Xy > Xy
X, > X, | | (X4 A Xy) =2 (X A X5)
(X4 A X5) > Xy A XsS) Xs = X
X5 - X m

(Mt) =
X3 v Xl 0

It
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Xy =X,

X,

X3—'>X4 X4AX2

X, (X; A X5) > (X, A Xy)

Xy A X5) > (X A Xg) X5 - X

X XE§
Exs = X (Kdy = L2 1 (Kd va Pd)
0 0

X, A X5
=iﬁ =XS/\§5= 0 =1
L0 e e

Suy luan trén ding.

Vidu i1: "Néu An di tam vé mudn thi vo An s€ 14t gian dir. Néu Binh
thudmg xuyen véng nha thi vg Binh ciing sé rat gian dit. Néu vo Binh hoac vg
An gién dir thi ¢6 Ha ban ho nhan dugce than phién, ma co Ha khong hé nhan
dugc 16i than phién. Vay An di 1am vé sém va Binh rdt it khi ving nhi."

Dung quy tic suy dién dé chi ra suy luan trén 1a diing.

Gidi: '

bat  X,: An di 1am vé muén;

X,: Vo An s¢ rat gian dir;

X: Binh thudng xuyén ving nha;

X;: Vg Binh ciing rdt gian di;

X,: Co Ha ban ho nhan duok 1di than phién.

Suy ludn trén twong duong véi

X, =X,
{(XZVX4)->X5 {X3~+X4
X X, v X

3 (Pdy = A2 V24

X A Xs T Xt AXs
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X, =+ X,
X2

{X3 - X,

—Xi—e_-(pd) M =1
XA X3 X1 A X3

Vay suy luan trén la ding.
Vi du 12: Chuing minh

(X VDANY SDAZ VD AZIVIHAZ2) > X

1]
it

Gidgi: Cong thic trén tuong duong véi
XY Xy
Y7 «ly sz
/lv.f 77,
Z v/2 7,—)2,, X7,

— = _ (TdLPey =2 (pay= 2 =1
L X - X X - X

Vay cong thic trén 13 hing ddng.

Vi du 13: Sir dung quy tic suy dién mau thudn, chi ra suy luan dudi day
la dang:

X->Y
X->Y Y
XY X7 {Z—»Z, _{iax
T “ R V7 X
/J_—)./q EY%A,EXAZ Pd) = Z (Kd)
LY Y, A | AN | S0
R RN | R

Vi du 14: Néu ngh¢ si nhan dan (NSND) X khong trinh dién hay s6 vé
béan ra it hon 50 vé thi dém bi¢u dién & Cong vién Hé Tay bi huy va éng bau
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rat buén. Néu dém biéu dién huy bo thi phai tra uen vé lai cho ngudi xem.
Tién vé da khong tra lai cho ngudi xem.

Vay NSND X d4 trinh dién. Suy luin trén cé dung khong?
Gidi:

pat  X,: NSND X da trinh dién;_-
X,: S0 vé ban ra it hon 50 vé; _ .
X;: Dém biéu dién & Cong vien Hé Tay bi huy;
Xy f)ng bdu rat budn; | |
Xs: Tra tién vé lai cho ngudi xem.

Suy luén trén fucmg duong véi o
(i; v Xy (XyaXy) o

{x3—>x5 o XivX) o (X5 AXy)
is - —)Z3
Pd) =- ' R
XivX,) > (X;AX,) ‘
(X3AX )Xy - {(X]VX 2) > X,y
X3 X5
(Tdl) = (Pd)
- XI‘ : . !
{(X] Aiz)—-)IX]
- Xl A\ X2 = Xl A XZ = (X] sz (Kd) = X] =1
~ X, ¢ oo X - X

1 |
Viy suy luan trén 1a diing.

Vi du 15: Chi ra cong thic dudi day Ia hang ding:
(X) A XA K3 AX DA K >X2)) > (X3 v Xs)

Gidi:
X
X, > X, Xy v X,
X, > X X, X -
_41“2_(}((]) = 2 (Pd) = X4———(ler) =
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——-—-—-—~——C =1
X3VX5( &)

Vay suy luan la ding.
Vidu 16: Suy ludn dudi day co6 ding khong?

(XivX,) - X,
XJ, /\Xﬁ
X(, —)Xs )
X,
Gidi:
(ilvxz)—)x3 (X1vX,5)—> (X, vXs)
Xy = (X v Xs) X4
_)24 /\i() {io
Xo > Xs = (Tdl) 86 2 X5 (Kd)
'1 Xl -'- X.l
{(il vX,) - (X, v Xo)
XanXs=X,vX; (Pd)EXlVXZEXtAXZEl.
.. XI l.- x[ ..a XI
Suy luan (*) 1a ding.
Vi du 17: Kiém tra cic suy luan dudi day:
X—-Y
Y X
- _ —
2) (Pd) = Z - XAZ _ XvZ _1
XvZ LXvZ o O XvZ o XvZ
Suy {uan Ia ding.
XY
{Z—)? {X—)Y
zZ Y X
b) = (Kd)Ei(Pd)E—_—El.
S X SoX

Suy luan la ding.

7-TOAN ROI RAC
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¢)

X (Y >7) Y>Z

YoX YoZL {Y**S(-
X _ (Kd)sY_)Xz X=X
ooz L s

Y >7Z
Y

(Pd)

1]

(Kd)

Z

Z 72
Suy ludn 1a ding.
d)

X, (X, > X;) X —=2>(X; »>X3)

X, vX, X, vX,

X5 > X, {24

X4 X; X,

— — — (Tdlr)
S X3 —=> Xs D C

X, > X3
X5 > X,
5 X3 -> Xs

(Tdh = 232 %5
o X3 > Xs

It

X3vis 23 —>§5
Xz Xs X3 o Xs

i

1

Suy luan la ding.
) '
Xvy

{ivz - {XVY |
z (ler)z?( (ler)E_—\fusl

N ¢ .Y

Suy luin la ding.

n
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f)
(XyaX5)— X,
X, A X, {(X, A X3)
X, =>X35AX%;) X (X34X,)
X3 =2>(XyvXs) X3-»>(X,vXs)

X4 - X4 (Kd)
.- X5 -.- XS
X1
X, > X3nX,y) X3nX,
X3 = (X, vXs) X3 > (X, vXs)
_ X4 (Kd) = 2
" X o Xy
{(x3 AX,)— Xy
(X3 AXy) X,
.S (Kd) = 24 (Kd)
& o Xs
{X4vx5
S C.C IS NS S
o X ;

5
Suy luén 13 diing.
Vi du 18: Chilg minh c6ng thitc sau hang ding

((X) > X5) A(X3vXy) ALX, vX3)} = (X2 > X,) bing cich:

a) Lap bang.

b) Pua cong thic vé DCTH.

c) Diing quy téc suy dién.

Gidi: :

¢) Ding quy tac suy bién

Cong thite trén tuong duong véi:
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X, =X,
X=X, X —>.X2 {—)Ez
X, »X, XsvXi XsvX, [X3vX,
X3vX, XivXs; X, vX, {§4
XIVX3 =Xz—)X4 XonXe _ X vXy

= = (Pd, Tdlr)
X2 X, .0 0 0

X]_

X3
_ X v Xy =§[AX1'
L0 0

Ban doc tu chiing minh céau a) va b).

=1

Vi du 19: Tim phan vi du cho suy luan du6i day:

Y >Z X, =X,

7~ Zo X, = (X3 v X2)
a) Z‘z->Y b) X3v).{4

. Zz - X4
Giai:

ayChon X =Y =ltasuyraZ =1 vaZ,=0. Nhu viy gia thiét ding,
két luan sai. Hay suy luan trén khong diing.

b) Suy ludn nay sai vichon X, =X, =X;=1va X, =0.

Khi dé gia thi€t ding nhung két luan sai.

Vi du 20: Chi ra suy luan dudi day 1 sai:

"Ong Minh d3 khing dinh ring, néu khong dugc 1ang luong thi éng ta
s€ xin nghi viéc. Mit khdc, néu 6ng Minh nghi viéc ma vg 6ng ta bi mat viéc
thi phai ban xe mdy. Biét ring, néu vg 6ng Minh hay di lam mudn thi s& mat
viéc va cudi cung ong Minh @3 duogc tang luong. Vay néu 6ng Minh khéng
ban xe thi vg ong ta khong di 1am muon.’

- Gidi: <
Pat  X;: Ong Minh dugc tang luong;
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X,: Ong Minh xin nghi viéc;
X4 Vg 6ng Minh bi mat viéc; |
X,: Ong Minh phéi ban xe;
X5 Vg éng Minh di lam muén.
Poan van trén tuong duong véi mod hinh suy dién dudi day:
§| - X,
(X5 AX3) X,
X5 > X3
X,
" X4 - Xs
Chon X, =0 va X5 = 1 thi két luan sai.
TuX,=0vaXs=1tac6 X;=1,X,=0va X, =1. V4i gid tri nay thi
gia thi€t ding. Vay gia thiét ding ma két ludn saj thi mo hinh trén 13 sai,
Hay doan van trén khong ding.
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Chubng S
LOGIC Vi TU

§1. DINH NGHIA V| TU

Gia s . 12 mot tap hop gom céc phdn ti nao ddy. # thudng goi la
trudng, cdc phén tir cha # thudng ky hiéu 14 cac chira, b, ¢, ...

Trén truong # ta thanh lap cic ménh dé, ménh dé gdm mot phdn tr s&
néi 1&n tinh chat cla phan to; ménh dé gom hai phdn nr tham gia s& néi lén
quan hé gilta cdc phén ta. _

Chéng han, lay trudng 2 = {1, 2, 3, ...}, trén trudng nay ta thanh lap cic
ménh dé sau day: "3 1a s6 nguyén t6", "1 > 2", ...

Ménh dé thd nhit ding, néi ién tinh chét cha s6 3.

Meénh dé thir hai sai, n6i 1én quan hé gifta hai s6 1 va 2.

Tom lai, déi v6i cc phén tlr cha trudng # ta ¢6 thé thi€t lap duoc cic
ménh dé.

Cac ménh dé & day chi quan tam tdi sy ding, sai ma khong quan tam (6i
noi dung clla ménh dé; hay né thoa mén luat bai chung, tic 1a hodc ding,
hodc sai, cing nhu trong dai s6 ménh dé ta khong xét mcnh dé khong ding
ma cling khong sai.

Dinh nghia 1: Biéu thitc P(x) goi 13 vi tir xdc dinh trén trudng # néu
khi thay x boi phin tir bdt ki cia trudng # thi P(x) s€ trd thanh ménh dé xéc
dinh trén truong . :

Chéng han: #r = {1, 2, ...}.

Khi'dé biéu thifc "x 13 s6 nguyén t6" 1a mot vi tir x4c dinh trén trudomg
A, bai vi khi thay x boi 3 ta dugec ménh dé 1a "3 1a s6 nguyén 5",

Nhu vay P(x) ¢6 thé xem nhu mot anh xa (hay mot him) xdc dinh trén
truong 4 va nhan gia tri trong 1ap hop {ding, sai}, loai vi tir néi trén goi 1a
vl tr mot ngdi. Vi tir mot ngdi P(x) ch1 ndi 1&n tinh chit cia mot phan tw
thudc 4.

D€ néi lén quan he gidta cdc phén tif ciia trudng #, ngudi ta can dua vao
vi tit nhiéu ngoi.
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Dinh nghia 2: Biéu thic P(x,, X, ..., X,) goi I2 vi tr x4c dinh trén
Wp A" =M x M, % .. x M, & tathay x; (1 = 1, ..., n) bdi phan tr bat
ky cha trudng %, (i = 1, .., n) thi ta dugc cic ménh dé x4c dinh trén
M= KA %X M P(XL Xy, -, X)) 20112Vt ngoi.

Ta c6 thé néi vi tir P trén trudng # khong phai 12 mot ménh dé hodc
ding, hoac sai. Nhung khi thay bién clia né béi phén tir trén trudng 4 thi nd
tr¥ thanh ménh dé hoac ding, hoac sai. Ménh dé dé con goi la vi tir cu thé
trén trudng .

A= M X M % L. x A 13 tap tich Dé-céc, con X, X, ..., X, rong Vi W
n ngdi ta goi 1a cdc bién tr. Cic bién wr x,, X,, ..., X, s&€ nhdn cdc phan tr
a, b, c, ... € #1ta goi 1a cac hang .

Céc vi tir thudng ky hiéu bdi cdc chit P, F, Q, R (doi khi ca chi s0) va ta
ciing goi chiing 12 cdc bién vi tir.

Ta kv hiéu cac chit X, Y, Z (d6i khi ca chi s&) 1a cic ménh dé so cap va
gol 1 cdc bién ménh dé (xem trong Logic ménh dé).

Pinh nghia 3 (Dinh nghia cong thiic) ¢

1) M6i mot bién ménh dé hoac bién vi tir goi 12 modt cong thite.

2) Néu A, B la cdc cong thifc thi (A A B), (A v B), A = B), (K ) cling la
nhimg cong thifc.

3) Néu A 1a cong thic thi bidu thitc: (¥x) A hoic (3x) A ciing 1a cong thiic.

Tur dinh nghia cong thic ta thay logic vi tir gom cac phép todn sau:
A (hol), v (tuyén), — (kéo theo), — (phu dinh), k¥ hi¢u V (v6i moi) va
ky hiéu 3 (16n tai}. Cic phép todn A, v, —, — dinh nghia nhu trong l6gic
ménh dé. Hai ky hiéu ¥, 3 goi la cic lugng tir dinh nghia nhu sau:

Gia st A 12 mot cong thic xdc dinh trén truong . Khi dé biéu thiic
(VX)A 13 mot ménh dé. Ménh dé nay ding khi A ding v6i moi phén tir cla
trudng 4 va sai trong trudng hop ngugc lai. N6 khong phu thude vao x va ta
dién dat bang 15i nhu sau: "Déi véi moi x, A ding”. Ky hiéu V goi 1a lugng
1y todn thé.

Tuong tu ta dinh nghia ky hiéu 3 nhu sau:

(3x)A 12 mot ménh dé. Ménh dé nay ding néu c¢é mot phian tir cia
truong # ma A ding va sai trong truong hop nguoc lai. N6 phu thude vao x

va ¢6 dién dat bang 01 nhu sau: "Tén tai x, A ding". Ky hiéu 3 goi 14 lugng
L tén tai.
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Chit y 1. Trong cdc cong thitc (Vx) A vi (3x) A thi cong thic A goi 1a
mién tic dung cia cic lugng tir (Vx) va (3x). _

Chii y 2: Néu trong cic cong thitc A cia cong thic (¥x) A hodc (Ix) A
chia cdc bién x va ¢6 thé them mot s& bi€n khic khong nim duéi diu
Vv, 3 thi bién x goi la bién rang budc, cdc bién khac goi Ia cc bién tu do.

Vidu 1: (vx) A(x) — F(x) la mot cong thl’l’C,.dﬁy 1a mot vi tir ma mién
tdc dung chia lugng tir 12-toan thé A, x c6 mat trong A goi Ia bién ring budc.
Con x trong F got 1a bién doc 1ap (vi khong bi rang budc béi v).

Vidu 2: (3x) A(x) v F(x) 12 mot cong thiic, A(x) 1a mién tdc dung ctia 3,
bi€n x trong A goi la bién rang budc, con bién x trong F goi 1a bién doc lap.

Vidu 3: A(x): x9) = (VX)) B(x,) la mot cong thic cé mién tic dung 14
B(x,), x, trong B 1a bién rang budc, x, trong A 12 bién v do, X, trong A ciling
la bi¢n tu do.

Nhu vay, qua ba vi du trén ta nhan thdy mét bién trong cling mot cong
thitc 10gic vi tir ¢6 thé vira 1a ty do vira [a rang buoc.

§2. KHAI NIEM CONG THUC DONG NHAT BANG NHAU,
DONG NHAT BUNG VA DONG NHAT SAI

Dinh nghia 4: Cong thic A dong nhdt bang cong thiic B (ky hi¢u
A = B) trén trudng A khi va chi khi A va B ciing nhén gid tri (dng, sai) nhu
nhau d6i véi moi bo gia tri (ding, sai) cua céc bién ménh dé va céc vi tir cu
thé trén trudng 4 c6 mat trong A va B. . .

Pinh nghia 5: Cong thic A got 1a dong nhat ding (hing diing) (ky hiéu
FA hoac A = 1) trén truomg  khi va chi khi A lu6n nhan gié ti ding v6i
mot bd gid tri ddng, sai clia cdc bi€n ménh dé va céc vi tir cu thé trén trudmg
A ¢6 mat trong A.

Dinh nghia 6: Cong thiic A goi 13 déng nhat sai (hang sai) (ky hiéu
A = 0} trén truong  khi va chi khi A luon nhan gié tri sai v6i moi bo gid tri
ding, sai cia cdc bi€n ménh dé va cdc vi tir cu thé trén trudng A ¢6 mat
trong A. o

Chut y: Tir cdc dinh nghia ta thay 16p céc 10gic vi tir rong hon 16p cdc
logic ménh dé. Do d6 néu A la cong thic déng nhat ding trong 16gic ménh
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dé thi né cing 1a cong thitc dong nhat ding trong logic vi tir. Moi dong nhat
diing trong logic ménh dé ciing 14 dong nhat ding trong 16gic vi tir.
Chéng han, trong dai s6 ménh dé ta c6 déng nhét thic
| A—>B=A VB | (1)
thi trong 18gic vi tir ta ciing ¢6 dang thic trén.
Chinh vi vay, trong logic vi tir ta ding déng thic trén dé khir phép — d&
dua mot cong thic phic tap vé cong thite don gian hon chi chita cac phép

10dn A, v, — Tiép tuc ding cdc cong thirc trong dai s6 ménh dé dong thoi
ciing ding trong l6gic vi tr:
AAB= AvB (2)
AvB=AAB (3)

dé dua dau — chi lién quan téi cdc cong thitc so cip.
Ngoai ra trong 16gic vi tlr ta cdn ¢6 cdc dong nhat thic sau:
(VX)A = (3x)A | 4)
@A = (YX)A (5)

Nhu vay, véi mdi cong thic ta dua vé cong thifc méi déng nhét bang né
ma chi chia cic phép todn A, v, — (do 1); lai 4p dung (2) dén (5) ta dua dau
— chi lién quan t3i tdc cong thic su cap.

Vidu4: Xét cong thic

Ex)(AX) > (Vy)B(y)) = GXHAX) V(YY) B(Y))

= (Vx)(A(X) A (3y) B(y)) = (Vx)(A(X) A GyY)B(y))
Céng thirc cudi ciing chita ddu— chi lién quan té1 B(y).

Pinh nghia 7: Mot cong thiic ma trong d6 chi chita cac phép todn A, v,
— dau — chi lién quan truc ti€p 16i timg bién ménh dé va bién vi tir duoc
goi 1a cong thic rit gon.

Vay, tir Iy luan trén ta thdy trong logic vi tir moi cong thic déu cé cong
thirc rit gon dong nhét bing né. Chang han cong thic

(YX)(A(x) A (3y) B(y))
la cong thiic rat gon cia cong thic: |

(Ax)(A(X) = (Vy)B(y).
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§3. Y NGHIA CAC VI TU THEO LY THUYET TAP HOP

3.1. Vit mét ngbi

Gia sttt # & 1a mét trudmg nao d6, P(x) 1a vi tir xdc dinh trén trudng M.
Ta ky hi¢u1ap Ep = {x € # : P(x) ding}, nhu vay {mg véi luogng tir P(x) x4c
dinh trén trudng  ta c6 tp Ep — .

bi¢u nguge lai ciing ding, tiic 12 tng véi mot 1ap hop con E < # s& tén
tai mot vi tir P(x) xdc dinh trén # sao cho E = Ep. That vay, véi E c .,
ta xay dung vi 1ir P(x) [a vi tr "x thuge E". Khi d6 ta thay vi tir P(x) ddng khi
x € Evasaikhix ¢ E, 13 rang E, = E.

Nhu vay, giita cdc tap hop con cia trudng & véi cac vi tir mot bién xac
dinh trén # c6 mot tuong ting nao do.

Gid slr Py(x), P(x) I hai vi tir xéc dinh trén trudng A v gid sir

EP] ={xed: P,(x)dﬁhg}, Ep2 ={x € M : Py(x) diing}

a) Xét vitr P(x) = P (x) v P,(x) va goi Ep = {X € 7 : P(x) ding}.

Ta ching minh rang Ep, = Ep, W Ep .

Gia st x € Ep, khi d6 P(x) ding; hay véi x d6 thi hoidc P (x) ding, hoac
P,(x) diing, hoac ca hai P)(x) vd Py(x) déu ding. Trong moi truomg hop ta
déucéx e Ep W Ep . Vay ta ¢ bao ham thitc E, = Ep UEp.

Bao ham thic nguoc lai Ep  Ep ¢ Ep I hién nhieén.

Tir hat bao ham thifc trén ta c6 Ep = EpI W Ep2 .

b) Xét vi tir P(x) = P;(x) A Py(x).

Ta ching minh E, = Ep M Ep, . Gia st x € Ep, khi d6 P(x) diing nén
P (x) va Py(x) ciing diing. Tor dé x EP] Vax e EP2 néntacox e EP, M E];.2 ]
Vay El_‘l - E])] ) EP2 . )

Gia sir x e EP} M E],Z, khi d6 x € EPI Va X € Epz. Vay P,(x), P,(x)

ding wic la P(x) ding va x € E,.
VayEp=Ep nEp .
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¢) Xét vi tr P(x).

Gia s Ep = {x € 4 : P(x) diing}.-Khi d6 E =4 \Ep.
That vay, x € EF,{” Pt 1_’(x) ding < P(x) sai

<> X € MN\Ep.

3.2. Mé réng cho vi ti n ngdi
Gia sir ¢6 P(Xy, Xy ... X,), X; € A 12 vi i n ngdi xdc dinh trén trudng
=X My X X M

Ta dinh nghia Ep = { (X, Xy, -, X, € A" P(x(, X5, ., X,,) duing}, & day
ta chi xét vi tir hai ng6i P(x, y) trén trudng #, x M, 12 tap hop cac diém trén
mat phing ma hoanh dé x € 4, ung do y € A1, (1, M, chinh la tryc hoanh
va truc.tung tuong dng).

Gia st S © M, x Ay, ta ky hiéu hinh chi€u cba S trén truc hoanh la
he,S={x em,: Ty dé(x,y) € S}; wong tuhe,S={y e M, : Ix dé (x, ) € S}
Ia hinh chiéu cua S trén truc tung.

a) Xét luong tix: (3x) P(x, y) = P(y)
Theo dinh nghia hinh chié’u,‘ tren thi: Ep = hcyEp trong dé
EP] = |y ety P (y)ding} vabp={(x,y) € #,: P(x, y) ding}.
That vay,y € Ep < P(y) diing <> 3x dé P(x, y) diing
¢> 3x dé (x, y) € Ep &y € heyEp, hay Ep =heyEp.
b) Xét luong tir (Vx) P(x, y) =: P5(y) |
bé c6 Ep, (y)tabién déi nhu sau:
Po(y) = G0 P(x.Y)
pat (3x) P(x,y) = Q(y). Khi d6 Py(y) = Q(y). vi Eg = M\ Ey nén
2
El)z()‘) = \EQ
Nhung Eqy,, = he, B = he,(#°\ E;) nén
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§4. DANG GHUAN TAC HOI
VA DANG CHUAN TAC TUYEN CUA CONG THUC

Nhu ching ta da biét, mot cong thiic lrong' logic vi tir déu ¢6 dang cong
thic nit gon dong nhat bang n6. Néi cdch khic, n€u A 12 mot cong thic thi
bao giv ciing ton tai cong thiic B chi chifa cic phép todn A, v, —; trong d6
phép — chi lién quan 16i cong thitc so cdp trong B ma A = B.

Binh nghia 8: Troﬁg' cong thic B néu moi ky hiéu V, 3 déu ding trude
cac phép todn logic khdc thi B dugc goi 12 cong thic chudn tic. Néu B la
cong thiic chudn tic ma A = B thi ta néi B 12 dang chudn tic cia A.

Vidu 1: Cong thirc (vx) (¥x,) ... (VX)) ... (VX)) AXy, Xy, ..y X)), trONE
dé A(x), Xy, ..., x,) khong chda ky hiéu —, ¥, 3; con ky hiéu — chi lién
quan t6i cong thitc so cap thi cong thifc trén goi 1a cong thifc chudn tic.

Dink Iy 1: Trong logic vi tir, moi cong thitc déu c¢é dang chudn tic.

Chutng minh: Truéc tién ta chimg minh b6n dong nhal thic sau day,
trong dé A(x) la cong thic, H 1a ménh dé:

1) (VXY A(x) v H= (VX)) (AX) v H)

2) (VX)) AR) AH=(VYX) (A(x) A H)

3)(3x) AX) v H=(3x) (Ax) v H)

4) (Ax) A(x) A H=(3x) (A(x) A H)

. Thér vay ta cé: (vx) A(x) v Hdilng < Vx A(x) ding hoac H ding
< (Vx) (A(x) v H) ding.

Vay dong nhat thic (1) 1a ding.

2) (Yx) A(x) AHdiing <> (Vx) A(x) diing va H diing

<> A(x) ding vx va H diing
< A(x) A Hding vx
< (Vx) (A(x) A H) ding.

Viy (VX) A(x) A H=(VX) (A(x) A H).

Di nhién bon dong nhat thitc trén ciing diing khi cic luong tir ding trudc
H va cdch chimg minh cling tuong ar.

Bay git ta chimg minh dinh 1y trén béng quy nap theo dinh nghia cong
thic. Gia sir A la cong thitc trong 16gic vi tir.
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1) Néu A 1a cong thic so cdp, tiic A 1a bién ménh dé hay bién vi tir thi
trudng hop nay dinh ly dung, boi vi chinh cic bi€n vi tir hodc cac bi€n ménh
dé Ia cdc cong thitc chudn tac.

2) Gia st A|, A, c6 dang chudn tic tvong ing la:
A7 = (VX)) . (F%) 3xip) o GX) ARy, o X)) = AL

Ay =@y o () e (VY Ay, o Yn) = Ay,

Ta ching minh A v A2 ciing ¢6 dang chudn tac. Ap dung (1) va (3)
ta CO

A vA, = (VX)) .. (V%)) (3x;,p) - 3x) AKXy, s Xp)
| | _ v (3Y)) o VY o (TY) A s Y
(VX)) o (%) 3%y ) - 3% (A (X)s e X V
| 3y)) e (V) o (V) AT s V)
(Vxy) .. (¥x) 3%, .. A %) (Elyl_) ~ (Vy)
(A" (X w0 X)) VA (Y}, 0 Y1)

R& rang (Vx) ... (3x) Qy)) ... (Vy ) (A'v A") 1a cong thac chuan tac,
hay A, v A, c¢6 dang chuan tic.

Ap dung (2) va (4) ta tim dugc dang chudn tic cha A, A A,.

Gia st A| c6 dang chudn tic AT nhu trén, ta chi ra A} cling ¢o dang
chuén tac.

Thatvay, A1 = Al = (V) ... VX Ex) - BRI A R %)

= (@3X,) . OX) (VRiy)) o (VXD AT (X, s Xp)

Néu A' chua phai 14 cong thic so cdp thi ti€p tuc dua diu — ch1 lién
quan tdi cong thirc so cap.

Gid st A’ (X}, - X9) = BU(X|, ..., X,), trong d6 B' chia A, v, —, vOl —
chi lién quan 16i cong thic so cap. Khi dé (3x) ... (3x) (¥x,,) ... (VX))
B'(X,, .... X,) chinh la cong thic chudn tic va 1a dang chuan tic clia Aj.

ViA —» A= Al v A, nén tir trén ta thidy A, — A, ciing ¢6 dang
chudn tic.
3) GGia sit A c6 dang chuan ldC 1a A Kh1 dé (vx) A va (3x) A cling ¢6

dang chuan tac, cuy thé 1a (¥x) A"va@x A dang chudn tic cua (Vx) A
va (3X) A tuong ung.
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‘Tém lai dinh 1y dugc chimg minh.

Dinh nghta 9: Néu trong dang chudn tic B clia cong thitc A ma phén
cong thic ding sau cédc lugng tircé DCTH (DCTT) thi B duoc goi 1a DCTH
(DCTT) cua A.

BDinh [y 2: Trong logic vi tir mot bién, moi céng thic déu ¢ DCTH va
DCTT.

Chiimg minh: Dua vao dinh 1y 1 ta xay dung duoc dang chuén tac B cia
A va dung bang cdc cong thitc dong nhat bang nhau trong vi tix cap 1 duéi
day s€ dua B vé DCTH, DCTT cta A.

4.1. Bang céc ¢dng thilc déng nhét bong nhau trong Iogtc
vitlcdp 1

l.)A =A

2YAvB=BvA

33 AAB=BAA
HAVBvC=Av(BvO=AvBvC
SNAAB)AC=AABACO=AABAC
6)A_J§EKA§

7)AAB=AvVB
BAVIBAO=(AVBIAAVD
HAABVC)=(AAB) V(A AQ)
10)A->B=A vB

IDAAA=A

I2VYAvA=A

IHAALI=A

1HAV A =1

155 AAA =0

IHAA0=0

IMAv1I=T

INAV((AABI=A

I99AA(AVvB)=A
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20) (Yx)A = @x)A

21) (XA = (VX)A

22 (Vx)AvH=(Vx)(AvH)

2 (VXIAAH=(V)(AAH)

24)(@x)Av H=(3x) (A v H)

25 (3x) AAH=({x) (A AH)

26) (¥x) P(x) A (VX) Q(x) = (¥x) (P(x) A Q(x))

27) (%) P(x) v (3x) Q(x) = (Ix) (P(x) v Q(x))

28) (Vx) P(x) v (Vx) Q(x) = (Vx) (Vy) (P(x) v Q(y))
29) (¥x) P(x) A (3x) Q(x) = (Vx) 3y) (P(x) A Q(y))
30) (3x) P(x) A (Vx) Q(x) = (3X) (Vy) (P(x) A Q(¥))
31) (3x) P(x) A (3x) Q(x) = (3x) By) (P(x) A Q(y)
32) (3x) P(x) v (¥x) Q(x) = (3x) (Vy) (P(x) v Q(y))
33) (Vx) P(x) v (3x) Q(x) = (Vx) 3y) (P(x) v Q(¥)
Chii y:

1) H trong céc cong thic 22, 23, 24 va 25 la cong thiic trong logic ménh dé.

2) Céc cong thiic trén ding dé tim DCTH va DCTT clia céng thiic trong
16gic vi tir theo thuat todn trinh bay trong muc 4.2 dudi day.

4.2. Thuét toén fim DCTH vé& DCTT cla céng thic A trong -
|OgIC vi tu CGp 1
Bai toan:
Input: A cong thifc bat ky trong logic vi tircdp 1.
QOutput: DCTH, DCTT cha A. ‘
Thudt toan:
Buoc 1: Khir tat ca cac phép kéo theo (—) trong A béng céch diing cong
thic X - Y = X v Y tadugc cong thic A, =A.
Butéc 2: Pua phép toan phi dinh trong A, v€ truc tiép lién quan tdi timg
bién ménh dé va bién vi tir ¢6 trong A, bang céch ap dung céc cong thifc

XvY=XAY, XAY=XvY, (V)B=(x)B

va (3x)B = (Vx)B ta dugc cong thiic A, = A, = A.
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Buie 3. Pua cac k)? hiéu lugng tir ¥, 3 trong A, 1én trude moi phép
todn logic khdc bang céch 4p dung cde cong thic:
(VX)AvH=(vx)(AvH)
(Vx) AAH=(¥Xx)(A AH)
(Ix)AvH=(3x)(A v H)
(3xX)AAH=3x)(A AH)
(Vx) P(x) A (Vx) Q(x) = (V) (P(x) A Q(x))
(3x) P(x} v (3x) Q(x} = (3x) (P(x} v Q(x))
(¥Vx) P(x) v (Vx) Q(x) = (Vx) (Vy) (P(x) v Q(y))
(3x) P(x) A (V) Q(x) = 3x) (Vy) (P(x) A Q(y))
(Vx) P(x) A (3x) Q(x) = (¥x) 3y) (P(x) A Q(y))-
(3Ix) P(x) v (vx} Q(x) = (3x) (Vy) (P(x) v Q(y))
(¥x) P(x) v (Ix) Q(x) = (¥x) 3y) (P(x) v Qy))
ta dugc cong thitc A;= A, = A = A.
Trong A; phén cong thitc dimg sau céc lugng tr v, 3 ta ky hi{:u la A,
Khi d6 ta viet A; = (V, 3) Ay (Aq chinh 12 B cha A trong dinh nghia 10).
Buoc 4: a) Trong A, néu ta 4p dung cong thiic
XV(YA'Z)E(XVY)A(XVZ)‘
ta dugec A” = Ay ma A" 1a DCTH chia A, hay A = (¥, 3) A” 1a DCTH ciia A.
b) Trong A, néu ta dp dung cong thifc
: Xan(YvD=XAY)vXAZ)
taduge A” = Ayma A™ 1a DCTT ciia Ay, hay A = (¥, 3) A™ 1a DCTT cia A.
Vidu 2: Cho’
A=((3x) (P(x) v (:ZIX) QN> (VIR VX2 Y) > (Z-> X > Y.
Tim DCTH va DCTT cta A.
Gidi: -
Theo cac budc trong thuat todn ta ¢é:
Buoc 1
A= (@x)PX) v @)0X) v (YOREK) VX VvYVZvXvY
Buoc 2:
A= (3x)PE) A (FNQE) v (VORK)IVIXAY)VZVXVY
= (VX)P(x) A (VO)Q(x) v (VOR(X) v X AY)vZV XV Y
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Buoe 3:
A = (¥x) (P(x) A QX)) v (VX)REX) v (XAY)VZV XV Y)
= (Vx) (Vy) (P(x) AQ(X) VR(Y) VXAYVZVXVY)
Butdc 4: Ay= P(x) A a(x) v R(y)VXA?VZVEVY
a) AOEA* vai A*EE(X)AG(X)VR(}’)VZVEVYVX)A
(ﬁ(x)/\a(x)v R(y)viviv‘{v?). -
A = (Yx) (7y) (PRIAQ)IVRIIVZVXvY vX)Aa
(ﬁ(x)na(x)vR(y)vzviva?)
= (Vx) (Vy) (POVRE)IVZVX VY vX)A@QK)vRy)v
'ZVEVYVX)A(I_)(X)VR()/)VEVSZVYV?)
A(a(x)vR(y)vz»'iv_Yv?)
la DCTH cuia A.
b)) A = (VXYY (PROAQIVRE)IV XAYIVZVR VY VY) fa
chudn tic tuyén cha A.
Chity: A=1viAg=1nén (Vx)(Vy) Ag=1.

§5. VAN BE VE TINH GIAI DUGC

Trong dai s ménh dé thi bai toan vé tinh giai duge hoan toan duoc giai
quy€t. Nghia la n€u A 1a cong thiic trong dai s6 ménh dé thi ta c6 mot
phuong phdp dé biét A c6 phdi 1a dong nhét diing hay khong.

Ta hay dat bai todn nay doi véi logic vi tir, trong d6 1a chi gi6i han cic
cong thitc khong chida cdc phan tlr va céc vi tir cu thé. _

Ciing nhu trong dai s6 ménh dé ta dua vao dinh nghia:

Binh nghia 10: Cong thitc A trong logic vi tir goi 14 thuc hién duge trén
trudng M néu né ding véi nhimg vi tr ndo dé trén trudng A.

Pinh nghia 11: Cong thiic A goi 13 d6ng nhat diing (goi tal ta ding)
néu né ding voi moi trudng va d6i véi moi vi .

Dinh nghia 12: Cong thitc A goi 12 sai hay goi 1a khong thuc hién duoc
néu né khong diing ddi v6i moi trudng va déi véi moi vi .

8-TOAN RO RAC
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Tir dinh nghia ta suy ra ring: Néu A 12 dong nhat dang thi A la sai va
nguge lai. .

Bai todn giai dugce dat ra cho 16gic vi tif nhu sau:

- Hay tim mot phwong phdp dé€ biét mot cong thiic A 14 dong nhat ding
hay khong? '

— Néu c6 mdt phuong phap nio d6 dé duge cong thilc A déng nhat
diing. vi do d6 ciing biét dugc A ¢6 12 sai hay khong?

Gid sit A sai, khi d6 A Ia dong nhat ding. Vay A thuc hién duge, con
A 12 khong thuce hién duge.

Néu A 12 khong déng nhat ding thi A khong sai, vay A thuc hién duoc.

Ngudi ta di chimg minh duge réng, bai todn vé tinh giai duge d6i véi
16gic vi tir 1a khong giai quyét duge. Nghia 1a d61 v&i cong thic A bat ky
trong logic vi tit khéng ¢6 mot thuat toan nao dé biét A c6 déng nhat ding
hay khong.

Tuy nhién, néu ta xét mot tap hop con cdc cong thic cua logic vi tu thi
bai todn trén duoc giai quyét. Chang han, tap hop cdc cong thic trong dai s6
ménh dé 1a 1ap hop con cdc cong thide cha logic vi tir thi bai todn v¢ tinh giai
duogc lai duge giai quyét,

Ngoai ta, néu xét vi tir mét bién thi vin dé cong thitc déng nhét ding
duogc gial quyét.

Binh nghia 13: Cong thic A trong l6gic vi tir goi 12 thoa min trén
trudng # néu A ding v6i nhitng vi tir cu thé ndo dé trén 4.

Dink Iy 3: Néu cong thiic A (trong logic vi tif} chita n vi tr mot bién
thod mian trén trudng # thi né cling s& thoa man trén moi trudng c¢6 s6 phan tu
khéng 16n hon 27,

Chitng minh: Gia st cong thiic A thoa man trén trudng # va n la s6 vi W
mot bién ¢6 trong A. Theo dinh 1y trén ta c6 thé gia thiét A 1a cong thic
chuin tac. Trong A khong ¢6 bién tir tu do (vi néu A ¢é motbién tir twr do x
nao day thi viéc x€ét tinh thod man cha vi tir A(x) tuong duong v&i viéc xét
tinh thod man cua vi tir (vx) A(x) ma trong (¥x) A(x) khong con bién ti tu do).
V61 cdc gia thi€t d6 ta s& gia sircde vi tirtrong A la A, ..., A, 12 vi tr mot
bién, khi dé cong thitc A viét duéi dang: ,

A =(0x)) (0X3) ... (0X,) BlAy, ..., Ap, Xy, -l Xp),
trong dé: ox; hoac 1a hugng tir (¥x;) hodc 1a (Ix,); B 1a cong thite khong chia
lugng tir (do A chudn tic); X, ..., Xp la cac bién rang buf_)c.
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Thuc ra c6 thé viét:

B(Al(;n;ii ) B(An(xin ), trong dé X;, € {Xy, e xp}.

Tl co gia thi¢t cia dinh 1y, A thod min trén truong A, do do cd cic vi ti
cu thé nao ddy ma ta ky hiéu 1a A}, ..., AY wen a sao cho A(A], ..., AD)
cling s¢ ding trén moi trudng 4 ma Ll < 2", '

Muén vay ta chia # thanh cac 16p sau day:

Ky hiéu (o, ..., ot} la mot b ma o; € {0, 1} va ky hiéu

Mxl.....x ={xea: Aio(x) =q, Vi=1,..,n)

Nhu vay, tmg v6i moi bo (. ... o) khdc nhau ta c6 16p M,

khac nhau.

n

Tinh chat: Vo6i (@, ... o) # (o', ..., &', thi
Mai,“..an ﬁlI\Aut',.m.u'n =&

That vay, gia sir nguge lai ching 6 phan tir chung 1a x € # sao cho:
A? (x) =0y va A? (x) = o, mad o, # o', (trdi véi tinh don tri clia vi tly A? ).

i nhién m6i phan tir thu¢e  thi thudc vio moét 1dp ndo dé. Véi cich
chia t¢én ta duge mot phan hoach déi vai . S6 céc 16p clia phan hoach nay
khong thé vugt qud s6 bo (), ..., ;) khac nhau, nghia la sé 16p cha phan
hoach nay < 2". Ta goi s& 16p clia phan hoach 1a q (< 2"), méi 16p 1ay ra mot
phin tx ky hi¢u lan luot la aj, a,, ..., a . Ta ky hiéu tap hop céc phan 1l nay
la.2t ' < m). ' '

Ta chimg minh A thod mén trén trudng 47

Cu thé ta chung minh céng thitc A(A?,..., Ag) diang trén &', That vay,
v6i mdi phan tlr x e A, ky hiéu ¢(x) la phén tlf trong ', tic 13 ¢(x) = o NAO
do ihudc A sao cho x, o, thudc cling mét 16p cha phan hoach. Theo dinh
nghia, didu nay cé nghia Ia: A (0(x)) = Al (x) (i = 1, ..., n), tifc 1 néu trong
cong thic A ta thay x = @(x) thi ta dugc cong thiic dong nhét vdi A.

Gia thiét rang R(x, y, ..., u) 1a vi tir bat k¥ xdc dinh trén . Ky hiu
(YOOR(X, y, ...,u) 12 vi tir chi phu thude vao y, ..., u va nhan gid i ddng
khi va chi khi R(x, v, ..., u) ding v6i moi x € 4, (x 13 a, nao ddy).
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Hoan toan tuong ty ta dinh nghia vi tir (EIJ&)H)R(X, y, ....u) ding <
160 tai x € A dé R(x, y, ..., u) ding. Cic ky hitu (V(x)), (3(x)) goi la cdc
luong tir han ch€. Bay gid ta chitng minh cong thife:
(V(x)R(x, vy, ..., w)= (V(x)) R(p(x). ¥, ..., u).

Ta chi cén chiing minh v€ phai diing khi v€ trii ding va nguoc lai.

— Gia sir v€ trdi dong, wic 1a R(x, y, ..., u) diing v moi x € 4. Xét
Y(x) R{g(x), y, ..., u) ding (lvu ¥: v6i moi x € # thi ¢(x) € #' ma
R(x, v, ..., u) diing v&i moi x € A thi R(p(x), y, ..., u) ding vdi moi x hay
(V(x)) R(p(x}, y, ..., u) diing.

— Gia s v€ phai dang, tic la (V(x)) R{gp(x), vy, ..., u) ding vdl moi
x € 4, theo dinh nghia thi (V(x))R(x, v, ..., u) ding.

Hoan toan tuong ty ta chimg minh dugc cong thic:

GxNR(x, ¥, ...u) =(3(x)) R{eKx),y, ..., u)
Dua vao hai cong thiic trén xét cong thiic:
A = (0X,) (0Xy) ... (OX) B(AO, - Ag, Xps eens xp.)
Ta chitng minh A ding trén Jf. :
That vay, X& B(A]. ... A, x), .. x;) = B(A], ... A, 0(x)), ... 9(x,))

Do nhan xét g trén, ta c6:
{cxp) B(AO, s Ag, X{s vees xp) = (o'xp) B(AO, e Ag, o(x;), .o (p(xp))
= (ox,)BIAY, ... A, 0(x,), ..., 0(x,))
Tuong tu nhu vay d6i v6i ox,, ..., 6%, ta c6:
(OX;) (OXy) ... (0%,) B(A], . A, Xy, o X))
= (0%;) (6%,) B(A], ., AD, 9(X)), .o (X))

Cong thitc v& phai ciing 13 cong thic v& tréi nhung xét trén trudng A,
Tém lai, néu A diing trén ¢ thi né ciing ding trén trudng A' véi L} < 2™
BPinh ly dugc chimg minh. | '

Hé qud 1: Néu cong thitc A chi chita cdc vi tir mét bién va ludén luén
diing v&i moi truding c6 khong qué 2" phéan tir (n 1a s6 vi tir mot bién ¢6 mit
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trong A) thi A la cong thitc dong nhét ding, nghia 14 A dung vé1 mol trudng
bat ky.

Chiing minh: Gia su ngugc lai, A khong dong nhat diing, nghia la cé
mét trudng A nao dé sao cho A thoé man trén A, theo dinh ly trén ton tai
trudng A v6i L) < 2" sao cho A thoa min trén . Chitng 1 A khong phai
1a déng nhat ding trén ' (trdi vGi gia thiét). Vay A ding trén moi trudng cé
s& phén tlr khong qué 2",

Hé qud 2: V6i moi cong thitc A chi chifa vi tir mot bién déu ¢ thuat
toan dé gidi quyét van dé A 1a dong nhat ding hay khong.

C h:?ng minh: Liu ¥ rang, theo dinh nghia thi viéc déng nhit ding hay
khong trén trudng 4 chi phu thudc vao luc lugng cua 4. Néi cach khic,
néu A va A ¢6 luc luong nhu nhau thi A ding trén # khi va chi khi A ding
trén '

That vay, dé ching minh diéu d6 ta chi can chimg minh ring: Néu
Loel = Lol thi A sai trén trudng 4 v6i vi tir cu thé ndo d6 khi va chi khi A sai
trén trudng A voi vi tir cu thé, chang han la {A }

Vi vay, déi véi Ai (x) trén 2 1a c6 thé lap duqc Vit B?(x "} trén trudng
A bang cach tuong g B?(x ) E.A?(x) khi va chi khi x <> x. Tirdé suy ra
néu A sai trén # ing véi A?(x) khi va chi khi A sai trén &' tng v&i B? (x").

Tom lai, tinh d6ng nhét ding clia cong thic chi phy thudce vao lyc lugng
cla trudng ma khéng phu thude vao cac phan tir cu thé cha trudng.

Thugit todn:

Gia sir A 1a ¢ong thire chi chia vi tiy mot bién.

Bueée 1: Thit A véi tét ca céc trudmg ¢6 luc luong < 2" (n 12 8 vi tir mot
bién ¢4 mat trong A).

Buée 2: Néu nd dong nhat dfmg vGi moi trudng ¢é luc luong < 2" thi
A 1a dong nhat ding. Néu khong thi’ A khong dong nhét ding.

Thuat todn nay qua mot s6 hitu han budc s& dimg lai vi s6 cdc trudmg cd
luc lugng < 2" khdc nhau 1a hitu han, cdon nhitng trudng ¢6 luc lugng gidng
nhau thi khong can xét dén.
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§6. NGUYEN LY QUY NAP

Pé chimg minh ménh dé P(n) ding v&i moi s6 nguyén duong n = ny
ta thuc hién cac budc sau:

Buéc 1: Chi ra P(ny) ding. _

Bitoe 2: Ching minh phép kéo theo P(n) — P(n + 1) ding v6i moi
n = ng, trong dé P(n) la gia thiét quy nap.

Khi hai budc trén hoan thanh ta két luan ménh dé P(n) ding véi mei
n.Z ng.

Co s¢ cha nguyén 1§ quy nap trén 1a cong thite hing ding sau day:

(P(ng) A ((¥Vn > ng) (P(n) = P(n + 1)))) = ((Vn = n,) P(n))

Vidu 1: Xétvitu P(n) :

n{n-+1)
2

O0+1+2+..+n=
Gidi:

- P(0) déing, vi 0 = 0;‘1.

D€ chitng minh (¥n = 0) (P(n) —> P(n + 1) diing ta ding phép téng quét
hod phd dung, thay n = k v chimg minh P(k) — P(k + 1) diing.

Gia st P(k) didng, tic 1a:

O0+1+42+..+k= k(k2+1)_
Khi d6
O0+1+2+.. . +k+k+1= k(k+1) +k+1:-(k+1)2(k+2)‘

nghia 1a P(k + 1) ciing ding.
Tix hai budc trén ta suy ra P(n) ding véi moi n 2 0.
Vi du 2: Chiimg minh ring, s6 cic tap con ciia tap A, phén tir la 2.
Gidi: - '
Pat  P(n): Tap ¢6 n phén 1 ¢6 2" tap con;



Phdn I1. LOGIC VA UNG DUNG ' 119

P(0): Tap O phdn tir c6 2° = 1 tap con (ding).

Gia sir P(n) diing, ta chi ra P(n + }) ciing ding. Gia st tap n + 1 phan
1a B, 3 day B= A U {a} (a 2 A). Lay tap con A’ bt k¥ cua A, ta duge hai
tap con clia B 1a A' va A' U {a}. Nhu vay s6 tap con cua B la 22" = 2"
Vay P(n + 1) ding.

K&t luan P(n) ding v&i moin 2 0.

Vi du 3: Chiing minh ring:

G day A= 1,n) 1 cdc 1ap con cua tap X.

(Ban doc tv chimg minh xem nhu mot bai tap)>

Vi du 4: Xét doan chuo‘ng trinh viét bang ngon ngit Pascal:
While n <> G do

Begin
X =X+Y,
n:=n-1
End;
K&t qua = x; ‘

Ching minh ring, khi goi doan chuong trinh trén véi cdc bién x, y ldy
gid tri thyc v bién n 14y gid tri ty nhién thi khi ra khdi doan chwong trinh,
bién két qua duge gan gia tri X + ny.

Gidi:

Goi P(n) 1a vi tit "Véi bat k¥ s6 thuc x, y, néu khi con tré diéu khién
chuong trinh tr& vé dong léch While v6i céc gid tri ciia cdc bi€n x, y, n thi
khi ra khoi chuong trinh bién x ¢6 gid tri X + ny™.

P(0): "Khi tr& vé dong lap While véi cdc gia tri bién x, y, 0 thi vong ldp
khong ducc thuc hién ti€p vd ra khoi chuong trinh véi gid tri bién x 1a
x=x+0.y. :
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Gia sir P(k) ding, ta chi ra P(k + 1) ciing ding. Goi x, y 1a cdc s thuc
tuy ¥y va gia sir ta tr& vé dong léch While véi gid tri cha céc bién x, vy,
n=k+1.Dok20nénk+1>0. Vay vong lap While dugc thuc hién thém
mot 1dn nita. Do P(k) ding nén khi ra khoi doan chuong trinh, bién x ¢é gid
trilax ;= (x+y) +ky=x+(k+ L)y, tdc 12 P(k + 1) ding. Hay (Vn > 0)
P(n) diing.

- Vidu 5: Chiing minh véimoin(n € N)tacé:
2 _n(n+1).2n+1)

12+2% 4. +n% = : (1)

Gidi:
— V6in =1 thi hai v€ bang nhau va bang 1.
— Gia sir dang thitc (1) diing v6i moi n < k, ¢6 nghia 12 v6i moi n' < k
ta co:
n.(n+1).2n +1)
- 6 '
— Ta phai chitng minh (1) ding v6i n =k + 1, tic 13 phai ching minh.
24224+ K+ (k+ 12 = e+ 1).(k +62).(2k +3)
That vay, véi n = k theo gid thiét quy nap ta cé:
2 k(k+1.2k+1)
6

12422+ .. +n°=

| 124224+ .. +K°=

Do d6:

k(k+1).(Zk+1) K
6
_(k+D.(k+2).(2k +3)
- 6
Vay dang thiic diing v6in =k + 1, do d6 (1) dugc ching minh.
Vi du 6: Chiilng minh dang thifc sau ding v6i moin > 1.
111 +2214 . +nnl=(n+ D! -1 ()
Giai:
~ V&i n = 1, khi d6 hai v& cha (1) bang nhau nén (1) ding.
- Gia sir (1) ding véi n = k, nghia 13 v6i moi n < k dang thiic sau
ludén ding:

24224 4K+ (k+ 1) = +1)?
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LIN4+220 4 . +nn!=(n+ 1! -1,
— Ta phai ching minh ding thiic ddng v6i n = k + 1. tic 1a can chimg
minh dang thiic:
LU +22'+ . +kkl+k+Dk+ 1 =k+2)! -1
That vay, véi n = k theo gia thiét quy nap ta c6
L1 +221+ L +kkl=(k+D!-1.
Do dé |
L1 +220 4+ o+ kk 4 (k+ Dk D! = (k+ D! = 1+ (k + Duk+1)!
=k+2)!-1. '
Vay dang thic (1) diing véi n =k + 1 vado d6 (1) duoc ching minh.
Vi du 7: Chimg minh déng thic sau ding véi moin > 1,a > -1 va
a = O
(1+a)"> 1 +na - (1
Gidi:
— V&in =2, khi d6 v& trdi cha (1) 16n hon v& phai cta (1). Vay (1) ding.
— Gid str (1) ding v6i moi n < k tdc 1A véi k> 1 van <k thi ta cé:
(1+a)">1+na : 2)
— Tiép theo cén ching minh bat ding thic ding véin =k + 1, tifc 1a cén
phai chithg minh
| (I+a}" >1+k+Da (3)
That vay, vi (1 +a) > 0 va tlr (2) ta c6:
A+ = +a)’ (1 +a)
Vay (1 +a)**" > (1 +ka)(1 +a) (4)
Ta bién déi
(1+ka)(1+a)=l+kata+ka’>l+(1+Ka(ika’>0) (5)
Tit (4) va (5) suy ra (3) ding va do d6 bat déang thic di duge ching minh.
Vi du 8: Ching minh ring tich cia ba s6 ty nhién lién tiep luon chia hét
cho 6.
Gidi: _
That vay, tich clia ba s6 nguyén lién ti€p s€ 1a mot s6 cé dang
n(n + 1)(n +2). Vay tacén chiran(n + 1)(n +2) : 6.
—Véin=Lkhidonn+ D{n+2)=6: 6.
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= Gia st v6i moi n <k, 1a déu ¢
nm+ 1}¥n+2); 6 (1

~ Ti€p theo can ching minh tinh chat dé ding véi n = k + 1, wdc 13 cdn
phai chiing minh:

(k+1xk+2)k+3): 6 (2)
Do gia thiét quy nap (1) vd n =Kk, ta cé:
k(k+ Dk+2): 6 (3)

Thay ring (k + 1)(k + 2}k + 3) = k(k + 1}k + 2) + 3¢k + D)k + 2).
Tir (3) ta thay rang khang dinh (2) s& i ding dén néu _
3k+Ixk+2): 6 4)
Do (k + 1) va (k + 2) 12 hai s6 tu nhién lién ti€p nén tich ea hai s6 d6 s@
phai la s6 chdn nén (k + I}k + 2): 2 suy ra 3k + Dk + 2) 6. Vay
(4) ding.

- Qua cdc vi du trén ta thdy ring, bing phuong phdp ching minh quy nap
todn hoc ta ¢6 thé ching minh mot s¢ ménh dé c6 lién quan dén diy s6 tu
nhién néu dy dodn duge quy ludt ciia nd phu thude vao céc s6 cu thé nhu the
nao. Tuy nhién, trong mot s bai todn ta khong bi€t duoc diéu cin ching
minh 12 gi. Vi du, hdy tinh tdng cia n s6 w nhién 1¢ ddu tién. RS rang 13 d6i
véi mot s6 bai todn khong khé 1am trong viéc tim ra quy luat, ching han nhu
bai todn vira phdl bicu ¢ trén ta vin ¢6 thé ing dung dugc phuong phap
chimg minh quy nap todn hoc. T4t nhién {a trudc hét bang sir quan st ¢
tinh théng ké ta ¢6 thé du dodn dugc quy luat cho bai todn, sau dé hiy ding
phuong phap quy nap todn hoc dé chimg minh. Chiing ta hiy xét mot s6 |
vi du:

Vidu 9: Tinh t0ng ciia n s6 tu nhién 1é ddu tiéen
T=1+3+3+..+2n-1).

Giai:

Nhin thdy rang:

Khin=1, T=1

Khin=2, T=1+3=4=2"

Khin=3, T=1+3+5=3

Khin=4, T=1+3+54+7=4

~ Quan sat sy théng ké d6 ta ¢6 thé dy dodn ring véi n 1a mét s§ ty nhién
bat ky thi .
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T=1+3+..+@2n-D=n’ (1)

Tiép theo, bing chimg minh quy pap ta ¢6 thé dé dang ching minh (1)
Ia dung dan.

Vi du 10: Tinh téng T = —— + = + ..+ ———
| 1223 nn + 1)
Giai:
Khin=1, T=-——=2L
| 12 2
Khin=2 T=+-L=2
1223

Vay liéu chang 16ng T sé thoa man ding thic
| | 1 n
= — 4+ ——+.. 4 =
12 23 nn+1) n+b

Béing phuong phdp quy nap toan hoc ta thdy ring dang thic trén 12 ding
dan. Tuy nhién phuong phap quy nap toan hoc khong phai 1a phuong phép
duy nhat dé giai quyét nhitng bai todn nhu trén. Chéng han dé tinh 10ng

1 1 1
Foire A ————
12 2.3 n(n+1)
Ngoai phuong phdp da néu trén ta co thé tinh T bang phén tich nhu sau:
Nhan thdy rang, v6i moi s0 ty nhién k 2 1 tacé

R S S
- k(k+1) k k+1
Dodévéi: k=1, -=L1_1
12 1 2
g=o L -1 1
23 2 3
S T

‘an+1) n n+!

Cong theo tiing veé ta ¢4 ngay
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§7. QUY TAC SUY DIEN TRONG LOGIC Vi TI CAP 1

7.1. Cac lugng ti va cdc ménh dé c6 luong t

Cho P(x) 1& mét vi tir mot bién trén trudng & nao ds, ching han
A =11, 12, .., n}, khi d6 cong thic (¥x) P(x) va (3x) P(x) la cic ménh dé
(co luong ur) hoac diing, hodc sai trén truong # va theo dinh nghia thi

(VX)P(x)=P(1) AP2) A ... AP(n) va (Fx) P(x)=P(1) v P(x) v ... v P(n).

Tuy nhién, n€u ta xét vi tir hai bién P(x, y) trén truong A = M, x M,
(x € My vay € M,) thi cong thifc: (Vx) P(x, y) va (3x) P(x,.y) khong phai 1a
cac ménh dé c6 luong tl nita ma 12 cdc vi tix theo bign y. x la bién b
rang budc béi cdc luong tlr, con y 13 bién ty do. Tuy nhién, cong thitc
(VX)(3y} P(x, y) 1a ménh dé c6 gid tri hoan toan dugc xdc dinh ma khong
phu thuoc vao x, y.

7.2. M&t s8 quy téc suy dién trong Idgic vi tir
® Quy tdc thay doi thir tu lugng tit hod hai bién
(Vx)(Vy) P(x, y) = (Vy)(¥x) P(x, y)
(3x)3y) P(x, y) = Ay)(3x) P(x, y)
® Quy tdc ddc biét hod phd dung
Gia sir mét ménh dé ¢6 luqhg tir, trong dé bién x v6i mién xdc dinh #
bi rang butc bdi lugng tix phé dung (V) va menh dé la dung. Khi d6 néu thay
X boi a €  thi ta dugc ménh dé ding.
* Quy tdc tong qudt hod phd dung
Cho ménh dé¢ lugng tir hoa (Vx) P(x) trén trudmg 4. Néu ta ldy x = a

1a phén tir bat k¥ trong # ma P(a) diing thi ménh dé lugng tir hoa (vx) P(x)
la ménh dé duing. '
B4’ dé I: Cho P(x), Q(x) 1A céc vi tir theo bi€n x trén trudng A nao do,
a la mot phan tr ¢6 dinh ty ¥ thuoc #. Khi d6 ta ¢6 mé hinh suy dién:
(Vx)(P(x) — Q(x))
P(a)

S Qa)

Bd dé 2: Cho P(x), Q(x) va R(x) 1 cic vi tir theo bién x trén trudng .
Ta c6 mé hinh suy dién: o '
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(Vx) (P(x) = Q(x))
(¥x) (Q(x) = R(x}))
Lo (V) (P(x) = R(x))

Bo e 3. WOPO _ (VO oy 1a phén tir cho trude bat ky).
.. P(a) Co(3Ax) P(x)
Bédé4: P(x) lavithxacdinhen X=X, U X, v...UX
Khi do:

(Vx € X)P(). (Vx € X,)P(X), ... (Vx & X,)P(x)
~ (vx € X)P(x)

7.3. M6t 6 vi du ép dung |

Vi du 1: "Moi sinh vién CNTT déu hoc mén Toéan i rac. Minh 14 sinh
vién CNTT. Vay Minh hoc mon Toan réi rac.”

Chi ra suy luan trén la ding.

Gigi: Dat  P(x) = "x 1a sinh vién Tin hoc";

Q(x) = "x hoc mdn Todn rdi rac”

12 hai vi tir mét bién trén trudng sinh vién A

Poan van trén wong duong vdi cong thic trong logic vi tr cdp 1

((Vx)(P(x) — Q(x) A P(x)) - Q(a) trén trudng sinh vién &, ¢ day a chi sinh
vién Minh trong truong .

M5 hinh suy dién cua cong thic trén c6 dang:

(Vx)(P(x) = Q(x))
P(a)
(*)
Theo b3 dé 1 thi mo hinh (*) 1 ding, hay suy luan trén la ding.
P(a) — Q(a)
Chit y: (*) tuong duong véi %—— trong 16gic ménh dé va mo
5 Qa

hinh suy dién nay diing theo quy tic suy dién khang dinh.

Vi du 2: Ap dung mo hinh suy dién trong b8 dé 2 dé chi ra céch giai
phuong trinh 4x — 5 = 15 dudi day la dung:
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Gidi:
Gia su 4x — 5 = 15, khi d6 4x = 20. Gia sit 4x = 20, khi d6 x = 5. Nhur .
vay 4x = 5= 15 thix = 5.
Pat  P(x)="4x - 5=15"
Q(x)="4x - 20"
R{x)="x=3"
Ly ludn trén cd thé dién dat duéi dang mé hinh sau:
(vx) (P(x) - Q(x})
(Vx) (Q(x) > R(x))
So(VX) (P(X) = R(x))
- Theo b6 dé 2 ta ¢6 cach giai phuong trinh 4x — 5 = 15 3 dung.
Vi du 3: M6 hinh suy dién dudi day trén trudng 4 ¢6 diing khong?
(Vx) (P(x) - (Q(x) A R(x)))
(vx) (P(x) A F(x))
S (Ux) (R(x) A F(x))
Gidi: Lay a la phan tir ¢ dinh b4t ky trong 4, thay x = a trong (1)
ta dugc mé hinh suy dién trong 1ogic ménh dé 1a _
{P(a) — (Q(a) A R(a))
P(a) = (Q(a) A R{a)) P(a)

trén trudng 4 cic so thuc,

(1)

P(a) A F(a) - Fla) (Kd)
- oo R(a) A F(a) R(a)_ A F(a)
Q@) A R(a) |
__F@) _ Q(fil) A R(@) A F(a) (Rg) =1.
- Ria) A F(a) .. R{a) A F(a)

Vay (1) la dang.
Vi du 4: Chi ra mo6 hinh suy dién duéi day 1a ding trén truong #.
(¥x) (P(x) v Q(x))
(3x)P(x)
(¥%) (Q(x) v R(x))
(Vx) (F(x) - R(x))

LY — . l
So(3x) F(x) (L
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Gidi: Ap dung quy tic téng qudt hoa phd dung. Lay a € # bat ky sao
cho P(a) didng, thay x = a vao (1) ta dugc mo hinh suy dién sau:
Pa)v Q(a)
{ﬁ(a) Q(a)
Q(a)v R(a) {a(a)v R(@) |R(a)
F(a)— R(a) _ Fa) > R@) _ {F(a)—)ﬁ(a) _ Fw)
F(g) o F(a) . F(a) oo F(a)
Vay (1) ding. ’
Vi du 5: Chi ra m6 hinh suy dién dudi day 1a ding trén truong 4.
(vx) (P(x) = Q(x))
(vx) (R(x) — F(x})
(¥vx) ((F(x) A Q(x)) = (P(x) AH(x)))
(¥x) (H(x) > P(x))
© (Y%) (R(x) v P(x)) -

Gidi: Véi moi a € A, thay x = a trong (1) ta duge mo hinh suy dién ¢6
dang: ' ' ‘

1.

(h

P(a) - Q(a)
R{a)— F(a)
(F(2) A Q(a)) - (P(a) A H(a))
H(a) —» f’(a)
. R(a)v P(a)
{P(a) - Q(a)
P(a)
R{a) > F(a)
o
~ (F(a) AQ(a)) > (P(a) A H(a))
_ H(a)-—>§(a) :
0

(M) (2)
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{F(a)AQ(a) . P(a)
(F(a) AQ(a)) ->{P(a) A H(a)) {H(a)
_H(a) > P(a) _ [H@) - P(a)
B 50 - -0
P(a)
' EF—(ZQ = —9— =1
L0 -0

Vay mo hinh (1) diing theo quy tic 16ng quat hod phd dung.
Cdc vi du dudi ddy danh cho ban doc:
Vi du 6: M6 hinh suy dién du6i day cé ding khong trén truong 4?
(Vx) (P(x) v Q(x))
(¥x} (R(x) = F(x))
(Vx) (Q(x)v F(x) v H(X))
(¥x) H(x)
= (¥%) (P(x) A F(x))
Vidu 7: Cho cong thic trong logic vi tir cdp 1:
A = (VX)((Py(X) = Py(x)) - P5(x)) A (P(x) v Pa(x))
AP (X) v Py(x) A P5(x)) > (VX)P(x)

Dang hai phwong phap: Tim DCTH va moé hinh suy dién dé k!ém tra
xem cong thitc A la hdng dding hay khong?

Vi du 8: Cing yéu ciu nhu vi du 7 véi cong thirc:
A= (IX)P(x) A (Pi(x) = Py(x)) A (Py(x) v Py(x)) A (Py(x) A Py(x)))

= (Vx)(Py(x) v P5(x))
Vidu 9: Chi ra m6 hinh suy dién du6i day 13 dng trén tnrong .

(V%) (P1(x) v P,(x)) - Py(x))

(vx) (P3(x) v Py(x) v P5(x))

(VX) ((P4(x) A Ps(x) A (Ps(x) o> Ps(x)))
(vx) Hx)

(V)P (x)
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BAI TAP

Trong chitong nay chiing t6i chi dua ra cde bai 1dp vé logic ménh dé va

l6gic vi nr.

1.

ok e N

10.

11.

12.

Tim pht dinh ciia ménh dé: "Hoém nay [a thit 6.

Tim pht dinh cGa ménh dé: "Khong ¢6 6 nhiém & Ha Noi'".

Tim phu dinh clia ménh d¢&: "2 + 1 =3".

Tim pht dinh ctia ménh dé; "Mua he & Ha Noi néng va nang".

Tim hoi ciia ménh dé X va Y, & day X 1a ménh dé: "Hom nay la thit 6";
Y la ménh dé: "Hom nay troi mua”.

Tim hoi clia cic ménh dé: "Toi di mua vé s6 sO tudn nay" va "T6i da
tring giai doc dac 500 trigu dong viao hom thi 6°.

Lap tuyén cha hai ménh dé:; "Hom nay trdi mua” va "Hom nay la thi 6"
Lap tuyén cha hai ménh dé cho trong bai 6.

Xéc dinh gia tri chan 1y ctia phép kéo theo: "Né&u hom nay troi nang,
chiing 16i s& di tim bién".

X4c dinh gid tri chan 1y ciia ménh dé phép kéo theo: "Néu hom nay la
chil nhat thi 2 + 3 = 5",

Trong ngdn ngit 1ap trinh thudng chita cau lenh: Néu p thi S (if p then §),
trong d6 p 1a mot ménh dé, S 12 mot doan chuwong trinh (gém mot hodc
nhiéu Iénh phai thuc hién). Trong cau tric cua clu 1énh trén thi S sé
dugc thuc hién néu p ding va S s€ khong thuc hién néu p sai.

Vidu: Xéc dinh gid tri cia bién x sau cau lénh if 2 + 2 =4 then x :==x + 1.

Neéu trude cau lénh dé x = 0. Vi 2 + 2 = 4 ]a ding nén ta thyc hién phép
ginxchox+ 1. Vith¢ xcogidrilad+ 1= 1.

Xac dinh gid tri cla x sau cdu énh: if 2 + 3 =6 then x := x + 1 vi gia
thiét trude cau lénh dé x = 1. '

Cho ménh dé X — Y; ménh dé ddo cia ménh dé nay 14 Y — X; ménh
dé phan ddo ctia X — Y 12 Y - X . Tim cdc ménh dé dio vi phan dio
clla cdc ménh dé kéo theo sau:

a) "Néu hom nay 12 thi 5 thi t6i ¢6 cudc di tham quan Dén Hing".

b) "Néu hom nay trgi mura, thi 161 s& nghi & nha".

9.TOAN ROL RAC
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13. Cho hai ménh dé X va Y. Ménh dé tuyén loai cia X va Y ky hiéu la
X @ Y 12 mot ménh dé chi ding khi mét trong hai ménh dé X, Y ding’
va sai trong cdc truong hop con lai. Bang gid trichanlycua X @ Y 1a

X Y . XPY
1 1 0
1 0 1
0 1 1
0 0 0

a) Lap ménh dé tuyén loai cta hai ménh dé: "2 +3=5"va"4+3=7".
b) Lap ménh dé tuyén loai clia hai ménh dé: "2+ 2=5"va "4 + 3 =§".
c) Lap ménh dé tuyén loai cha hai ménh dé: "2 > 2" va "2 > 3",

14. Dich cau sau day ra biéu thiic logic bang cdch dung cdc bién ménh dé
X, Y, Z dé dién dat cdc bd phan chia cau néi réi lién két ching véi nhau
bdi cac phép toan logic: "Ban khong dugc 1di xe may néu ban cao dudi
mot mét, triy khi ban trén 18 tudi”.

15. Cho X va Y 1a hai ménh dé:

X: "Ban lai xe v6i 10¢ d6 trén 65 kmn/h";

Y: "Ban bi phat vi vuot qud 16¢c do cho phép".

Hiy viét cdc ménh dé sau bing cich diing X, Y va cdc phép todn logic:

a) "Ban khong lai xe v&i toc d6 trén 65 km/h".

_b) "Ban l41 xe v6i toc do trén 65 km/h, nhung ban khong bi phat vi qua

toc do cho phép".

c) "Ban sé& bi phat vi qud t6c do cho phép néu ban lai xe vdi téc do trén
65 km/h".

d) "Néu ban khong 14i xe v6i toc do trén 65 km/h thi ban sé khong bi
phat vi vugt qua téc do cho phép”.

e) "Lal xe vdi t6¢ do trén 65 km/h 1a di dé bi phat vi vuot qué 16c do
cho phép".

f) "Ban bi phat vi vuot qud t6¢ dg cho phép, nhung ban khong lai xe véi
toc d9 trén 65 km/h™.

g) "Mbi ldn bi phat vi vuot qué t6c do cho phep la ban da lai xe vdi 10c
do trén 65 km/h",
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16. Ta dung cac k¥ hieu OR, AND va XOR thay cho céc phép to4n 16gic
v, A va ® nhu thudng duge ding trong ngoén ngit 1ap trinh. Mot xau
bit 12 mot day cdc s6 0 va L. Con théng tin thi duge biéu dién bang cic

18.

xiu bit.

Ta c6 thé thuc hién cac phép toan OR bit, AND bit va XOR bit d6i véi
cdc xau bit ¢6 cting do dai, ching han

01101 00101
11010 01101
11111 01101
01101 00101
11010 01101
01000 00101
01101 00101
11010 01101
10111 01000

Tim cdc OR bit, AND bit va XOR bit cta cdc cip xau bit sau:

a) 10 11110;
b) 111 00010;

¢) 11010 00011,
17. Xidc dinh cdc biéu thic sau:

(OR bit)

{AND bit)

{(XOR bit)

01 00001;
001 11101,
00100 11111.

a) 11000 A (01011 v 11011);
b) (01111 A 10101) v 01000;
¢) (01101 € 01010) ® 01101.
Xéc dinh gid tri ca x sau mai khi gip cau lénh dudi day trong mét
chwong trinh méy tinh, néu trudc khi 16i cau lénh dé x = 1:.
a)ifl+2=3thenx:=x+1;

byif (I1+1=3)OR2+2=3)thenx :=x+1I;

Aif 2+3=5AND @B +4=T)thenx:=x+1;

dyif (1 +1=2)XOR (1 +2=3)thenx :=x + 1;

e)ifx<2thenx::x+l._
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19. Lap bang gid tri chan 1y cua cdc cong thic sau:
AXOY)v (XD Y)
DX>((XAY)VZ):
) (X Y)A (X - Z);
DXV ODA(YD Z). |
20. Chung minh céc cong thiic sau day 1a wong duong logic (dong nhat
bang nhau) bang cach quy nap: : :
a) X v (Y, AYgAn e AY D VAX VY DAXK VYY) A A X VY,
b) X A (Y, VY, v . vY )vaXAYD)vXAY) v viXAY,:
c) Xy vXyv..vX, va il A —)_(—2 A A in.

d) X, ~aX;A..AX, va §| v iz VoLV in.

21. Ching minh cdc cong thic sau day 14 dong nhdt ding bing cach lap
bang gid tri chan 1y:

X222 Z))>(Xo>Y)> (X > 2
DI(X2>Y)>»((X->Z)>X>(YAZD));
DXL 2 ((Y>Z)>((XvY)>2Z).

22. Tim DCTH cta cac cong thic a, b va ¢ trong bai 21. Tit d6 suy ra sy
dong nhat ding clia cic cong thitc d6 ma khéng cén lap bang gid tri
chén ly.

23. Cho cong thitic X — (Y - X). Tim DCTH va DCTT ciia c6ng thitc trén.
Vi sao cong thic wrén 1a dong nhat sai?

24. Tim DCTH va DCTT cba cdc cong thiic a, b va ¢ trong bai 21 bang cach
thue hién cdc budc bién déi tuong duong logic sau:

Buoc {: Khir phép t10dn kéo theo (—);

Budc 2: Dua phép toan phii dinh v€ lién quan tryc 1iép véi timg ménh dé
X, Yvaz;

Buée 3: Bién déi cong thitc nhan duge & bude 2 vé DCTH va DCTT.
Tir DCTH cba mdi cong thiic a, b va ¢ suy ra cong thiic a, b va ¢ 1> dong
nhat ding ma khong c¢én dya vao bang gid tri chan ly clia né.

25. Logic m& dugc skt dung nhiéu trong linh vuc tri tué nhan tao. Trong
16gic mo gia tri chan 1y cia mot m¢nh dé 12 mot s6 nam giita O va 1.
Mot meénh dé vai gia tri 0 1a ménh dé sai, con ménh dé v6i gid tri 1 1a
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26.

27.

28.
29.

ménh dé diing. Con gid tri ménh d¢€ nam giita O va 1 néi lén mic do thay
déi chan 1y cua ménh dé.

a) Pha dinh gid tri chan 1§ chia mot menh dé trong logic md Ia higu
gilia 1 va gi4 tri chan 1y ctia ménh dé dé.

Hiy xdc dinh chan iy cla cdc. ménh dé: "A khong hanh phic” va
"B khong hanh phic” néu ménh dé "A hanh phic” ¢6 gid tri chén 1y la
0,8 va "B hanh phtc” ¢ gid tri chan 1y 1a 0.4.

b) Gia tri chan 1y cla tuyén hai ménh dé trohg logic md 14 gid tri chan
Iy 16n nhat ctia hai ménh dé d6. -

Hay xdc dinh chan 1y cba cdc ménh dé sau:

— "A hanh phiic hodc B hanh phic";

~ "A khong hanh phiic hoac B khong hanh phic”.

Cho bi€t gid tri chan Iy clta ménh dé "A hanh phiic" 14 0,9 con cla "B
hanh phic” 1a 0,8.

c) Gi4 tri chan 1y cha hoi hai ménh dé 1a gid tri chan 1y nho nhdt cua hai
ménh dé dé. .

Hay xac dinh gid tri chan 1§ cla hai ménh dé sau:

—"A va B déu hanh phic”;

~"A va B déu khong hanh phuc”.

Biét rang, gi tri chan 1y ctia "A hanh phic" 1a 0,8 va cia "B hanh phiic”
14 0,6. : :

Chitng minh ring:

a) Cong thic X v (f AY) va (il}\ ;[-) Ia wong duong logic,

b) Cong thiic (X A Y) — (X v Y) la hiang ding (hay dong nhét diing).
Tim cong thiic d6i ngau cua cdc cong thuc sau:

a) X A YAZ :

WX AY AZYv X

X vE A VT

(v6i F chi gid uri sai, con T chi gia tri ding).

Chitng minh d6i ngdu coa ddéi ngdu mot cong thic 1a chinh nd.

Mot tap hop cac phép todn logic duge goi la ddy di néu moi cong thic

déu tuong duong logic véi mot cong thitc chi chia cic phép todn
logic d6.
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30.

31.
32.
33.
4.

35.
36.
37.

38.
+ cac ménh dé:
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a) Chimg minh rang v, A vd — tao thanh mot tap hop diy di cia phép
todn logic.

b) Chimg minh rang v vd — (A va —) tao nén mot tap hgp day du cua
cac phép todn 16gic.

Ta dua vao phép todn 16gic méi NAND va NOR dugc dinh nghia
nhu sau:

X .Y XNANDY XNORY
1 1 0 0
1 0 1 0
0 1 1 0
0 0 1 i
Dé cho gon ta vi€t: X 1Y thay cho X NAND Y;
X 4 Y thay cho X NOR Y.

a) Chimg minh X | Y tuong duong logic véi XA Y .

b) Chiing minh X ¥ Y twong duong logic véi X v Y.

¢) Chitng minh X ¥ X tuong duong logic véi X.

d) Chimg minh (X 4 Y) { (X 4 Y) tuong duong logic véi X v Y.
Chimg minh {4} 1a tap hop ddy di cha céc phép todn logic.

Tim ménh dé tuong duong v6i X — Y béng cich chi diing phép todn {.
Ching minh X 1Y v Y | X 14 tuong duong.

Ching minh X 1 (Y | Z) va (X 1Y) 1 Z 1a khéng tuong duong (do d6 phép
toén | khong c6 tinh két hop).

Xdc dinh gi4 tri chan 1y clia vi tir mot ngoi P(x) 13 "x > 3" i x = 2 va
x=4.

Cho vi tir hai ngoi Q(x, y) 13 "x = y + 3", X4c dinh gi4 tri chan 1y cia
ménh dé Q(1, 2), Q(3, 0). '

Cho vi tr ba ngoi R(x, y, z) 1a "x + y = z". Xdc dinh gié tri chéan 1y cla
c¢dc ménh dé R(1, 2, 3) < R(©, 0, 1).

Cho vi tr P(x) 1a cau: "Tir x chita chit cdi a”. Xdc dinh gid tri chén 1y cha

a) P(Cam),
b) P(Quyt);
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39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

c) P(dang);

d) P(sai).

Cho vi tir Q(x, y) 12 cau "x 12 thit pha cha y". Xdc dinh gid tri chan 1y
clia cdc ménh dé sau:

a) Q(Ha Noi, Viét Nam);

b) Q(Bang Coc, Lao).

Chocaulénh: if x> 0Othenx :=x+ L.

Khi gap cau Iénh ndy trong chuong trinh, gid tri cha bién x ¢ diém do
trong qué trinh thyc hién chuong irinh s& dugc dat vao vi tir mot ngoi
P(x). tic 1a cau "x > 0". Néu P(x) diing véi gid tri nay cua x thi thuc
hién 1énh gdn x := x + |, tic 12 gid tri cha x tang lén 1; nguogc lai n€u
P(x) sai tai gid tri niy ctia x thi khong thyc hién 1énh gén x := x + |, tidc
gia tri x khéng thay déi.

Cho biétl gid tri cha x sau khi 1énh if P(x) then x := 1 dugc thuc hi¢n,
bict ring P(x) 1a can "x > 1" va gid tri cua x khi 16i cau 1énh nay la:

ayx =0,

byx=1;

cyx=2.

Dién dat cau: "T4t ca sinh vién & 16p nay déu da hoc gidi tich” nhu mt
lugng tir toan thé.

Cho P(x) 1a cau: "x + 1 > x". Xdc dinh gia tri chan ly ctia (Vx) P(x) trén
trudmg céc s thyc.

Cho P(x) 14 cau "x < 2". Xac dinh cdc gid tri chan ly ciua (Vx) P(x)
trén truong sé thuc.

Xéc dinh gid tri chan 1y cla (Vx) P(x) véi P(x) la cau: "x < 10" trén
tru(‘JrngIr cdc s& ty nhién khong vuot qua 4. _
Cho P(x) la cau: "x > 3", Tim giéd tri chan ly cta (EIx) P(x) trén truong
cdc s thuc.

Cho P(x) 14 cau: "x = x + 1". Tim gié tri chan 1y cua (3x) P(x) trén
trudng cic so thuc.

Cho P(x, y) v6i cau: "x + y = y + X" trén trudng s6 thuc. Xéc dinh gid tri
chéan ly coa (Vx) (Vy) P(X, y).

Cho Q(x, y) la cau: "x + y = 0" rén trudng sé thuc. Xic dihh gia tri

chéan 1y cua (Jy) (Vx) Q(x, y) va (vx) (Jy) Q(X, y).
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49. Cho Q(x, y, z} la cau: "x + y = z" trén trudng s6 thuc. Xdc dinh gia tri

 chanly cla (Vx) (Vy) (32) Q(x. y, z) va (3z) (Vx) (Vy) Q(x, v, 2).

50. Bicu dién cau: "Moi ngudi dén c6 chinh xdc mot ngudi ban rat (6"
thanh mét biéu thic 1ogic.

51. Biéu dién cau: "Néu mét phu nit nao d6 da sinh de, thi ngudi dé 1a me
‘cia mot ngudi ndo d6” thanh mot biéu thite logic.

52. Cho P(x) 1a cau: "x hoc & 16p hon 5 gid méi ngay trong tuan” trén
trudng cac sinh vién. Hiy dién dat cdc luong tir sau thanh cau thong
thudng:

a) (3x) P(x);
b) (Vx) P(x):
¢) (3x) P(x):
d) (vx) P(x).

33. Cho P(x, y) la cau: "x dd hoc mén y" véi trudmng ciia x I tap hgp tat ca
sinh vién trong 16p, con trudng cla y 1a tap t4t ca cdc mon Tin hoc cia
khoa d& quy dinh. Hay dién dat cdc lugng tir sau thanh cau thong thudng:
a) (3x) 3y) P(x, y)

b) (Fy) (Vx) Px, y).

54. F(x, y) la cau: "X yéu y", v6i x v y cho trén trudng 1ap hgp moi nguoi
trén thé gidgi. '
Hay dung céc lugng tr dé dién dat cdc cau sau:
a) "Moi nguoi déu yéu Jerry";

b) "Moi ngudi déu yéu mét ngudi nao dé";

©) "C6 mot ngudi ma 1at ca moi ngudi déu yéu";
d) "Khong c6 ai yéu tat ca moi ngudi™; ,
¢) "C6 mot ngudi khong ai yéu”.

55. Cho P(x), Q(x) va F(x) la cdc cau tuong ing sau: "x 12 gido su"; "x 1k ké
ngu ngdc” va "x 1a ké vo tich sy”. Bang cach ding céc luong i, céc lien
ur logic cang véi P(x), Q(x), F(x) dé dién dat cic cau sau trén trudmg tal
ca moi ngudi: '

a) "Khong c6 gido su ndo 1a ké ngu ngdc";
b) "Moi ké ngu ngdc déu 12 vo tich su™
¢) "Khong ¢é gido su nao 12 vo tich su".
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56.

57.

58.

59.

60.

61.

62.

Chimg 16 ring cong thic (3XHYy)P(x,y) ¢6 cling gid tri chan 1y véi
cong thite (¥x) 3y) P(x.y). |
Chiimg 6 rang (¥x) P(x) v (¥x) Q(x) va (¥x) (P(x) v Q(x)) {a khong
tuong duong 1ogic; con (Vx) P(x) A A va (Vx) (P(x) A A) la tuong
duong logic, véi A 1 ménh de khong ¢6 phép 1odn luong tir.
Chimg 16 ring (3x) P(x) A (3x) Q(x) va (3x) (P(x) A Q(x)) la khong
tuong duong logic.
Xic dinh gid tri chan 1¥ cla cdc cong thic:
a) (3x!) P(x) = (3x) P(x);
b) (Vx) P(x) — (Ixh) P(x);
) (Ax!) P(x) > (VX)P(x).
o) ddy (Ix!) P(x) 1a ky hiéu ménh dé: "Ton tai duy nhat mét x sao cho
P(x) la ding" trén trudng céc $6 nguyén.
Cho cong thic 1ogic vitir
A = (VXP() A (YXQ(X) v (3X) P(x) v (3X) (Q(x) & P(x)))

S (X =Y AL)->X)
Hay thuc hién cdc bude bién déi tuong duong logic sau:
Biege 1o Khi phép toan —:
Bitge 2: Dua dau phtt dinh (—) vé dang chi lién quan truc ti€p t6i cde vi
tir P(x), Q(x) va F(x).
Bitge 3: Dua cée dau luong tir ¥, 3 vé trudecong thiic;
Bude 4 Dua phan cong thire dfrhg sau cic lugng tir 3, V nhan dugc
trong budc 3 vé dang tuyén cha cac HSC (hdi clia cde TSC) ma trong
HSC (TSC) gém cdc vi tir P(x), Q(x) va cac bién ménh dé X, Y, Z cling
phu dinh cta nd.
Cho cong thie 16gic vi tu
A = (VOP(X) v (YXQ) v 3XP(X) v @x)HQ(X) A P(x)))

2> (X = (Y > X))

Tim DCTT va DCTH cua cong thiic A.
Cho cong thic logic vi tix

A = (V)P A(VX)Q(X)

S ((FOFX) v 3xQX) v P v (X = (X - X))
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65.

66.

67.

Hay thuc hién cdc phép bién déi tuong duong déi véi Long thiic A nhu sau:
Brioe £: Kint phép todn —;

Bree 2 Pua ddu pha dmh vé truc uép t8i cac vi tir P(x), Q(x), F(x) va
cdc bién ménh dé X;

Bite 3: Pua céc lugng tir ¥, 3 vé trude cong thic;

Biroc 4: Phan cong thitc dimg sau cac luong tir ¥, 3 hdy bién déi vé
DCTH va DCTT.

. Cho cong thic 16gic vi tir

A = ((VX)Px) A (VXIQX) V(X = (Y = )
= ((FXR(x) v FR)F(x)) = (VXHQ(X) v F(x) v R(x)))
Tim cong thdc ong duong logic cia A 12 A, trong d6 A' khong cdn
phép kéo theo va dau phu dinh chi lién quan tryc tiép t6i céc vi tir P(x),
Q(x). R(x), F(x) va cdc bien ménh dé X, Y, Z.
Céc s6 dicu hoa H, (k = 1, 2, 3. ...) dugc dinh nghia nhu sau:
HI\': l-i--l-+—l-+...+i
2 3

Diung phuang phdp quy nap toén hoc, ching minh ring:
qu =21+ g (n la s& nguyén khc‘)ﬁg am).

Dung phuong phdp quy nap todn hoc chi ra ring: Néu A ¢6 n phdn tir thi
S0 cdc tap con cia A 1a 2" (n 2 0). . _
Dung phlrong phap quy nap todn hoc chitng minh cOng thic De Morgan

ﬂA “UA, va UA ﬂAi

i=)

Gia st n la mot s6 nguyén duong. Mot ban cd hinh vuong ¢6 méi chiéu
bang 2" don vi va bi bd di mot 6 vuong. Chi ra rang c¢6 thé lat ban c&r d6
biang cdc mi€ng hinh chit L (gém ba hinh vuong don vi) nhu hinh vé
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68. Chimg minh cdc dang thitc sau day:

nin+1)(n+2)

a)12+23+ . +nn+ )= véimoin > 1.

by 123 4234+ _+n(n+ 1) @+2) =207 D(n+2)(0+3) i o

4

nzl1.
69. Chiing minh déng thitc

vaimoin = 1.

b, n(n+1@n+1)3n’ + 3n'— 1)
>t -
=1 30
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Chuong 6
HE TOAN MENH DE

Trong phén dai s6 meénh dé, ta da nghién ctu cdc menh dé hoac diing,
hoac sai, ma khong xét dén noi dung cling nhu céu tnic ca ménh dé. Trong
thuc t€ ¢4 nhi€u tap hop, ching han tap cdc ham dai s6 logic cling ¢6 nhing
tinh chat nhu trong dai s6 ménh dé. Vi vay, 1a nghién ciiu ménh dé mot cach
16ng qual hon. Mot trong céc phuong phdp d6 1a phuong phép tién dé hoa.

Ching ta s¢ thay phuong phap tién dé hod con duoc sir dung trong nhiéu
linh vue khéc, dac'biét ngudi ta sir dung phuong phip tién dé hod d¢ phan
foal, tim ki€m thong tin va 1ap bang mi cho cac thong tin di dugce phén loai
dudi dang cay nhi nguyén.

Cédc mon 1y thuyét duge nghién ciu va xay dung theo trinh ty sau day:

1) Bua ra cdc d6i tugng nghién ciu. '

2) Xay dung hé tién dé.

3) Xay dung cdc dinh Iy,

Chang han, mén hinh hoc Oclit:

~ Doi twong nghién ciu [a diém, duimg thing, mat phing, ...

— Xay dung cdc tién dé Oclit.

— Céc két qua cia mon hinh hoe Gclit.

C6 nhi¢u cdch xay dung h¢ hinh thic, tuy theo cdch chon céc doi tugng
nghién ciu. Nhumg hé hinh thic chi cé nghia khi né phit hop véi thuc (€.
Mudn vay hé hinh thitc phai thod man ba diéu kién sau:

1) H¢ hinh thifc 12 phi mau thuén.

2) He hinh thic 1a ddy di.

3) H¢ hinh thic 1a doc lap.

Khdi ni¢m v€ phi mau thudn, ddy du, doc lap s& dugc dinh nghia chinh
xé4c-© phan sau.

He hinh thitc ma ta nghién cttu dudi day 1a hé toan ménh dé.

® M6 hinh hé todn ménh dé

1) Chon ra mot tap hop dém duge cic ky hiéu ma ta s& goi 1a cac ky
hi¢u cha h¢ todn. Day hiru han céc ky hiéu dé6 goi 12 ménh dé. '



Phén 11. LOGIC VA UNG DUNG ' 141

2) Chon ra tap hop con cdc ménh dé ma ta goi la cong thuc cua hé todn.

3) Trong cac cong thikc cua hé todn ta chon ra mot 1ap hop con cac cong
thitc va goi 1a cac tién dé cha h¢ todn. '

4) Xay dung quy tac din xudt.

Viec xay dung hé todn ménh dé duge thuc hién theo bon budc trén.

§1. HE TOAN MENH DE

1.1. Xay dung hé fodn ménh dé

Ta xay dung hé todn ménh dé theo trinh tu moé ta ¢ trén.

1.1.1. Cdc k¥ hiéu diing trong hé todn ménh dé

1) Céc chit X, Y. Z (d6i khi ca s6) diing chi cdc ménh dé so cap.

2) Céc ky hiéu v, A, —. — dung chi cac phép toan hoi, tuyén, phu dinh,
kéo theo tuong ung.

3) Ky hiéu "(", )" goi 1a ddu md ngodc va diu dong ngoac.

4) Céc chit A, B, C, D, K (d6i khi ci chi s6) ding dé chi cac cong thiic
cia hé toan.

Hé toan ménh dé chi gém nhimg ky hiéu trén, khong con nhimg ky hiéu
nao khic.

1.1.2. Pinh nghia cong thirc cua hé todn

Cong thitc trong h¢ toan duge dinh nghia dé quy nhu sau:

1) Mbi ménh dé so cap 1a mot cong thirc.

2) Néu A, B la hai cong thiic thi ddy céc ky hiéu (A A B), (A v B), (E) ,
(A — B) ciing 1 cic cong thiic. P& cho gon doi khi ta vi€t A v B thay cho
(A v B). :

1.1.3. Cdc tién dé ciia hé todn ménh dé

Ta chon nhém céc cong th#: sau lam tién dé cla hé todn ménh d¢:
1 a) (A > (B—>A))
B (A>B->CH>{(A->B)> (A M
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a) (AAB)Y—> A)

(2) b) (A AB)— B)
OA->B)»((A->C)>(A->BACH)
a) (A > (AvB))

(3) b) (B> (AvB))
AA->C) > ({(B->C)—>({(AvB) > O))

a) (A > By > (B — A))
@ b)) (Ao
) (A —A)

Pé cho gon 1a k¥ hiéu i(x) 1a tién dé x trong nhém i (i € {1, 2, 3, 4},
x € {a, b, c}).

1.1.4. Quy tdc dan xudt
Néu A va A — B thi B.

1.2. Cac dinh nghia trong hé todn ménh dé

1.2.1. Dinh nghia dinh ly

a) Méi tién dé 1a mot dinh 1.

b) Néu A vd A — B 1a céc dinh 1y thi B ciing 12 mot dinh ly.
Alamot dinh ly taky hicu la | A.-

1.2.2, Dinh nghia ddn xudt

Mot dan xuat t trong hé todn ménh dé 1a day cdc cong thifc A, Ay LA
trong d6 A, (i = Ln) hodc la tién dé, hoac truc ti€p suy ra tir cdc cong thic
dung trude nd theo quy tic dan xuat. _

Tir dinh nghia dan xuat doi khi ta con dinh nghia dinh 1y nhu sau:

Cong thitc A trong h¢ todn ménh dé duge goi la mot dinh 1y néu @6n tai
mét dan xudl trong hé todn ménh dé ma cOng thic cudi cling trong dan xuat
dé la A. N6i cdch khéc, n€u A 1a mot dinh 1¥ thi t6n tai day cac cong thic
A Ay, L A=A trong d6 A, (i = G) hodc 12 tién dé, hoac suy ra tir cong
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thic ding trudc né theo quy tdc dan xudt. Ngudi ta thudng goi day A,
A,, ..., A, la mot chimg minh cta A.

1.2.3. Pinh nghia ddn dugc
Cong thic A goi 1a dén duge tir cdc cong thirc Aj, A,, ..., Ay (kY hiéu
AlA, LA | A) néu tén tai ddy cac cong thic B), B,, ..., By, = A, wong

d6B,(i=1,2,...,myhoac A;(j=1,...n)suyra tir cong thite ding trudc no
theo quy tic dan xudt.

Day B,, B,, ..., B, duoc goi la mot dén xuét cia A.

Chit ¥: Tir cac dinh nghia trén ta suy ra:

a) Méi tién d¢ 1a mot dinh 1y.

b) Néu A, B 1 céc cong thic ma B A thi B | C khi va chikhi A }C.
¢) Ban than A dan duoc tir chinh n, hay A | A.

1.3. Mot $8 vi du vé dinh ly

Vi du 1: Ching minh céng thic (A > B) = (A > A) la mét dinh 1Y,
hay HA—)B)—)(A—)A).

Gidi:
That vay, theo 1(b) ta cé:

LA > (B> A)— (A->B)>(A—>A) (n
Theo 1(a) ta ¢cé: | .

FA > B A) )

Tix (1), (2) theo quy tic din xuat ta c6 diéu can ching minh la:
A > B> (A—>A).
Vi du 2: Chitng minh | (A A B) > (B A A).
Gidi:
That vay, theo 2(c) ta cé:
L ((A A B) » B) > ((A A B) > A) > (A A B) > (BAA)) (1)
Theo 2(b) ta cé: '
L(AAB) B (2)
Tir (1), (2) theo quy tac din xuat thi
| (A AB) = A) > (AAB)—> (BAA)) 3)
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Tir 2{a) 1a co;
FAABy—> A

Tur (3) va (4) theo quy tdc dan xual ta ¢é:
HAAB)—>(BAA)

Vi du 3: Chiing minh |— AA.
Gidi:
That vay, do 4(a)

haa— a A)—)(A A)
Do 4(b)
aa— a)

- Tu (1). (2) theo quy tac dan xudt ta cé

FASA.

(4

(1)

(2)

§2. CAC TiNH CHAT CUA HE TOAN MENH BE

Dinh Iy I:
Néu AL A, LA, LB,
AL Ay u A, FB,

Ap Ay AL |B,
vi BB, ..B, FAthiAL A, ., A, |A.

Chitng minh: Theo dinh nghia din duge thi tr (1), (2), ...

cdc day cong thilc:
c, ¢, ... c0 =,

cly, 2, Cm = B,.

SN & N LS

r P’

(1)
(2)

(p)

, {p) ¢6 tén 1ai



Phén 11. LOGIC VA UNG DUNG 145

trong dé ka) hoac 1a tién dé, hoac la A;(=1,2, .., m), hoac suy tr cac
cong thic ding trudc né theo quy tic dan xudt. Mat khédc, theo gia thiét
By, B,, ... B, | A nén tén tai day cac cong thue C{**"?, CPP*, P = A

’ e+l
g day CEPH} hoic 1a tien dé, hoic 1a Bj (=1, 2, ..., p), hoac suy tu cong
thitc ding trude nd theo quy téc dan xuat. '
Ghép p + 1 céc day trén ta duge day:
1 t N _ 2) 2 2) _
Cy), €y .. € =B G, G50, cg; =B,,

(P ~(p} (p) — (p+1) ~(p+l) (p+i} _
CP.C, ... € =B, CPV, CP™V,.CP D =A

2 mot dan xudt cia A tir A}, A, ... Ay hay A, A, ..., Ay, | A Dinh 1y dugc
ching minh.
Pinh Iy 2: Néu A}, Ay, .. A, FA, — BthiA}, Ay, ..., A, A, FB.
Chiimg minh: TU gia thiél c6 t6n tai cac cong thic B,,B,,..B,=A, =B,
trong d6 B, (i=1,2, .., m) hoac latién dé, hoac 1A A; (i=1,2,...,n - 1),
hoac suy tir cdc cong thifc ding truée né theo quy tic din xuat.
Xét day BB, .. B, A, B H
Ta chi ra (1) 13 mot dan xudt cua B tir A, A,, ..., A,. That vay, B,, B,,

. by, A, hoac 12 tién dé, hoac 1a A, (i = 1, 2, ..., n), hoac suy tlr cic cong
thic ding trude né theo quy thc dan xuat.

© Vay chi cdn xét thém B, Ta cé
B, A, | By,
B A, | A,
(do chii y trong muc 1.2.3).
ViB,=A,>Bnéntacé B, A, } A, > BvaB,, A, }A,. Tirdoé theo
quy tac dan xudttacé B_, A |— B hay B suy ra tir cong thic ding truée né

theo quy tic din xuét. Tém lai day (1) chinh 12 mot din xuét cha B tir
Ay, A, ..., A hay AL A, .., A, | B

Binh ly duge chimg minh.
Pinh Iy 3: Néu F D thi | A — D, &day A Ia cong thic bat ky.
Chitng minh: S dung tién dé 1(a), quy tac dan xuat va gia thiét.

10-TOAN ROI RAC
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Dinh Iy 4: N&u A la mot cong thite bat ky thi ta luon ¢6 ‘»A - A.
Chitng minh: Ta lan lugt ¢é:
FAS (A A 5 A)) (A (A AN > (A A) (1) do L(b)

FA = (A= A) > A)) (2) (do 1(a)).
Tir (1). (2) theo quy tac dan xudt ta ¢é:
A S (A AY (A A) - (3)
Mat khac theo 1(a) thi:
b Ay )

Tir (3), (4) theo quy tdc din xudt ta cé cong thiic can chimg minh la
I A = A. Dinh Iy duge ching minh.

Binh Iy 5: (Dinh 1y suy dién)
NEuA; Ay ... Ay FBINAL A, . A FA, »Bm>1),
Clumg minht: Quy nap theo dinh nghia dan duge clla Btir A, A,, ., A
— Néu B 1a mot tién dé thi | B (chd ¥ trong muc 1.2.3).
Theo dinh 1§ 3 thi | A, — B. Theo dinh Iy 2 va 3 ta ¢6
A, Ay ou A FA, - B

— Néu B la mét trong céc cong thilc A, (i= 1, 2, ..., n - 1) thi ta ciing c6:

n-

Ay, Ay, ., A,y | B (chi § trong muc 1.2.3) (1)
Theo 1(a) thi |— B — (A, — B) hay
A Ay A B (A, - B) (2)

Tir (1), (2) va quy tic dan xual ta cd;
AL Ay on Ay FA,—B. -
Truomg hop B = A thi do dinh 1y 4 ta c¢é: F A, — B vivay ta cling ¢é
ArAz Ay FA, > B

— Gia st B' va B — B ¢06 tinh chit sau:

AL Ay AL A, - B (3)
Vi ALAL LA A, > (B 5 B) (4
Ta ching minh: A, A, ., AL }» A, — B.

That vay theo 1(b) ta ¢6:

AL Ag e Ay A, = (B 5 BY) - (A, > BY > (A, > B)) (5)
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Tix (4), (5) theo quy tic dan xuat thi:
Ap Ay A A, > BY > (A, 5 B) (6)

Tir (3), (6) theo quy téc din xuat thi A,, A, .., A, } A, > B. Dinh Iy
duge. chitng minh.

Hé qud: NEwA | Ay, ..., A, FBthi }A, & (A, 5. (A, > B)...).

Ap dung dinh 1y suy dién n lan. .

Dinh Iy 6: (Quy tic bac cdu)

Néu lA—>Bwa|BoCthilAscC

Chitng minh: Tit | A — Btheo dinh 1y 21ac6 A } B.

Tuong tu tiy |-B—> Craciingcoé B ]—C.

Theo dinh 1y 1 thi A | C va dp dung dinh 1y suy dién ta cé: | A ~> C.

Dinh1y7: | Ava | Bkhivachikhi | A A B.

Chiing minh:

Diéu kién cdn. Gia st |~ A va |— B. Lay cong thic D sao cho I— D. Theo
2(c) thi

F(D— A)— (D - B) > (D (A A BY) (1)
nhung do } A nén theo dinh 1y 3 thi

D> A 2)
T (1), (2) theo quy tic din xuat ta c6:

F(D — B)— (D - (A A B)) 3)
Vi F Bnén | D — B(dodinh 1y 3) | (4)
Tir (3} va (4) ta lai ¢6:

I D (A AB) (5
Mat khac: | D TS,

T (5) va (6) tacé: F A AB. |
Diéu kién dii: Gia sit | A A B, theo 2(a) thi

FAAB)—> A _ (7N
vit theo 2(b) 1a ¢6 :
F(AAB)—>B o (8)

Tir gia thiet va (7), (8)tacé | A va | B.
Dinh 1y duge ching minh.
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Binh Iy 8: (Hoén vi gia thiét)

Néu } A > (B - C)thi | B> (A - O).

Chimg minh: Tt } A - (B > C) theo dinh Iy 2 thi A | B — C hay
A,B |} C. Ta ciing c6 thé viét B, A | C. Ap dung dinh ty suy dién 2 14n ta c6:

B> (A Q).

Dinh nghia I1:

1) K goi la cong thic sai trong hé todn ménh dé néu | K.

2) D goi la cong thic ding trong hé todn ménh dé néu l— D.

Dinh Iy 9: Néu K la cong thic sai va A 1a cong thic bat ky thi l» K—A.

Chimg minh: Theo 4(a) thi

A —>K) - K-> A) )
Vi |~ K nén ap dung dinh 1y 3 ta ¢é:

Fa-K | )
Tu (1), (2) theo quy tdc din xuat thi

LK >A | 3)
Theo 4(b) thi

IK - K . @)
Tir (3), (4) theo quy tic bac cdu ta c6:

_ |—K - X (5)

Theo 4(c) thi

LA A | ®)

Tix (5), (6) tac6é |} K — A. Dinh 1§ dugc chimg minh.

Binh ly 10: (Quy tac ghép gia thiét)

Néu fA > (B> Othi HAAB 5 C

Chitng minh. Theo 2(a) ta cé: |- (AAB)> A. Ap dung dinb iy 2 ta cé:

AAB LA | (1)
Theo 2(b) ta c&: ]- (A A B) > B. Ap dung dinh 1y 2 ta cé:
AAB|B (2)

Tir gia thiét | A - (B > C). Ap dung dinh Iy 2 ta c6:
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A.BlC . 3)
T (1), (2), 3) vadodinh 1y 1 tacé: \

A AB |C, hay |-(A A B) = C (suy tir dinh 1y suy dién).
Dinh ly 11: (Quy tdc tach gia thiét) .
Neu F (AAB) > Cthi FA— (B> C).

Chitng minh: V1 i— A-» (B> (A AB)nénidp dung hai ldn dinh 1y 2
ta ¢o:

A.B}AAB (D)
Ap dung dinh 1y 2 cho gia thiét ta c6:
AAB}C | 2

Tur (1), (2) va theo dirh 1y 1 ta c6:
A, B | Chay | A - (B - O) (do dinh 1y suy dién).
Dinh Iy 12: VGi moi cong thitc A va B ta ludn ¢6
ArA)>B
Chiimg minh. Suy 1 dinh 1§ 9, vi A A A 1a mot cong thic sai,

Dinh Iy 13: N€u A, A, la hai cong thic sao cho |- A - A2 thi ta ¢6
cac truong hop sau:

a) F(A, AA) > (A, A A)

b) F(AAA) > (AAA,)

o) LA, vAY 5 (A, v A)

dlAavA)->AvAy

e) A, > A (A - A)

HDEHA-SA)>AAY

Chimmg minh: Trudc hét ta chimg minh hai bé dé phu sau day:

BSdé1: A —> (BAC)khivachikhi FA—>BvafAC.

Chitng minh:

Diéu kién cdn: Giast FA > (BAC) | (1)
Theo 2(a) thi IBAC)>B )
Tix (1), (2) 4p dung quy tic bic cdu ta cé: |» A - B.

Theo 2(b) thi FBAC)>C (3)
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Tir (1), (3) theo quy tic bac cdutacs: A - C ' (4)
Diéu kién dii: Gia st } A —> Bva | A — C. Theo 2(c) thi
F(A—>B) > (A—>C) - (A->BAQ) 5

Tir gia thiét va (5) theo quy tic dan xudt ta ¢6; |— A= BAQ.
Bé dé duoc ching minh. ,

Bddé2: | (AvB) > Ckhivachikhi fA—>Cva B> C
Chimg minh:

Diéu kién cdn: Giast F(AvB)»C (1)
Theo 3(a) thi FA > (AvB) Q)
Theo 3(b) thi LB—>(AVB) (3)

Tir (1), (3) va theo quy tic bic cdutacé: F B - C.
Tir (1), (2) va theo quy tac bic cdu ta cé: |—A - C.
Diéu ki¢n dii: Gia sit f A — C va |} B — C. Theo 3(c) thi

FHA-> O > ((B>0O - (AvB) > Q) 4
Tit gia thiét va (4), theo quy tic din xuat ta co:

FAvB)y—C.

BG dé duge chimg minh.
Bay gio ta chitng minh dinh 19.
a) Chimg minh: | (A, A A) > (A, A A).
D¢ ching minh a) theo bé dé 1 c4n chimg minh:

F (A AA) > A, (1)
Fa, ~A)-A (2)
G day (2) 1a hién nhién theo 2(b). Ta chi c4n chimg minh (1).
Theo 2(a) thi LA, A A) = A, (3)
va theo gia thiét ta c6: Fa, > A, @)

Tu (3), (4) theo quy tac bic ciu thi |- (A AA) > A,
Tur (1), (2) ap dung bb dé 1 1a cé:
F (AL AA) = (A, A A).
b) Ciing theo b dé 1 dé chiing minh b) ta cin ching minh:
FAAAA) > A (3)
FAAA)— A, (6)
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O day (5) 1a hién nhién theo 2(a). Ta chi c4n chimg minh (6).
Theo 2(b) thi LAAA) A, (7
va theo gia thiét |— A ;ﬂ\z (8)
T (7)va (8) tacd: F(AAA) A,
Tir (5), (6) theo bo dé 1 thi:
FAAAD) > (AAAY
c) Chimg minh: F(A, v A) = (A, v A)
Theo bd dé 2 thi dé ching minh ¢) ta can chiing minh:
LA, -5 A, vA)
A (A, v A)
Nhumg F A — (A, v A) suy tir 3(b).
Ta chiing minh ‘- A, = (A, v A) nhu sau:
Theo 3(a) thi | A; = (A, v A) va theo gia thiét thi | A} > A, Tudo ta
¢6 F A; = (A, v A) theo quy téc bic cdu.
d) Chitng minh: F(Av A)) = (AV Ay
Theo bé dé 2 dé chitng minh d) cdn chimg minh hai biéu thirc sau:
FA > (Av A,
LA, > (AvAy
Bidu thitc | A — (A v A,) hién nhién do 3(a).
Ta ching minh | A; = (A v A,).
Theo 3(b) thi | A, — (A v A,) va theo gid thiét | A| — A, ta c6:
LA, = (AvA,.
¢) Chimg minh: }(A, = A) > (A, = A)
Theo cau by thi F(A A A) = (A A Ay).
Thay A boi A; = Atacd:
LA, > A)AA > (A, > A)n A, (M
Theo dinh 1y 4 ta c6:
LA, & A) > (A, > A)
v diing quy tic ghép gia thiét ta dugc:
(A, > A)A A, > A (8)
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Tur (7), (8) theo quy tic bic cdu thi | (A, > A) A A, > A.
Lai tach gia thit ta c6: | (A, - A) - (A, - A).
f) Chiing minh: | (A — A}) 5 (A > A,)
Theo dinh Iy 4 thi | (A - A|) > (A > A,). Ghép gi thiét ta dugc
| FA>ADAAS A, (9)
Theo gia thiét thi | A, — A, va két hop vdi (9) ta c6:
FA > ApAA A,
Téach gia thiét ta dugc cong thic can chimg minh la:
FAa—-A) @A A)y.
Tém lai, dinh 1y duge chimg minh.

§3. DINH LY TUONG DUONG

Taky hiéu A ~ B qua (A — B) A (B— A). Theo dinh 1y 7 thi -
(A->BAB>A) )< FA>Bva B A.
Do dé ta ¢6 dinh nghia sau day:
Dinh nghia 2: (Dinh nghia tuong duong)
Néu |— (A - B} A (B > A) thi ta néi A va B la tuong duong nhau
- (k¥ hi¢u 1a A ~ B).
‘Ciing nhu vay, néu |— A - Bva |- B —> A thi ta n6i A va B la tuong
duong nhau. :
Chit y: Dinh nghia’tlrdng duong trén thoa man ba tinh chat:
1) Phan xa: Véi moi cong thifc A ta ludén cé A ~ A.
2) D6 xitmg: Néu A ~ Bthi B~ A,
3) Bac cdu: Neu A ~BvaB~Cthi A ~C.
Gia sir A 1a mét cong thic bat ky, X 1a mot ménh dé so cap. Thay X bdi
B
B trong A, két qua [a mot cong thifc ma ta ky hiéu la IA va duge dinh
X
nghia nhu sau:
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B
Dinh nghia 3: (Dinh nghia ky hieu [A)
X

Quy nap theo dinh nghia ciia cong thic A.
1) Néu A 1a mot ménh dé so cdp thi c6 hai kha nang sau day:

B
o A = X: Trong trudng hgp nay ta dinh nghia IA =B.
X

B
o Néu A # X : Trudng hgp nay ta dit IA =A.
X

2) Gia sir d6i v6i hai cong thic A,, A, di dugc dinh nghia phép th¢

B B
_[Al va J-Az twong Gng. Ta dinh nghia phép thé cho cdc cong thic:

X X
(A AADL (A VA (A DAY va (A1) nhu sau;
B B B
. fiarnag = fa; A [,
X X X
B B B
. Jiavay = Ja v ja
X X X
B B B
. fea,>a=[a - [A,
X X X

- B B
e Jan=ja
X X
Pinh Iy 14: (Dinh 1y vé tinh tuong duong)
Néu X 1a mot ménh dé so cdp; A, B, B, 1a cdc cong thiic bat ky thi

LB, ~B,) > [B_l[A ~ BJ%AJ.

Chitng minh: Quy nap theo dinh nghia cong thic A.
1) Néu A 12 ménh dé so cap, thi ¢é hai kha nang sau day:
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_ B, B,
*A=Xkhids [A=B va [A=B,.
X X -

Theo dinh 1y 4 ta ¢6:

B, B,
L (B, ~ B,) > (B, ~ B,) hay |-(B,~Bz)—>[IA~ IA]

By

o A # X, khidé jA=

X

X X
. By
A va j'A:A.
X

B, B,
Theo dinh 1y 4 thi | A —» A hay }( fa~ IAJ.

Ap dung dinh 1y 3 ta duge (B, ~ B,) — (

X X

)

X X

2) Gia sir ta chiimg minh duge cho hai cong thic A va A, e 1a ta da

chitng minh duoc:

| B, ~B,) -

F(B) ~By) -

B,
f-
X

3
=S

T'a cin ching minh céc truong hop sau:

4) |-(BI ~B,)—
b) L (B, ~B,) -
c) |-(B| ~ Bz) —>

B, B,
JA AA) ~ [(A AAy)
X

X
B, B,
faarvay~ [ vay
X X

B, 13,
Jiar > A~ Ja -4,
X X
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B By
d) | (B, ~By) —> [ A~ jA.}

X X
Clumg minh a) Dé chitng minh a) ta can s dung bé dé 1:
FA>®BACQ o fA>Bva|B-A
Theo gia thiét quy nap:’

B, B,
|'(Bi ~ By} — JA] ~ _[Al
X X
Ap dung b6 dé 1 ta cé:

I (B, ~B,) - [BjA] —)BiAl]

X X
Ap dung dinh 1y 2 ta cé: |
B, B,
B~B, } [A > |4 (1)
X X
_ B, B,
Theo 2(a) thi } (A, AA;)—> A hay
X X
B, B,
Bi~B, b {(A ~a)— [A (2)
) X X
Tir (1), (2) va quy tac bac cau ta ¢o:
B, B,
B~B, | [(A ~ra— {4 (3)
X X '
B, ' B,
Theo 2(b) ta c6: ¥ J(Al AAL)—> IAz hay
X X .
B, B,
B ~B, b [(AjnA)— fA, (4)
X X

Dob6 dé t thi:
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By

B,~B,)—> [ IAz”B_fAzJ

X
Do b6 dé 1 thi:
By

}(B,~Bz)—>[jA2—>BfA2].

X X
Thee dinh 1y 2 ta ¢6:

B, B,
B,~B, | _[Az** _[Az
X X
Tir (4), (5) va quy tac bic cdu ta cé:

B B
(B,~B,) } I(AIAAQ)@ jAz
X X
Tur (3), (6) theo b6 dé 1 tacé:
B B
B, ~B, J(A'IAAZ)—:» f(A,AAz)

X X
Hoan toan tuong tu déi vai trd gilta B, va B, ta ¢é:

(5)

(6)

*)

B B .
B, ~B, } i(Al/\Az)—) I(AIAAz) (**)

X X
Theo dinh 1y 7 tir (*) va (**) ta c6:

BI B2 82 Bl
SR FICTYREY (V] B OV Ve
X X ' X X

B, B,
hay B, ~ B, | I(A|AA2)“ J‘(Alf’\Az)-
X X

bén day 4p dung dinh 1y suy dién ta ¢ diéu cdn ching minh la;
B,

B,

X X

J
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: B, B,
Chimg mink b) | (B ~By) —>| [(A,vA,)~ [(A,vayl.
- X X

Trong phdn a) ta di chi ra cong thic:

B, - B
B, ~B, |' IAI_’ IAI (1)
X X ’
Theo 3(a) thi -
' : B, B,
B,~B, } [A > [(AvAy) (2)
X X
T (1), (2) va quy tic béc cu ta cé:
By B, - '
B, ~B, | _[Ai_’ I(AIVAZ) . ™)
X X
Chiing minh tuong tu nhu (*) ta dugc:
B, B,
B,~B, } [A, > [(A/vAy) SO
' X X
Tix (*) va (**) theo bd dé 2 tacé:
B, B,
B,~B, |} [(AvA) > [(AvAy) 3)
X X
Déi vai trd gilia B, va B, ta ¢6:
B B,
B,~B, } i(AlvAz)a [(a v Ay @)
X X

T (3) va (4) theo dinh 1y 7 taco:

B, B
B,~B, | I(A[VAz)’“ f(A;VAz),
X . X

Ap dung dinh 1y suy dién ta dugc cong thitc can phai ching minh la:

B, B, :
| B, ~By) > [ fearvan~ [, VAZ)}
X X
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B, B,
Jaa, > an~ Ja, —>A2)].
X

Chitng minh ¢} |— (B, ~B,) - [
' X

Theo gia thi€l quy nap ta ¢6:

B, B,
FB ~By > [A ~ _[Al]
X X

B, B, B, B,
hay LB, ~By—>| [A > jA,)A[ fa - IA]J (1)
X X X X

Theo b6 dé 1 tlr (1) ta co6:
B, By
LB ~By—| [A, > Al
X X

Ap dung hai l4n dinh 1y 2 ta dugc:

B, B,
B ~By [A, | [A )
X X
Mat khédc theo dinh 1y 4 ta ¢6:
B, B,
|— _[(Al —>Ay)— I(Al — Ay)
X X
- B, B, (Bl B,
hay )’{J‘Ai_’J‘Az}—’ JA,—)IAz].
X X Lx X

Ioan vi gia thiét 1a cé:
B, B, B,
F fa, —){I’(A] - AL) > jAz]
X X X
hay ta ¢6 thé viét
B, B, B, B,
B ~By [AF [a —>[ fiay>a)-> IAZJ (3)
X X X X

Tir (2), (3)1heo quy 1ac dan xual 1a ¢6;
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B, B, B,
B~ B, | A} [eA S Ay - J’A,
X X
Theo dinh Iy 2 tacd:
B, B, . B,
B~By. {A,. (A >An t [A, (4)
X X X
Theo gia thiét quy nap véi A, thi:
13, B, '
By~ (By) - JAz ~ j/\z]
X X
Theo bd dé | 1a ¢é:
}-(B )~ (By) > [ (A - J’AZ}
Ap dung hai lin dinh 1y 2 ta lhu duge:
B, B,
B~B.. [A,} [A, (5)
X X
B, B,
B ~B, [A. [(A >AD FB~B (6)
X X
T (. (5) va (6) theo dinh 1y | ta ¢&:
' B, B B,
B,~B. [A. [(A, >Ay | jA,
X X
B, B, B,
hay B, ~By [(A =>A. [A [,
X X X
bén day ap dung dinh 1¥ suy dién ta duoc:
B, B,
3~ Byk A > A [ia - Ay (7)

X X

Hoan toan tuong wr doi vai tro gida By va B, ta ¢o:
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B, B,
B~B, | (A, > A J(A > Ay (8)
X TX
Tu (7) va (8) theo dinh 1y 7 ta thu dugc:
B, B,
Bi~B, | [(A; > A~ f(a >4y
X X

Ap dung dinh 1y suy dién ta c6 cong thifc can ching minh la:

B, B,
| B, ~B,) — [ [ar>a)~ @, —>A2)J
X X

' B B
Chitng minh d) |~(BI~BZ)->[IA1 ~ IAI]‘
X X

Theo gia thiét quy nap ddi v6i A, ta cé:

B, B,
|—(B|~B2)—>[_[A,~ IA,] (1)
X X
Theo bé dé 1, tir (1) ta c6:
B, B,
HB,—-BZ)—>[IA,—> IA,J ()
X X
. Theo 4(a):
B, B, B, B, .
}-[IAI—-) IA,]%[IAla IAI] (3)
X X X X
Tix (2), (3) va quy 1ac bic cdu ta ¢6: .
| B, B,
I’(Bl“Bz)—){jAlﬂ* IAI] ‘ *)
X X :

Hoan toan tuong tu ta ¢6 :

B, B,
|-(B1~Bz)->(IX1 - IA]} (*¥*)

X X
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Tir (*), (**) va b6 dé 1 ta ¢6 cong thifc cin chimg minh 1a:

LB ~By > | [Ar~ fA,
X X
Dinh 1y duge chimg minh,

Dudi day ta ludn ky hiéu cong thitc dong nhat ding 1a D, cong thic
ddng nhiit sai 13 K, tic A taluon c6 FDva F K.
Pinh Iy 15: | (A ~D) ~ A.
Chiing minh: Theo dinh 1y 7 dé ching minh dinh 1y 15 ta cén chiing
minh hai cong thuc:
a) F(A~D)y— A,
b) FA - (D~ A).
Chimg minh a) Tac 1a ching minh
A D) A(Do A5 A ,
Theo 2(b) ta co: .
FA~D)> (D —>A) ()
Vi | D nén theo dinh 1y 3 ta cé:
D> A)>DhayD > A |D )
Mat khic theo dinh 1y 4 ta c6:
D> A) > D— A) 3)
T (3)tacd :
' Do>AlDoA 4)
Tir (2), (4) va quy tac dan xuat ta cé:
DA LA
Ap dung dinh 1y suy dién ta dugc: .
D> A - A - | (5)
Tu (1), (5) theo quy tac bac cdu ta duoc:
FA~D)—> A
Chitng minh b) Do | D nén theo dinh 1y 3 ta ¢6:
FAa->D - ()
Ap dung dinh 1y 3 cho (1) ta ¢6:
A - > D) )

11-TOAN RCH RAC
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Theo 1(a):
FAsD-oA) ' (3)
Tir (2), (3) va b6 dé 1 ta cé:
A= (D~A)
binh 1y dugc ching minh.
PinhIj16: F(A~K)~ A.
Chitng nanh: Theo dinh 1y 7 thi c4n chimg minh hai céng thitc sau:
a) F(A~K) > A.
b) FA = (A ~K).
Chitng minh a) Theo 2(a) thi
FA~K)->(A>K) M
Theo 4(a):
FA->K)> (K> A) @
Tir (1), (2) theo quy tac bac cdu ta cé: :
FA~K)> (K—>A) (3)
Hodn vi gia thié€t trong (3) ta c6: '
I K> (A~K)—>A) (4)
Vi |— K (5) nén tir (4) va (5) theo quy tic dan xuat ta cd:
FA~K)— A.
-Chitng minh b) Theo dinh 1¥ 12 ta cé:
|-A AA K
Téch gia thiét ta dugc:
|— A > (A -K)
Hodn vi gia thiét ta c¢é:
A 5(A—>K) *)
Theo dinh 1y 9 ta ¢6:
K —>A |
Ap dung dinh Iy 3 ta nhan dugc:
' A > (A~K)
Dinh 1y dugc chitng minh.
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Pinh iy 17:

D K
P [ fan IA} - (X ~'D) > A) A (X ~K) = A)).
X X

Chitng minh;
Theo dinh 1y tuong duong ta co:

B B,
L@, ~By—>| [a~ [A
X X
Trong cong thic nay ta thay B; bdi X va B, boi B ta duge:

F(X~B)—> {?AF-TA}

X X

Theo bé dé 1 thi tir cong thitc trén ta c6:

I X~B)—> E}A—-)T[A]
X X

B
hay +(X~B)—> J.A—->A1
\X

Ho4n vi gia thiét ta c6:

B
b [A > (X~B)>A) (1)
X

Trong cong thitc (1) thay B boi D va K ta duge:

D
A (x~-D)>A) (2)
X
K
A= ((X~K) > A) (3)
X

Mat khéc, do 2(a) thi

bagr
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Tir (2) va (4) theo quy tac bac cdu ta nhan duge:

D K
F[IAAJA}—)((X~D)~+A) (5
X X
Tuong tu tir 2(b) c6:
D K K
H janja|> fa (6)
X X X
D K
Congthiic  H [An [A|>(X~K)—A) (7)
X X

nhan duoc tir (3), (6) va quy tic bac ciu. _
Tir (5) va (7) dp dung bo dé 1 1a c6 cong thitc cdn chimg minh:

B K .
}[ jan IAJ—_)(((X ~D) > A)A((X ~K) > A)).
X X _
Pinh Iy 18:
|-(((X~D)*->A)A((X~K)—->A))—>(((X~D)->A)V((X~K)—>A))
Chitng minh. Theo 3(c) ta c6:
A5 O 5(BS>CO > (AVE) - O)
Ghép gia thiét trong cong thic nay ta duge:
FAA > O AB—>C) - (AvB)>C) (1)

Trong (1) thay A bdi X ~ D, thay B bdi X ~ K, C thay béi A ta ducc
céng thic can chimg minh. '

Binh Iy 19: Vi moi cong thitc A ta luon ¢6 |~A v K
Chitng minh: Theo 3(a) ta c6:

A (Av A) | W
Theo 4(a) ta cé:
FA>(AvA) > (AvA - A) 2)

Tir (1), (2) theo quy tic din xuat ta c6:
FAvA 5> A 3)
Theo 3(b):
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}K—»(AVK)“ _ (4)
va theo 4(a) t1a ¢6: '

F(A > (Av A)—> (AVA > A) (5)
Tir (4) va (5) theo quy tic dan xudt ta cé: .

L(AVA - A) ©6)
Theo 4(c) thi

LA > A %)
Tir (6), (7) ta cé:

FAvA —>A | @)
Tir (3), (8) theo bé dé 1 ta cé:

L(AvA) >AAA | )
Theo dinh 1y 12 thi

Fan A)y—>K (10)
Tir (9), (10) theo quy tic bic cdu ta c6: _

F(AvA)y>K (1D
Theo 4(a) thi |

L (AvA 5 K) > (K—>AvA) (12)
Tur (11), (12) theo quy tac din xuat ta dugc:

K> AvA (13)
Theo 4{(c) ta ¢o:

FAVA 5 (AvA) (14)
Tur (12), (14) theo quy tic bic céu ta c6: '

I K > (AvA) (15)
Theo dinh nghia cong thic sai thi | K (16)

Tir (15), (16) dung quy tic dén xuat tacé: | A v A.
Pinh Iy duge chitng minh. |
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Dinh Iy 20: | (X ~D)v (X ~K).
Chitng minh: Theo dinh 1y 15 thi

FX~D)y~X - (1)
Theo dinh 1y 16 thi |
Fx~K)~ X (2)
Tix (1) theo dinh 1¥ 7 ta ¢6:
I X > (X~D) (3)
Mait khac theo 3(a) thi
F(X~D) > (X~D) v (X ~K)) @)
Tir (3), (4) theo quy téc bic cau thi
X > (X ~D)v(X~K)) (5)
Tir (2) theo dinh 1y 7 ta ¢6 |
. |- X > (X ~K) (6)
Theo 3(b) ta c6 '
X ~K)> ((X~D)v (X~K)) - 7
Tix (6) va (7) theo quy téc béac cdu ta cé
I X > (X ~D)v(X~K)) )
Tir (5), (8) theo bé dé 2 ta duoc
X v X)> (X~D)v(X~K) €
Theo dinh 1y 19 thi ' '
, |—X v X (10)

Tir (9), (10) theo quy tdc din xuat ta cé:
F(X~D)yv (X~K)
Binh 1y duge chitng minh.
D. K _
Pinhly21: | IA A jA > A.
X X
Chitng minh: Theo dinh 1y 15 ta cé:

b K .
}([A A IAJ—>(((X~D)~+A)A((X~K)—)A))) ()
X X
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Theo dinh 1§ 18 ta ¢6: -
(X ~D) = A A ((X~K) > AN > (X ~D) v (X~K)) > A) (2)
Tir (1), (2) theo quy tic béc cdu ta cé:

D K
F[IAA].A]-*(((X~D)V(X~K))—+A) (3)
X X

Hoan vi gia thiét trong (3) ta dugc:
D

K
F((X~D)v(X~K))_>{[]'AAjAJ—»A] (@)
X X

Theo dinh Ly 20 thi
(X ~D)v (X~K) _ ' . (5)
Tir (4) va (5) theo quy tic dn xudt ta co:
D K
Fljaafai-a
X X
Pinh 1y duge chimg minh.

Pinh nghia 4: Gia sit A 12 mot cong thic bét ky, X, Xys oy Xy 12 céc

ménh dé so cdp. Ta dinh nghia béng quy nap ky hiéu l_[ A nhu sau:
X, X5-X,

K
en=1; Tadinh nghia [ JA = IA/\ JA.
X,

e Gié sif ta da dinh nghia cho n, tic lata dinh nghia [] A, bay gid
X X5 X,
ta dinh nghia cho n + 1 nhu sau:

=3 e

Ta chitng minh dinh 1y sau day:

Pinh Iy 22: k[ I A]_)A.
X)X

Chimg minh: Quy nap theon> 1.
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e n = I: Ta cdn chimg minh
D K
}-(HAJ—)Ahay Fifaa [a
X, ) X, X
Cong thic nay 1a ding do dinh 1y 21.
» Gia sir dinh ly ding vdi n, uic 1a di c6:

L[]‘[ AJ—)A (1)

X)X,

Ta chitng minh |-[ ]‘[ AJ
xl

n+l

That vay ta ¢é:
D K
gl T
Xl Xo0 XX X, 0 X
- 'Theo dinh 1y 21 thi

}?[]‘[AJA J'[ AJ—) A Q)

n+l

Tir (1), (2) theo quy tac bic céu ta co:

SR RN R S

n-tl

hay { I_[ AJ—)A

Dinh 1y duoc chimg minh.

Dinh ly 23: Néu A |a mot dinh 1y trong hé todn ménh dé thi A i cong
thirc dong nhat ding trong dai s6 ménh dé.

Ching minh: Gid st A 1a dinh 1y trong hé todn ménh dé, hay I— A. Ta
chiing minh A 1a cong thic déng nhét ding trong dai s6 ménh dé, hay F A.

Ta chimg minh | A theo dinh nghia, dinh Iy.
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e A la mot tién dé.

Trudng hop nay la hién nhién vi méi tien dé 1a mot cong thiic dong
nhat ding. ' ~

oNéu  Ava } A - Bthi | B.

Ta chi ranéu F A va f A - Bthi F B. Gia sit nguoc lai, B khong la
cong thirc dong nhat ding, tiic 12 ¢6 ton tai bd gid tri ding, sai sao cho voi
bo gid tri d6 thi B nhan gid tri sai. Vi A 1a déng nht diing nén véi bo gid tri
do A nhan gid tri ddng. Piéu nay ching t&6 A — B nhén gia tri sai trén bo gid
tri ding, sai d6. Piéu ndy mau thudn véi gia thit A — B la cong thic dong
nhat dung. Pinh 1y duge chimg minh.

§4. QUAN HE GIUA LOGIC MENH DE
VA HE TOAN MENH DE

Gia sir A 1A mot cong thidc trong hé toan ménh dé. A ¢6 thé 1a mot cong
thiic trong dai s6 ménh dé néu ta xem cdc bi€n s cap trong h¢ todn ménh de
14 cdc bién so cdp trong dai s6 ménh d€, nghia 14 ching nhan gia tri hoac
ding, hoac sai. Ngoai ra cac phép todn A, v, —, — ciling dinh nghia nhu
trong dai s6 ménh dé. Khi d6 méi cong thic trong hé todn ménh dé sé nhan
gid tri ding hodac sai theo cach tinh cta dai s6 ménh dé.

Trong cong thilc A clia hé todn ménh dé tién hanh phép th€ mdi bién
ménh dé bai cong thire D va K. Ta xem A nhu la cong thiic ctia dai s6 ménh
dé va th€ cdc bieén ménh dé boi gid tri ding hoac sai tuy thudc vao bién
ménh dé dé trong hé todn ménh dé nhan cong thitc D hay cong thic K. Néi
céch khdc, néu bién ménh d¢ trong A nhéin céng thic D thi trong dai so
ménh dé ta thay bién d6 bdi gia tri ding, cdn néu bién ménh dé nhan coéng
thic K thi trong dai s6 ménh dé bién d6 dugc thay boi gia tri sai. Khi dé
cong thitc A trong dai 56 ménh dé€ nhan moét trong hai gid tri diing hoac sai.

B
Ta da dinh nghia ky hiéu IA' (thay X bdi B trong A).
X
GG,
Bay gid ta dinh righia ky hiéu md rong j A
Xp..X

n
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Dinh nghia 5: Gia sit A 1a mot cong thic; A, X,, ..., X|, 1 cac ménh dé
so ¢ap; By, B,, ..., B, 1a cic cong thic nao do. .

Lay céc cong thitc Y}, Y,. ..., Y, sao cho céc cong thic nay khong ndm
trong céac cong thirc B, B,, ..., B,.

Ta dinh nghia ky hiéu mé rong trén nhu sau:

Y,..Y, Y, [ Y., Y,
J a=f{ [|-.] fal-
XX, Xo\ Xpo X
Tiép theo ta dinh nghia:
B,..B, Bo[ B, B,
I A= I I IA
Yp.Y Yol Yoo Y,
Cudi cing ta dinh nghia:
B,..B, B,..B,{ Y,..Y,
[a= 1T A
Y,..Y Y)Y, \ XX,

Ta c6 dinh 1y sau vé quan hé gilia hé todn ménh dé va dai s6 ménh dé.
Dinh Iy 24: Gia sir A la mét cong thiic; §,, 3, ..., 8, 1a bo gid tri T, F,
oday 8, € {T.F} (i= I,-ﬁ ). Lay cdc cong thitc G, G,, ..., G, sao cho
_|Dnéud =T
" {K néu &, = F
Giasir X, X, ..., X, 12 cdc ménh dé so cap trong A, cho cdc ménh dé so
cap nay nhan bo 8,, 8,, ..., §, twong img.
Khi dé:
e Néu A (trong dai s6 ménh dé) nhan gi4 tri T thi trong hé toin ménh
déracé
] n
[ Al~D.
X;.. X,

* Néu A (trong dai s6 ménh dé) nhan gid tri F thi trong hé 104n ménh dé
ta co
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Chitng minh: Quy nap theo dinh nghia cong thirc.
1) A Ia cong thitc so cip, khidé A= X, (i= Ln)tacé

Gy..Gyp
|‘ _[ A =G,
Xy Xp

G,..G

]... n
Khi thay X, bdi 8, ma 8, =TthiG,=Dhay | [ A=D.
‘ XX,
G,.G,
Vi}D~Dnen}| [ A|~D,connéusd =FthiG=K:
\XI" Xn
G,..G,
ViK~Knén|| | A}~K.Vaytrudng hop nay la ding.
xl.“x ) :

2) Gia sir dinh 1y da diing vdi cac cong thic A, A,. Ta ching minh né
cling ding v4i cdc cong thiic (Af), (A, v Ay), (A} A Ay (A = Ay).

Pé cho gon ta ky hiéu X thay cho (X,, X,, .... X)), con G thay cho
(G,, Gy ... G,). , |

a) Xét (Ap). - .

Ta chiing minh khi X, nhan gi4 tri & vi néu A nhan gié tri T thi
G_
L IAI ~D
X

Con néu A1 nhén gié tri F thi L(]’KI ~K.
X
Xét cdc truong hop sau:
Triwong hop 1: Khi A1 nhan gia tri T thi A, nhan gia i F.
Theo gia thiét quy nap véi A thi

G
FfAa ~x (1
X .

Theo dinh 1¥ 7 thi wr (1) ta cé:
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G
Ffa~x @)
_ X .- .

Theo 4(a) thi

X X

G G __
}[ IAI - J-AIJ (3)
Tir (2), (3) theo quy tac dn xudt ta ¢6:
J— G_.._
|— K - IA[ : (4
X
Mat khac tir (1) theo dinh 1y 7 thi

G
FK - [A, 5)
X

Lai theo tién dé 4(a) ta c6:
G ¢
|~[K—>IA,]—){IA|—>K] (6)
X X
Tir (5), (6) theo quy tac din xuat ta ¢d; |
. o
LA -k (7)
X
-Tu (4), (7) va dinh 1y 7 ta cé:

FfAar~K | (®)
X.
VifDvi|Knen}K ~D (9)
T (8), (9 ta cod:

G
I _[Al ~ D (do quan hé bac cdu).
X

Triong hop 2: Khi A nhan gid tri F thi A, nhan gid i T.
Theo gia thiét quy nap thi:
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G
LA ~D L)
X ' '
Tir (10) theo dinh 1y 7 ta cé:
G
A —»D - (1)
J |
G
va }Do A, | | (12)
X
Theo 4(a) thi

1—[(]';\1 —aDJ—a[ﬁ—)(jlxl] | | (13)

X X
G G _ '
va |— D> J-A, - jAl —>D (14)
X X .
Tir (11), (13) theo quy tic dan xuit ta cé:
JR— G—-——
D - Al (15)
X

Tir (12) va (14) theo quy tic din xuat ta cé:
G_ J—
F[AI->D (16)
X
Theo dinh 1y 7 thi tir (15), (16) ta c6:

i |
LA ~D (17)
X

Mat khdc | D ~ K (18), nén tix (17), (18) ta suy ra
G

|—jK|~K.

X
b) X6t A, v A,

Triwong hop [: Gia st A v A, nhan gia tri T thi it nhdt mdt trong hai
cong thic nhan gia tri T. Gia su A| nhan gia tri T.
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Theo gia thiét quy nap thi
G
LA ~D ‘ (1)
X
G
Ta can chira |— I(A, vA,)~D.

X
Tiur (1) theo dinh 1y 7 ta cé:

G |
FD— [A, (2)
X
Theo 3(a) thi
G G
A - jiavay) - (3)
X X
Tir (2), (3) theo quy tac bic cdu ta c6:
G
FD > fa,va,) (4)
X
Vi } D nen theo dinh 1y 3 ta c6:
o |
L fa,va) »D (5)
x

Tix (4), (5) theo dinh 1y 7 ta cé:
' G
b ja vay) ~D.
X
Truong hop 2: Gid sit A| v A, nhén gia tri F, diéu nay chimg 16 ca A, va
A, déu nhan gid tri F.

Theo gia thiét quy nap thi

G
|'_[A1 ~K (6)
X

G .
va | [A,~K 7
X
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Tit (6), (7) theo dinh 1y 7 1a ¢6:

o |
LA K ' (8)
X
G .
va | A, oK 9
] |
Tir (8), (9) theo bd dé 2 thi

G
F A vay =K (10)
% .
Vi }K nén theo dinh 1y 9 1a c6:

G
FK > [ vAy) (11)
x .
Tir (10) va (11) 4p dung dinh 1§ 7 ta ¢6 cong thic cin ching minh la:
G
bfavay ~K.
X
c) Xét A, A A,

Truong hop 1. Gia sit A; A A, nhan gié tri T, khi d6 A, va A, cing nhén
gid tri T. Theo gia thiél quy nap thi:

G .
} A, ~D (1)
X
G
v |[a,~D 2)
X .
Tir (1), (2) theo dinh 1y 7 ta cé:
G
[D > A, B
X
G
v Do [A, _ ©
X

Tix (3), (4) theo bd dé 1 ta c6:
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G
FD > f(a, A4y ] (5)
: :
Vi } D nén theo dinh 1§ 3 ta cé:
G
F A ~A) »D (6)
X

Tix (5), (6) theo dinh 1y 7 ta cé:
G
F A Aay) ~D.
X

Truong hop 2: Gia st A; A A, nhan gid tri F, khi d6 it nhat mét trong

hat cong thiic nhan gia tri F. Chang han A, nhan gi4 tri F.

Theo gia thiét quy nap thi

G
Fja ~K %
N .
Tir (7y do dinh 1y 7 ta ¢o:
G
Fa -k : (8)
X
Theo 2(a) thi
G G
FfarAay) - [a (9)
X X :
Tu (8), (9) theo quy tic bac cdu ta cé:
G
F a8 K | (10)
X

Do HE nén theo dinh 1y 9 ta ¢6:
G
K - J(AIAAZ) (1)
X

T (10), (11) ta nhan duoc

G |
L [(A) AAy) ~K (do dinh 1y 7).
X
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d) Xét A — A,

Truong hop 1: A| > A, nhan gia tri T. Co hai kha nang xay ra:
d1) A, va A, nhan gid tri T.

Trudng hgp nay theo gia thi€t quy nap ta c6:

G
LA, ~D N (1)
2 |
G

va  |}[A, ~D )
X

T (1), (2) theo dinh 1y 7 ta c6:

G
A, -»D (3)
X
G
vi  |D [a, (4)
. X

T (3), (4) theo quy tac bic cdu ta cd:

_[A, j'A2 hay L j(A, = A,) ®)
Vi |- D nén theo dinh 1y 3 ta cd:
G
Ffa > Ay 5D (6)
x .

Tix (5) theo dinh 1§ 3 thi

G
FD- f(a, > Ay 7
B ¢
Tu (6) va.(7) thf_:odinh Iy 7ta co:

G
F A=A ~D
X
d2) A nhdngid tn F. -
Theo gia thiét quy nap thi

12-TOAN RO RAC
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G
A~k
X
Tir (8) theo dinh 1y 7 thi

G
} JA, —K
X
Vi |K vadodinh 1y 9 1a cé:

G
LK > fA,
X
Tir (9), (10) theo quy tic béc cdu ta cé

G G G
FIA] — IAz hay }j(A] = A,)
X X X
Theo dinh 1y 3 tix (11) ta cé:
G
Do A > Ay
X
Do }-Dtacé:
G
A, »a,) >D
X

Tu (12) va (13) dp dung dinh 1y 7 1a thu duge:

G
Ffa >4, ~D.
X

(8)

(9)

(10)

(11)

(12)

(13)

Truong hop 2: A| ~> A, nhan gia tri F, khi d6 1a ¢6 A, nhan gid tri T

con A, nhan gid tri F. Theo gid thi€t quy nap ta cé:
G
LA, ~D
X
G
va o F[a,~K
X

Theo dinh 1y 7 thi

(14)

(15)
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G
FD - fA, (16)
X B
G
a A, >K (17
Ap dung dinh 1y 4 ta c6: _
a G G G G G
LAy > A > f(A] > Ay hay }[ A - JAz] — [ fa— IAz}
X X X X X X
(18)

Hodan vi gia thi€l trong (18) ta ¢é:
G G G G
Fa o) [a - [a, 1> (A, | (19)
X X X X .
Tu (16) do |-D nén la co:

G
F A, (20)
M _
Tir (19), (20) 4p dung quy tic dan xuat ta ¢é:
G
F(JAI Im] IAZ hay H(A, A )—>IA2 @)
X

Tu (17) va (21) dp dung quy tac béc cdu ta co:
_ ; _
F A —»A)—-K (22)
X
Mat khic do K va dinh 1y 9 ta cé:
G
I K - J(Al > A5) 23)
X
Tir (22) va (23) ap dung dinh ly 7 ta ¢6:
G
F A, > Ay ~K
X
Dinh 1y duogc chiing minh.
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§5. TINH PHI MAU THUAN, TiINH DAY DU,
TINH DOC LAP CUA HE TOAN MENH DE

5.1. Tinh phi mé&u thuén cla hé toén ménh dé

Dinh nghia 6: H¢ 104n ménh d¢ 1a phi mau thudn néu khong tén tai mot
cong thire A nao d6 sao cho |—A va } A

BDinh Iy 25: H¢ 10dn ménh d€ 14 phi mau thuin,

Chimg minh: Gia s nguge lai, hé toan ménh dé 13 mau thudn, tic 13 ¢6
16n tai cong thic Ama | A va FA. Theodinh Iy 23 thitr F A va f A suy
ra |: Ava | A . Didu nay khong thé c6 trong dai s6 ménh dé.

5.2. Tinh ddy du cla hé todn ménh dé

Binh nghia 7: H¢ 1odn ménh dé 1a ddy di néu moi cong thitc déng nhat
ding trong dai s6 ménh dé la dinh 1y trong hé todn ménh dé.

Dinh ly 26: He todn ménh dé 1a ddy di.

Chitng minh: Ta can chiing minh: Néu FAth }A.

Gia st | A va A chita cic ménh dé so cp X,, X,, ..., X,. Ta ldy D va K
1a cac cong thitc ding va sai sao cho D, K khéng chita cac X, X2 s X

Theo dinh nghia ky hiéu l_[ A ¢6 thé viét
XX,

Gy..G,
I—[ A=A I A
XiX, X)X,

trong d6 G, hoac 1a D hoac A K (i = L,n).
G,..G,
Xét | A v6ibo (3,8, ... 8,), dday 5 = Tnéu G, duge thay béi D,
XX,
con néu §; = F thi G, duge thay bdi K.
Gia st X,, X,, ..., X,, nhan b¢ gid tri (3,, §,, ..., §,) twong dng. Vi F A
nén d6i vai bo gia tri dé thi A nhan gid tri T. Theo dinh ly 24 ta cé:
G

n

i
[ A-~D (1)
Xy X,
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Tix (1) theo dinh 1y 7 ta c6:

G,..G,
tD> | A ' @
XX, :
Vi | D nén tir (2) ta c6:
| ‘A | 3)

XX,
Tu (3) ap dung dmh ly 7 ta lai cé:

|-/\ J.Ahay|-nA 4)

X
Mait khéc theo dinh ly 22 thi
FT] A—a (5)

Tir (4) va (5) theo quy tac dan xuét ta cé |— A. Dinh ly dugc chimg minh.

5.3. Tinh déc 1ap cba hé todn ménh dé
Ta ky hi¢u cic tién dé cla hé todn ménh dé qua
X = {1(a), 1(b), 2(a), 2(b), 2(c). 3(a), 3(b), 3(c), 4(a), 4(b), 4(c)}
Dinh nghia 8:
~Tiendé i(x) € X (i € {1,2, 3,4}, x € {a, b, c}) duge goi la doc lap

v6i cdc tien dé con lai (X \ {i(x)}) néu nhy i(x) khong dén duge 1lr céc llén
dé X \ {i(x)} theo cdc quy tic dan xult.

— Hé toan ménh dé goi la doc 1ap néu moi tién dé cia X la doc iap véi
c4c tién dé con lai.

Pink Iy 27: He toin menh dé 1a doc 1ap.

Chimg minh: Theo dinh nghia trén, dé ching minh dinh ly 27 ta cén tim
mot tinh chat ¢ nao day thoa man di€u kién sau day:

— AN A ¢6 tinh chat g.

— Néu cong thitc B dan duge tir cic tién d€ o2\ A thi B c6 tinh chat &.

- Tién dé A khong cé tinh chat g.
O day: o# 12 hé cic tién dé.
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Néu ching minh duge nhu vay, thi theo dinh nghia ta c6 A 1a tién dé
doc 1ap vai cde tién dé con lai. Néu o4 gom céc tien dé doc lap thi hé tien dé o#
1a doc lap.

D¢ chimg minh dinh 1y trén, ta chimg minh moi tién dé ctia hé toan
ménh dé 1a doc 1ap véi cdc tién dé con lai. Cy thé, hé tién dé cla ta gom
4 nhém: (1), (2), (3) va (4). Trudc tién ta chitng minh tinh doc lap cho nhdm
(2), (3) va (4) trudc.

Lay cdc ky hiéu o, B, v, ... 1a nhiing gid tri ma cong thic ¢6 thé nhan
duoc, khi d6 ta s& dinh nghia cac phép todn A, v, —», — trén céc ky hicu dé.

Tinh chat ¢ duge chon la: "Cong thiic A luén luén nhan gidtria.

Vige dinh nghia cic phép todn trén cdc ky hiéu «, B, v, ... trén 12 ty y
sa0 cho tinh chat ¢ thoa man cdc tién dé <2\ {A} (irir tien dé A).

Thuyc ra d¢ chimg minh tinh doc lap ctia cic nhém tién dé (2), (3). (4)
ta chican hai ky hieu o, B; data =T, B = F.

a) Chiing minh tinh déc ldp cia tién dé nhém (2)

Chi y rang, céc tién dé trong nhém (2) chi chia cic phép todn A, —;
con cdc tien d¢ trong nhém (1), (3), (4) chita cdc phép todn v, —> va —.
Vi vay ta dinh nghia cdc phép 10én v, -, — nhu trong dai s6 meénh dé,
con tinh chdt ¢ ta chon nhu sau: "Céng thiic A luon nhan gia tri a, tic 13
A ludn luén nhan gid tri ding”.

Vi tinh chat ¢ nhu trén va v6i cdch dinh nghia céc phép todn v, —, —
nhu trong dai s6 ménh dé, 15 rang cdc tién dé trong cdc nhém (1), (3), (4)
déu c6 tinh chat ¢ bdi vi chdng déu 1a nhimg cong thiic déng nhat ding.
Bay glO’ ta chi can xét nhém tién dé (2)

*Tinh déc ldp cua tién dé 2(a):

beoi v6i 2(4) 1a dmh nghia phép todn A nhu sau:

"AAB=B

Véi cich dinh nghia trén tién dé 2(a) khong c6 tinh chat &, bdi vi
AAB—>A=B—> A2 anfutachon Bding, A sai. Con moi tién dé khac
déu ¢6 tinh chit g.

That vay, cac tién dé trong nhém (1). (3) va (4) ¢6 tinh chat g la
hi¢n nhién, Xéttien dé 2(b): AAB > B=B > B=q (cd tinh chat @).

Xét tien dé 2(c): (A > B) » (A > C) » (A->(BAC)))

=A->B2>((A- 0> A>O)=A> B sa=a

Vay 2(c) ¢6 tinh chat .
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PE k&t thiic ching minh tinh doc 1ap ciia tién dé 2(a), ta can chimg minh
them riing: Néu A ¢6 tinh chat g, A — B ¢6 tinh chét ¢ thi B ¢6 tinh chat ¢.

Vi A, A — Bcotinh chit ¢, nghiala A =T, A > B=T. Khi d6B=T,
boi vi néu khong thi s€ ton tai mot kha nang nao d6 dé B = F, v6i kha nang
d6 A ding ma phép — dinh nghja nhu trong dai s6 ménh dé nén A — B sai.
biéunay volyboiviA >B=a. '

Tém lai ta da ching minh dugc:

_ Cic tién dé 2(b), 2(c) va cac tién dé trong cic nhém (3), (4), (1) déu
¢6 tinh chit G.

— Néu B dén duoc tir cdc tien dé con lai thi B ¢é tinh chédt ¢.

— Tién dé 2¢a) khong c6 tinh chat (.

Vay 2(a) la tién dé doc lap voi cdc tién de con lai.

* Chirng minh tinh doc Idp cua 2(b):

Pa&i véi 2(b) ta dinh nghia phép toan A nhu sau:

ArB=A

V&i cach dinh nghia trén ta thay moi tién dé khong thugc nhém (2)
déu cé tinh chal ¢, béi vi cdc tien dé ndy chi chita cdc phép todn v, -, —
ma ta dinh nghia nhu trong dai s6 ménh d¢, nén chiing deu la céc cong thic
“dong nhat ding.

Xét tien dé 2(a): A A B> A=A — A = o hay tién dé 2(a) 6 tinh chat ¢.

Xéttien dé 2(ck (A->B 2 ((A->C) > (A->BAC))

. _ =(A->B > (A>C—>(A->B)=a

Vay 2(c) ciing co tinh chat ¢.

'Tém lai, moi tién dé trong hé todn ménh dé (trir tién dé 2(b)) déu 6 tinh
chat ¢. 3

Tién dé 2(b) khong c6 tinh chét G. _

That vay: AAB—>B=A > B=fnéutachon A=a, B=p.

Moi cong thitc dan dugc tir cdc tién dé (irir tién dé 2(b)) déu cd tinh
chdt ¢. Ching minh tuong tu nhu d6i v6i tien dé 2(a). Vay tién dé 2(b) 1a
doc 1ap déi véi céc tién dé con lai.

* Chitng minh tinh déc ldp cua tién dé 2(c):

P6i vén 2(c¢) ta dinh nghia phép A nhu sau:

AArB=p
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V6i cdch dinh nghia trén ta thdy moi tién dé khéng thudc nhém (2) déu
¢d tinh chit g.

Xéttien de 2(a): AAB-> A=P - A =a. Vay 2(a) ¢6 tinh chat a.
Xéttiendé 2(b) AAB—>B=p—->B=q. Vay 2(b) cé tinh chat gG.

N6i t6m lai, moi tién dé trong hé todn ménh dé (trix tién dé 2(c)) déu c6
tinh chat .

Tién dé 2(c) khong ¢4 tinh chat 4.
That vay: (A > B) > (A > C) = (A - (B A CO))
E(A—)B)—)((A—)C)—)(A—-)B))_EB

nfutachon A =o,B=qg,C=aq.

Moi cong thic dan duge tir cdc tién dé (trir tién dé 2(c)) déu cé tinh chat
4 (chimg minh nhu cdc phan trén). Vay tién dé 2(c) doc 1ap d6i véi cic tien
dé con lai.

b) Chéng minh tinh déc ldp cia cdc tién dé nhom (3)

b6t v6i nhom (3), ta dinh nghia cdc phép todn A, —, — nhu trong dai so
ménh dé.

* Chitng minh tinh doc ldp ciia tién dé 3(a):
Ta dinh nghia phép toin v nhu sau:
AvB=B
Vi céc dinh nghia trén, moi tien dé (trix tién dé 3(a)) déu ¢ tinh chat
¢. That vay, cdc tién dé khong thudc nhém (3) c6 tinh chél @.
Xét tién dé 3(b): B — (A v B) =B — B = o. Vay 3(b) ¢6 tinh chét .
Xéttiendé 3(c): A->CO->(Bo>0O)— ({(AvB)y->C)
=(AS 0O (B0 >A>Ch=q
- hay 3(c) c6 tinh chat .
Tién dé 3(a) khong cé tinh chat g.
That vay, xét tiéen dé 3(a) A > (Av B)=A 5> B=pnuta chon
A=a B=. :
Moi cong thitc din duge tir céc tien dé (trir tien dé 3(a)) déu c6 tinh chat
G. Vay tién dé 3(a) la doc 1ap dot véi cic tién dé con lai.
* Tinh doc ldp ciia tién dé 3(b): .
Ta dinh nghia phép todn v nhu sau:
AvB=A.
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Khi d6 moi tién dé (trir tién dé 3(b)) déu c6 tinh chat &.

- That vay céc tién dé khéng thude nhém (3) déu ¢6 tinh chit ¢ 1a rd rang.
Xét tien dé 3(a): A > (A v B)= A = A = . Vay 3(a) cd tinh chat g.
Xértien dé 3(e): (A > O > (B> C) = ((AvB)> ()

=(A=>0->({(B2>0O->A->(C)=0

hay 3(c) ¢6 tinh chat .
Tien dé 3(b) khong ¢6 tinh chat g. That vay, xét tien dé 3(b):

- B—)(AvB)EB.—)AEBné'utachQnB=(x.A=B.
Maoi tién dé dan dugc tlr cac tién dé (tnir tién dé 3(b)) déu cé tinh chél ¢.
T6m lai tién dé 3(b) la doc lap d6i véi céc tién dé con lai.

* Tinh doc 1dp ciia tién dé 3(c):
Ta dinh nghia phép todn v nhu sau:

AvB=u

Khi dé moi tién dé (trix tién dé 3(c)) déu c6 tinh chét ¢.

That vay, moi tién dé khong thudc nhém (3) déu c6 tinh chat .

Xét tien dé 3(a): A > (A v B) = A v o = . Vay 3(a) ¢6 tinh chat ¢.

Xéttiendé 3(b): B> (A v B)= B v o = a. Vay 3(b) cé tinh chat G.

Tién dé 3(c) khong c6 tmh chat g.

Thatvay: A-S>C->((B->C—>(AvB)— C))
=(ADO0O>2>2((B->C>@—>CHh=p
néutachonc=p,A=B=0.

Vay moi cong thitc dan duge tlr cac tién dé (trir tien dé 3(c)) déu c6 tinh

chét @. Tém lai tién dé 3(c) Ja doc lap d6i véi cdc tién d¢ con lai.

¢) Chitng minh tinh doc lap ctia cdc tién dé nhom (4)

Céc tién dé trong nhém (4) chi chia cic phép todn —, —, riéng phép

toan — thi cdc tién dé khac khong chira.

Vay ta dinh nghia cdc phép toan A, —, — nhu trong dai s6 ménh dé.

* Tinh doc ldp cita tién dé 4(a):

D6i véi tién dé 4(a) ta dinh nghia phép todn —— nhu sau;
A=A,
V6i dinh nghia trén thi moi tién dé (irls tién dé 4(a)) déu c6 tinh chat ¢.
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Xt tien dé 4(by A > A = A —» A

chat «.

Xéttien dd 4(c): A > A=A > A=A > A =qa. Vay 4(c) ¢6 tinh
chat .

Tién d¢ 4(a) khong cd tinh chat .

That vay, (A—-)B)—)(B—)A)-(A—)B)—-)(B—>A)—[3neulachon
A=} B=aqa.

Mai cong thitc dan duoc tir cde tien dé (trir tién dé 4(a)) déu ¢b lmh chat
(. Vay tieén dé 4(a) 1a doc lap déi vdi cdc tién de con lai.

* Tinh doc ldp cua tién dé 4(b):

A — A = a. Viy 4(b) ¢6 tinh

Trudce tién d6i véi tién dé ndy ta dinh nghia phép todn — nhur sau:
A =p.
RO rang moi tién dé khong thude nhém (4) déu ¢6 tinh chat .
Xéttién dé 4(a): (A 5By > (B>A)=(A > B) > (B - p)
=(A->B > u=qu.
Vay tién dé 4(a) cé tinh chat ¢. _
Xéttién dé 4(c): A — A =P — A = . Vay 4(c) c6 tinh chdt G.
Riéng tién dé 4(b) khong c¢6 tinh chat ¢.
Thit viy, A — A=A B =p néutachon A = 0.
Mot cong thife dan duge tir cdc tién dé (trir tién dé 4(b)) déu cé tinh chal
G. Vay tién dé 4(b) 1a doc 1ap déi véi céc tien dé con lai.
Tinh déc lap ciia tén dé 4(c):
Ta dinh nghia phép todn ~— nhu sau:
A =a
Khi d6 moi tién dé trir tién dé 4(c) déu ¢é tinh chat (.
That viy, cdc tién dé khong thudc nhém (4) déu ¢6 tinh chat g.
Xét tién dé 4a): '
(A—>B)—)(B~+A)*(A—+B)-—)(u—)&)—(A-»B)—Hx o
Xét tién dé 4(by: A > A=A-a=aq.

Vay hai tién dé 4(a) va 4(b) c6 tinh chat g. Riéng 4(c) khoéng ¢6 tinh
chil ¢.
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That vay: i —s>A=a—->A=pnéutachon A=0.

Vay tién dé 4(c) doc lap vdi cac tién dé con lai.

d) Chimg minh tinh déc ldp cua cdc tién dé trong nhom (1)

V1 phép todn —> trong nhém (1) c6 mat ¢ cac nhém khdc nén dé ching
minh tinh doc 1ap ciia cdc tién dé trong nhém (1) ta cdn dinh nghia cdc phép
toan thoa min cic di€u kién sau day:

(AAB=BAA,. Ara=A AAB=B AAA=A (1)

AvB=BvA Ava=AAvE=B AVvA=A (2)
(a) A—)_A=(I,A-—)OL:EI,B—:rA:OL,O‘.——)Bw——ﬁ,} )

Boa=uavio— B#o néuBnhangidin za

L&:[},B:u (4)

Dé thdy ring cac dinh nghia nhu trén 12 hop 1y boi vi ta xern « 1a ding,
3 1a sai.

V&i nhém trén ta ¢6 thé ching minh ring, néu A ¢é tinh chat ¢, A - B
¢6 tinh chat ¢, thi B ciling c6 tinh chat ¢. N6i céch khéc, ur (a) ta chimg
minh ring néu A=a,A > B=oathiB=q. '

That vay, néu B # o véi bo gid tri ¢6 thé nao dé, thi véi bo do6 A = o,
Nhur vay v3i bd A = B # o mau thuin véi gia thiét 1a A — B ¢6 tinh chat ¢.
* Tinh doc Idp cita tién dé 1(b):
Poi véi tien dé nay ta 1dy bo gia tri a, B, v va dinh nghia bé sung vao
nhém (a) cac phép todn sau day va goi 1a nhém (b):
b) a=y=r.y->P=rv.v =Y
Vi céch dinh nghia trén moi tién dé (trix tién dé 1(b)) déu c6 tinh chat ¢.
O day ta chi thir [ai tien dé 2(a) (céc tién dé khéc twong ty):
AArB—a A
Néu A = o, theo tinh giao hodn cia (a) ta cé:
AABo>A=BAA->A=Bra—oa=B-oa
Nhung theo (3) cua (a) thi B - o = a.
NéuA=p,khidAAB>A=BAAS>A=BAPf>P=po>P=u

Néu A =7y thi A A B = A. Can ¢ vio (a) thi A A B hoac 1a § hoac la v,
ma khong the 1a o do dé ta ¢é:

AAB>A=p>7yhoicAAB>A=sy oy
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Ca hai truong hop ta déu ¢ A A B —> A = o (theo nhém 3 ciia a).
Vay 2(a) ¢4 tinh chat g. i
Riéng 1(b) khong ¢6 tinh chét g.
That vay, (A > (B = C)) - ((A > B) = (A - () # o néu ta chon
A=B=v, C=0.Rorang
2G> >N 2= >@>N=a>y=y
* Tinh doc 1dp cua tién dé Ia):
Ta ding 4 ky hi¢u: o, B, v, 3.
Ta dinh nghia thém vao nhém (a), (b) va goi 12 nhém (c) sau day:
a—> B=8 (trong d6 B = v, §, B)
(c) a—>B=By>38=08-oB=B8>y=qa
YA5=8,}'V3=Y,;=5,S=Y
Véi dinh nghia trén moi tién dé (trir tién dé 1(a)) déu c6 1inh chat g.
O day ta chi chimg minh cho tién dé 2(a) (cic tién dé khac c6 thé ching
minh tuong tu):
AAB—o A
Néu A, B cing nhén gid tri B thi A A B= B, do d6
AABo A= B=a.
Néu A nhan gid tri o thi
AABo>A=BAA->A=Bra—osa=Boa=qa
NéuBnhangidtriathiAra > A=A > A=q.
NeuA=BthiAAB—>A=q.
Néu A # B vi nhan céc gid tri 8, v do tinh giao hodn chi cin xét hai
truong hgpy A 8 >y vay A 8 — 8 viy A 8 = § nén trudng hop thit nhat;
¥Ad—>7=86—>7v=da(donhém (c))
Truong hop thi hai: y A 8 - 8 =8 — 5 = a (do nhém (c)).
Toém lai tién dé 2(a) c6 tinh chat 4.
Riéng tién dé 1(a) khong cé tinh chét ¢.
That vay, A — (B > A) chon A = §, B = « khi dé:
&= (> 8)=8— B =P (do nhém (c))
Vay tién dé 1(a) doc 1ap véi cac tien dé con lai.
BDinh 1y duge chitmg minh.

._f_



PHAN III
DO THI VA UNG DUNG

Chuong 7
LY THUYET DO THi

- §1. DINH NGHIA DO THi, BIEU DIEN DO THI
- VA MOT $O DANG PO THi THUONG GAP

1.1. Pinh nghia dé thi

— Gia sir X 13 tap khong réng cdc phén ti nao dé vi U < X x X, & day
U ={(a, b):a, be X} gbm cic cap (a, b) sap thit tr, mbi cap (a, b) la mét
cung. Trong trudmg hop nay bo G = <X, U> dugce goi 1a do thi ¢6 htdng,
vOi X 12 tap céac dinh, U la tap cac cung.

— Trudng hop U = {a, b) : a, b € X} gbém céc cap (a, b) khong sap thi
tu, méi cap (a, b) goi 12 mot cankh va trong truong hop nay bo G = <X, U>
dudc goi 1a d6 thy vo hudng, v6i X 1a 1ap céc dinh, U 1a tap cdc canh.

— D6 1hi G = <X, U> 1a d6 thi hitu han néu X 1a tap hitu han.

— Hai dinh a, b € X (a # b) dugc goi [a hai dinh k& nhau néu (a, b) la
mét canh (mdt cung) cia do thi. -

— Hai canh (hai cung) dugc goi 1a hai canh (hai cung) ké nhau néu
chiing ¢6 mét dinh chung. .

— M6t canh (mét cung) ¢6 thé bat ddu va két thiic tai cing moét dinh
dugce goi 1a nijt hay khuyén.

— Néu cung di tir dinh a dén dinh b thi a goi la dinh dau, con b goi a
dinh cudi cia cung.

— Néu cap dinh (a, b) ¢ tix hai canh (hai cung cung huéng) thi cap (a, b)
goi la canh (cung) boi.
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1.2. Bi€u dién dé thi

o day dua ra hai phuong phép biéu dién dé thi la: Phuong phdp hinh hoc
va Phuong phip ma trdn ké. Cic phuong phip khic ban doc cd thé xem
trong tai liéu tham khéo & cudi sach.

a) Phuong phdap hinh hoc
Bicu dién do thi G = <X, U> du6i dang hinh hoc theo nguyen tic sau day:
~ V6i méi x € X dat twong ung v6i mot diém trén mét phang hay mot

diém trong khong gian, déng thdi ding ngay ky hiéu x dé ghl nhin cho
chinh di€ém dé va goi né 1a dinh clia dé thi.

— Neéu u = (x, y) € U la mét canh thi tir dinh x dén dinh y duoc néi véi
nhau bdi mot doan thing hay mét doan cong u ma khoéng di qua cidc dinh
trung gtan khéc,

~Neuu = (x, y) € U la mot cung véi dinh ddu 1a x va dinh cuéi 13 y thi
tir dinh ddu'x dén dinh cudi y duge ndi v6i nhau bdi mét doan thing hay mot
doan cong ¢6 hudng tit x dén y va khong di qua bat k¥ mot dinh trung gian
nao khdc.

— Né€u u = (x, x) € U thiai dinh x ¢6 mot khuyén. Truong hop x € X
nhung (x, x) € U hoac khong ¢6 y € X nao dé (x, y) e U thi dinh x duge goi
1A dinh ¢6 lap.

b) Phuong phdap ma tran ké

1) Triwomg hop G = <X, U> la dé thi vé lutdng voi X = {x,, x,, ..., x,} thi
dé6 thi G ¢6 the bi€u dién bing ma tran vuéng cap n (ky hidu la M""“) ma

phén 8 ¢ hang i, ¢ot j duge xdc dinh nhu sau: 8;; = d néu cap dinh x;, X,
¢G d canh néi v6i nhau; khi cap dinh x,, X; khong c6 canh nao néi véi nhau
thi §; =0 (i, j= 1, 2, ..., n). Bing céch d6 ta s& nhan dugc ma tran ké biéu
dién 4o thi da cho.

Ma trén cua dé thi vo huéng 12 ma tran déi ximg, tic 1a c4c phdn tir doi
xung qua duong chéo chinh s€ tuong img bang nhau.

2) Truong hop G = <X, U> la d6 thi ¢é huong véi X = {x,, %,, ..., x,} thi
d6 thi G ¢é thé bicu dién biing ma tran vuong cap n (ME™) ma phén tir &

hang 1, ¢t j cua né 1a §;; duge x4c dinh nhu sau: d6i véi méi cap dinh (x;, X;), tur

X; dén x; néu c6 d cung (cling hudéng) thi §; = d; trong trudmg hop nguoc lai thi

6;; = 0. N6i chung ma tran bi¢u dién dé thi ¢6 hudng la ma tran khong d6i ximg.
Chii ¥: Ma tran ké ciia d6 thi don Ia ma tran logic.
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Vi du 1: Cho d6 thi v6 huéng G, = <X,, U,> nhu hinh vé& dudi day:

X Xz

*

Xy X5

Ta c6 thé biéu dién G, dudi dang ma tran déi xting nhu sau:,
X; Xy X3 X4
x, (01 10
Mgt=x, |1 0 1 2
x3 |1 1 0 0
x, \0 2 00

()

Chii y: Dé cho gon ta viet ME™ trong (1) boi

01 1 0
101 2
G i 1 0 O
0 2 0 0

Vi du 2: Cho d6 thi ¢6 hudng G, = <X,, U,> nhu hinh vé:

Ma tran ké ctia né 1a

01 1

33
ME=lo 10
i 10

Pa6i véi ma tran ké cia do thi ta cé:

Pinh Iy 1. Néu G = <X, U> 1a mot dé thi véi Mg = (a;) 1a ma tran k¢,
thi s6 cdc dudng khdc nhau di 1l dinh x; dén dinh x; c6 d¢ dai [ bang phén ur
P;; ciia ma tran tich
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Mg Mg.-.Mg = MG = (P))
i lin .
Climg minh: Quy nap theo / 2 1 va dua vao dinh nghia phép nhan ma tran.
Vi du 3: Cho d6 thi G = <X, U> dugc
thé hién & hinh vé bén.

Matran ké cua G la

4><4_ _
ME! = Mg =

— ()

1
0
2

- O

— T D e

6 2 0

Tim tat ca cdc dudng do dai / = 2 di tir x, dén x,, tir x; dén x, va ti
X5 VA0 X,. Truéce hét tinh ma trin tich

011 0Y(01 10 *1 %2 %3 %4
- x, (2 2 2 3
. 102 2|1 o022 ™
MwZMG.Maz . =x2 2932
1 2 0 1011 2 0 1
X3 12 3 6 4
0 21 0Jlo 210 -
X4 \3 2 45

T ma trdn nay ta thdy s6 duong do dai 2 1 x, dén x, 1a. 3, d6 Ia cac
dudng: X ax,px,, X,aX,qX, va X bX;ex,. '

S6 cac dudng do dai 2 tir x; dén x, 1a 4, d6 13 cdc dudng: x5CX,pX,,
X3CX5qX 4, X3dX,PXy, X3dX,qX,.

S6 cdc dudng d¢ dai 3 tir x, vio X, 1a 9, d6 1a cdc dudng: X,px,px,,
X20X40X 3 X3PX40Xy, XKo(XgPXy, XpCK3CXy, XodXadX,, X,cXqdXy, X,dxicx, va
X,aX aX,. '

T dinh 1y 1 ta c6 hé qua sau:

H¢ qud: Trong d6 thi G = <X, U> ta luén cé:

G chita dudmg do dai / tir dinh x; sang x; khi va chi khi M§ = 6, & day 6
12 ma tran g8m toan cdc phin tir 0.
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Vidu 4: Xét G = <X, U> nhu hinh bén.
0 1 0
Ma tran ké Mg =|0 0 1§ va ma
0 0 O
0 0 1
rantich M% =|0 0 0| =0.
0 0 0

®

Trong dé thj c6 chita dudng di do dai 2 tir x, dén x,.
000
M =MgMgMg; =|0 0 0
000

nén dé thi khong c6 dudng di nao cé do dai 16m hon 3.

1.3. M4t 56 dang dé thi thudng gdp

Cic dang d6 thi dudi day ¢ nhiéu ing dung trong linh vuc tin hoc va
¢dc linh vuc khoa hoc khac. Chinh tir cdc ing dung d6 ma ngudi ta dua ra
cdc khai niém vé d6 thi dudi day:

e Don do thi (do thi don)

D6 thi v6 hudng G = <X, U> goi 1a don d6 thi néu mdi cap dinh khic

nhau a, b € X duoc ndi véi nhau boi khéng qua mot canh va moi dinh déu
khong cé.khuyén.

e Da do thi

D6 thi vo hudng G = <X, U> goi 1a da dé thi néu trong G = <X, U> ¢6 tén
tai hai dinh khdc nhau a, b € X dugc néi v6i nhau bdi hai canh tr& 1én va
moi dinh déu khong 6 khuyén.

o Gid do thi

D6 thi vé hudng G = <X, U> goi 14 gid d6 thi néu né 1a da dé thi c6
khuyeén. :

o Don dé thi cé huong

D6 thi ¢6 huéng G = <X, U> goi 1a don dé thi c6 huong néu véi mébi cap
dinh a, b € X khac nhau déu dugc ndi v6i nhau bdi khdng qud mot cung.
D6 thi don ¢6 hudng ¢6 thé ¢6 khuyen.

13-TOAN RO RAC
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e Da d6 thi cé hudong

D6 thi c6 huéng G = <X, U> goila da dé thi ¢6 hudng néu ton tai mot
cap dinh a, b € X khdc nhau dugc ndi v6i nhau bdi hai cung (cung hudng)
trd 1én. Da dé thi c6 huéng cé thé c6 khuyén.

o D6 thi ddy du

D6 thi vo hudng (c¢é hudng) G = <X, U> goi 1a dé thi day dii néu né 1a
dé thi don (dé thi don ¢6 hudng) va v6i mbi cap dinh khdc nhau a, b € X
c6 dilng mot canh (mot cung) néi voi nhau. D6 thi day du n dinh ky hiéu
2K, |

o D6 thi k ddy di

P6 thi vo hudng (c6 huéng) G = <X, U> goi 1a dé thi k ddy di n€u véi
méi cap dinh a, b € X khdc nhau c¢6 ding k canh (k cung v&i chiéu tiy ¥)
néi v6i nhau. '

o D6 thi phdn doi

D$ thi vo huéng G = <X, U> goi 1a d6 thi phdn déi néu X chia thanh
hai tap X, X, # @ sao cho: X = X, U X, va X; n X, = &, dong thai moi

canh (a, b) € U thoda mdn a € X;, b € X,. Ky hiéu d6 thi phan doi la
G=<X, v X, U>

o Do thi phdn doi ddy du

D6 thi phdn déi dday di 1a d6 thi phan doi G = <X, v X,, U> véi
X=X, uX,vavéimbiu=(x,y) e Utaluoncé x € X, con y € X,,
hoidc ngugc lai.

o DG thi phing

D6 thi vo huéng G = <X, U> goi 1a dé thi phing néu G = <X, U> ¢6 thé
biéu dién trén mit phéng sao cho céc canh cia né chi cit phau & cic dinh
ma thoi. Cich vé& nhu vay goi 13 mot biéu dién phéng clia dé6 thi G = <X, U>.
Ky hiéu Gp 1a d6 thi biéu dién phang clia d6 thj G = <X, U>.

o Do thi b

D6 thi bii clia don d6 thi G = <X, U> 1a dé thi G = <X, U>, & day:

U= {u=(a,b):a.beX:(a,b)EU}
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§2. MOT O THUAT NGU
VA TINH CHAT CUA PO THI

2.1. M6t s6 thudt nglr ctia dd thi

e Bic cua do thi

— Cho dé thi vo hudng G = <X, U>. Vcn x € X, ta k¥ hiéu m(x) 1a s6
céc canh thaéc dinh x va m(x) goi 1a bdc ctia dinh x (néu dinh x ¢é khuyen
thi duge tinh 1a 2). Néu m(x) = O thi x duge goi la dinh c6 ldp va néu
m(x) = 1 thi x dugc goi la dinh treo. Béc cta d6 thi vo hudng G = <X, Uz
dugc ky hiéu la m(G) = z m(x).

xeX

— Cho d6 thj ¢6 hudng G = <X, U>. V6i x € X la mot dinh cua dé thi,
ta ky hiéu m*(x) 12 s6 cdc cung vao cla dinh x, con m (x) la s6 cac cung ra
khoi dinh x. Khi d6 ta goi m*(x) 1a bdc vao cia dinh x, con m (x) 1a bdc ra -
ciia dinh x. Bac cha dé thi ¢6 hudng G = <X, U> dugc ky hi¢u Ia
mG)= > m'(x)+ Y m (x). Véix € Xmam(x) + m (x) = 0 thi ta ndi

xeX xeX
x 1 dinh ¢4 Idp, con néu c6 m*(x) =0 vam (x) = 1 hoac m'(x) =1 vam (x)=0
thi x dugc goi la dinh treo.

Vi du 1: Cho dé thi G = <X, U> nhu hinh v& dudi day va theo dinh
nghia ta c6: m(x,) = 4, m(xy) = 3, m(x;) = 2, m(x4) =1, m(xs) = 0. Khi d6
x, 14 dinh treo, x5 12 dinh c6 1ap va m(G) = 10.

% )

X4 X3

Vi du 2: Xét d6 thi c6 hudng: G = <X, U>
(hinh v&) ta ¢é: m'(x)) = 0, m (x)) = 2,
m (xz)—l m(X;)=2,m (x3) 2,m (x3) =2,
m’(xy) =3, m (xy) =1, m xy) =1, m (x9) =0,
m*(xs) = m (x¢) = 0. Khi d6 x5 1a dinh treo,
X¢ |2 dinh o 1ap va bac cba d6 thi G 1a m(G) = 14.
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» Duong va chu trinh trong dé thi

Gia st G = <X, U> 1a dé thi v huéng (hodc c6 huéng). Mot duong di
trong do thi la mot day x;,u; x,,u,, ... Xjjlij -+ XigUyXigor» trong d6 x;; 12 céc
dinh con u;; 12 céc canh sao cho véi ¥ e {1, 2, ..., k} thi dinh X va dinh
Xij+1 1a hai dinh ké nhau cta canh u;;. Pudng di dé xuat phét tir dinh x,, va
ket thic tai dinh x,, (hoic di tir dinh x;; dén dinh x,,, ).

D¢ dai cla duong bang s6 cic canh (hoac cung) trong dudmg dé.

Chu trink trong d6 thi 1a mot dudmg di ¢6 dinh xudt phét va két thiic
trung nhau.

Dudng (chu wrinh) trong dé thi G = <X, U> duge goi la duong (chu
trinh} don néu né di qua mdi canh diing mot 14n.

Duong (chu trinh) duge goi 1a dudng (chu trinh) so cdp néu né di qua
moi dinh ding mot 14n.

* D6 thi con, dé thi bo phén va dé thi lién thong

— D6 thi con, dé thi bo phan

Néu trong G = <X, U> ta bd di mot s6 dinh ndo dé va céc canh lién
quan t6i céc dinh d6 thi phan con lai cha d6 thi duoe goi 1a d6 thi con cha
d6 thi G di cho.

Néu trong do6 thi G ta bo di mot s§ canh, giir nguyén cdc dinh thi phan
con lai ciia d6 thi dugc goi 1a d6 thi bé phdn clia dé thi G.

Vi du 3: Cho dé thi G = <X, U> nhu hinh a.

& ® (%)

() ©

Hinh a Hinh b Hinh ¢

Trong G b6 di x; va cde canh ké dinh x, (hinh b) ta dugc d6 thi
G’ = <X, U"> la d6 thi con ctia d6 thi G ban dau.

Trong G néu ta giit lai cdc dinh, b6 hai canh ké dinh X3 ta duoc dé thi
G" = <X, U"> 12 d6 thi b6 phan cita dé thi G ban dau.

~ D6 thi lién thong

Cho d6 thi v huéng G = <X, U>. Hai dinh phan biét x, y & X duge goi
la lién thong néu 16n 1ai mot dudmg di néi hai dinh x, y v6i nhau.
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Pé thi vo huéng G dugc goi 1a /ién thong néu véi hai dinh phan biét bat
k¥ trong do thi déu la lién thong.

— Dé thi lién thong manh va lién thong yéu

Cho dé thi ¢6 huéng G = <X, U>. Ta néi G 1a lién théng manh néu cé
dudng di tir x dén y va tir y dén x v6i moi dinh x, y khdc nhau cta do thi.

D6 thi ¢é hudéng G = <X, U> 1a lién thong yéu néu gilta hai dinh bat ky

déu c6 dudng di khi ta khéng quan tam t6i hung ciia cdc canh. D6 thi ma ta
khéng quan tam t6i hudng goi 1 d6 thi nén ciia d6 thi da cho.

—Thanh phdn lién théng

Gia st G, = <X;, U;> vd G, = <X,, U,> la hai d6 thi lién thong véi gia
thiet X, » X, = &. Khi d6 ta néi d6 thi G = <X, U> v6i X = X, U X5

U =U, W U, ¢6 hai thanh phan lién thong G, va G,.

Litu y: ' :

+ Khéi niém thanh phén lién thong c6 thé md rong cho mot s thanh
phan 1A mot s nguyén duong k tuy ¥.

+ D34 thi lién théng manh cling 14 d6 thi lién thong yéu.

2.2. Mot s6 tinh chéat caa dasé thi
Pinh ly 2: Gia stt G = <X, U> 1a dé thi (da d6 thi) vo hudng (¢ hudng).
Khi dé bac cua dé thi G gap hai 1an s6 canh cta do6 thi, tic 1a m(G) = 21Ul
(1U1 12 s6 canh cha do thi).
Clntng minh: Giasttx,y € Xva(x,y) e U.
Nhgn xét:
~ Gia sir x # v, khi d6 néu xod canh (x, y) thi bac clia d6 thi s& giam
di 2; néu ta xo4 14t ca cdc canh ¢6 dang nhu trén thi d6 thi con lai chi gém
céc dinh ¢6 lap hoic cdc dinh c6 khuyén.
— Tai mébi dinh x c6 khuyén, néu ta xod khuyén thi bac clia d6 thi cling
s¢ giam di 2.
_ — Nhu vay, sau khi xod4 mot canh hodc mot khuyén thi bac cha dé thi
giam di 2 va sau khi xo4 tal ¢ ¢dc canh va cac khuyén clia d6 thi thi bac cta
do thi con lai 1a bang 0.
Tir nhan xét trén, hién nhién ta ¢6 dang thic
m(G) = 2IUL.
D6 1a diéu can phéi chiing minh.
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Hé qud: D6i véi d6 thi ¢6 hudng G = <X, U> ta luén cé:
d.omT(x)= Y mTx) = U]
xeX xeX
Pinh ¥ 3: Gid sit G = <X, U> la mot d6 thi (da d6 thi) cé
X ={x}. Xy, ..., X, }. Khi d6 s8 céc dinh bac 1é cha dé thi la mot sé chén.
Chimg minh: Khong lam mat tinh t6ng quat, gia sl trong n dinh c6
k dinh bac I¢é 1a x;, X,, ..., X;. Cdc dinh con lai ¢6 bac chan 1 céc dinh
Xials Xgazr o0 X O day m(x;) = 2m; + 1 v6ii =1, ... k va m(x) = 2m; v6i
i=k+1,..,n; m;, m;1a s6 nguyén duong. Theo dinh 1y 2 thi:

n

k
m{G) = Zm(xi) + Z m(xj) =21U]|

i=I =k+1
Do |
Zm(x)—Z(Zm +1)_2Zm +k va Z m(x; )—2Zm
) =k+l
Suy ra
k n
m(G) = ) m(x;) + Y. m(x; )—ZZm +k+2 Z m,
i= j=k+l1 ¥ J=k+lI
k n
=2/ ).m+ > mj|+k=2IUl
i=I j=k+I

Tir d6 suy ra k 1a mot s6 chin. Tdc 13 s6 cdc dinh bac 18 trong d6 thj
phai 1a mot s§ chin,

Trong truong hop G = <X, U> 14 d3 thi cé hu'o'ng diéu khéng dinh trén
van diing (chimg minh tuong ).

Sau day ta xét mot khang dinh lién quan dén chu trinh ciia dé thi.

Binh Iy 4: Gia sit G = <X, U> la d6 thi vé huéng vdi IXI=n =3 (Xl 13
s0 dinh cia dé thi). Néu trong d6 thi ma méi dinh x € X déu c6 bac m(x) =2
thi do thi ¢6 chu trinh so c4p.

Ching minh: Xé1 14t ca céic duong s0f cip ¢6 thé ¢ lrong d6 thi. Ro rang
$6 cdc dudng nay 1a hitru han. Vi thé trong s6 cdc dudng so cdp d6 sé tén tai

mot dudng ¢6 d6 dai 16n nhét. Gia sir d6 1a dudng ©: x;,u;,x,,U;, .. KUKl

Dudi dang hinh hoc thi dudng o c6 dang:
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Theo gia thiét m(x;,) 2 2 nén t6n tai it nhét mot dinh x,o va mot canh noi
dinh x,, v6i xp. Pinh x,, phai tring véi mot dinh, ching han 1a dinh x;; trong
dudng ®, vi néu khong thi dudng ® kKhong phai 1a dudng so cép dai nhat, tréi
v6i gia thiét ban diu o 1a dudng c6 do dai I6n nhit. Diéu d6 chiing td phai
t6n tai mot chu trinh trong d6 thi dang xét. Pay 1a chu trinh so cdp, Vi cic
dudng ta xét déu 1a dudng so cdp.

Pinh 1y duge ching minh.

Pinh Iy 5: D6 thi G = <X, U> 1a lién thong khi va chi khi né c6 mot
thanh phan lién thong.

Chitng minh: Diéu kién di ‘l.ﬁ hién nhién. Ta chimg minh diéu kién can
bing cdch gia st nguoc lai G = <X, U> ¢6 khong it hon hai thanh phén
G,, G, lién thong. LAy X, y € X v6i x Ia dinh cha G, con y la dinh cta G,.
Vi G,, G, I2 hai thanh phén lién thong ctia G va x, y khong lién thong,
vay G khong lién thong, mau thuan véi gia thiét.

Pinh Iy 6: Cho G = <X, U> 12 d6 thi v6 huéng v6i IXi n = = 4. Néu
véi moi x € X ma m(x) = 3 thi trong G = <X, U> ¢6 chu trinh so cap d9
dai chan.

Chitng minh: Dua vao dinh nghia duong so cap.

Dinh Iy 7: Giita moi cap dinh phan biét ciia mot do thi hiru han, vo
huéng, lién thong luén ludn c6 dudng di don.

Chitng minh: Dua vao s6 dudng di tir hai dinh phan biét bét k¥ 1a hiu
han nén c6 dudng v6i do dai ngan nhat. Dung phan chimg dé chimg minh.

Pinh Iy 8: D6 thi don G = <X, U> véi [X| = n 2 2 ma tng béc cia hai
dinh khéc nhau tay ¥ déu khong nhd hon n 1a d6 thi lién thong.

Chimg minh. Gia st a, b € X 12 hai dinh bat ky thoa man m(a) + m(b) = n,
nhumg a, b khong lién thong. Khi d6 c6 hai thanh phan lién thong G, = <X, U>
¢6 1X,| = n, chifa dinh a va G, = <X, Up> €6 IX,! = n, chia dinh b. RS rang
n, +n2$nv5m(a)+m(b)5(n1— D+ m-1)=n +m-25<n-2<n Vo
Iy v6i mia) + m(b) 2 n. Vay G=<X,U> la dé thi lién thong.

Pinh Iy 9: Néu dé thi G = <X, U> ¢6 diing hai dinh bac 1 thi hai dinh
nay phai lién thong.

Chitmg minh: Diang phan ching dan dén mau thun vdi dinh 1y 3.
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§3. 56 ON DINH TRONG, S6 GN DINH NGOAI
VA NHAN CUA PO THi

3.1. 58 8n dinh trong

Cho d6 thi v6 huéng G =<X, U>vatap A < X. .

1)y Tap A goi la tdp 6n dinh trong ciia d6 thi néu hai dinh bat ky x, y
trong A la khong ké nhau, tic Ia khéng c6 mét canh nao cia do thi chita hai
dinh x vay.

2) Tap A la tdp on dinh trong citc dai néu né thoa man hai diéu kién:

~ A 1a tp 6n dinh trong.

— Néu thém vdo A mot dinh thy ¥ khong nam trong A thi A s& khong
con 12 tap Sn dinh trong. |

3) Goi L 1a ho tat ca cdc 1ap 6n dinh trong cia d6 thi G = <X, U>. Khi
d6 ky hiéu a(G) = max{lAl : A € L} va a(G) duoc goi 14 s6 on dinh trong
cua d6 thi G.

Nhdn xér: Mot tap 6n dinh trong thi moi tap con cia né ciing 12 tap 6n
dinh trong cua dé thi. V&i cdc tap én dinh trong ta chi quan tdm dén tap cé
s6 phén tir I6n nhat, vi luc lugng ctia tap dé chinh ia s6 én dinh trong ciia
do thi.

3.2. 58 8n dinh ngodi

Cho d6 thi v6 huéng G = <X, U> vatap Bc X.

1) Tap B dugc goi 1a tdp 6n dink ngodi cta dé thi n€u véi mdi phan tir
y € X\ B déu ton tai x € B sao cho ¢ canh néi gilta x va y. Poi khi ngudi ta
g0l B 1a 1dp thong tri clia dé thi.

2) Tap B duge goi 1a tdp én dinh ngodi cuc tiéu néu né thod man hai
di€u kién sau:

— Tap B 1a tap 6n dinh ngoai.

— Neéu bo di mot phan tir bat ky cia B thi B khong con (2 tap én dinh Ngoai.

3) Goi M la ho tat cd céc tap on dinh ngodi ciia d6 thi G = <X, Us.
Khi d6 Ky hi¢u B(G) = min{IBl : B & M} va B(G) dugc goi Ia 56 én ngoai
cuia dé thi G,



Phdn 1. DO THI VA UNG DUNG 201

Nhdn xé1: V6i céc tap on dinh ngoai, ta thudng quan tam dén tap on
dinh ngodi ¢é s6 phin tir bé nhat vi luc lugng ca né lién quan té1 s6 6n dinh
ngoai cia do thi. )

3.3. Nhén cua do thi

Cho d6 thi vo huéng G = <X, U>. Néu tap A < X vira 12 tap on dinh
trong lai vira 13 tap 6n dinh ngoai clia d6 thi G thi A duoc goi 1a nhdn cua
do thi. ' .

Nhdn xét: D61 v6i nhan cta d6 thi, ta quan tam t6i nhan ¢ s6 phan tu
bé nhat. '

Cho d6 thi G = <X, U dusi dang

Céc tap on dinh trong cita do thi la:

A= {X), X5 X5} Ag = X5, Xg, X1}
A, = Xy, X4 X7} Ag = Xy, X5, X7}
Ay = x5, X, X41 Ag = {Xy4, Xg, X9}
Ay = {X3, X, X7} Ag = {Xq, X45 X5, X7}
As = {Xy, X5, X4} Ao = {X9. X40 Xgo X7}

Trong dé chi ¢ hai tap dn dinh trong c6 4 phan tir. Cic tap 6n dinh
trong con lai ¢6 khong qud 3 phan tir. Tap A, va A, 1 céc tp 6n dinh trong
cuc dat vi néu thém mot dinh mdi vao cac tap d6 thi ching khong con la tap
6n dinh trong nita. S6 6n dinh trong ciia dé thi trén 12 w(G) = 4.

D6i v6i d6 thi trén ta ¢6 cac tap 6n dinh ngodi cyc tiéu 1a B, = A,
B,=A,,B;=A;,B,=A, Viban than B, (i = 1.4) 1a céc tap én dinh ngoai
va néu bét di mot trong cdc phan W cia chding thi tdp con lai khong con la
tap 6n dinh ngoai nita. S6 6n dinh ngoai cua dé thi weén 1a B(G) = 3.
Nhan cta do thi trén 1A B, B,, By, B, va B, (i = 1.4) 1a céc tap On dinh trong
va déng thot ciing la cdc tap 6n dinh ngoai. S6 cdc nhan cha dé thi trén 1a 4.
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3.4. Thudt toén tim s8 8n dinh ngodi

Bai toan: Cho dé thi G = <X, U>, X = {x,, X, ., X,}. Hay tim s6 6n
dinh ngoai cla dé thi G (tim B(G)). Bai todn nay con duge goi 1a bai toan dat
vong gac.

Thudt todn: _

Budc I: Xay dung 4nh xa A: X — 2% theo cdch: V6i mbi x; € X thic6
A(x;) < X va duge xac dinh: A(x;) = {y : y = x, hodc y ké x;}

Bucoc 2. Gia s bude 1 xdc dinh duge cdc 1ap A(X,), A(X,), ..., A(X,). Can
x4c dinh mét tap B ¢ X ¢6 s6 phdn tir it nhit sao cho A(B) = X. Khi dé B la
tap 6n dinh ngoai cuc tiéu ciia 6 thi va p(G) = IBI.

Vi du 1. Cho d6 thi G = <X, U>, v8i X = {X|, X;, X3, X4, X5, X, X7)
duéi day: -

Hay tim s& 6n dinh ngoai B(G).

Gidi:

_ Bude 1+ Xéc dinh 4nh xa A: X —» 2%
A(Xy) = {X |, Xy, X3, Xg) A(x,) = {Xy, X, X3}
A(X3) = {Xy, X3, X3, X4} A(xy) = {X), X3, %4}
A(Xs) = {Xs5, Xg} AlXg) = X5 X}
A(x7) = {X7]}

— Buoe 2: Dya vao buéce 1 ta cé:
Ax) W A(X) VAKX = X
AW AKX W AX) =X
A(x3) U AR VAKX =X
AlX3) WA VAKX =X
Moi trudmng hop khac déu khong thoa mén bai toan.
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Vay ta cé 4 tap:
B,={x|,x5, Xj} B3=‘{X3,X5,X7}
B, = {X,. X6, X7} B, = {X3, Xg, X7}

1 céc tap 6n dinh ngoai c6 sG phdn ti it nhat (bang 3) va thod méan
AB) =X, viii= L4,
Ta ¢6: (G) = B(B,) = B = 3.

Vi du 2: Cho dé thj vo huéng G = <X, U>, v6i X = {X}, X3, X3, X4 X5» X X}
duéi day: |

Hay tim s6 6n dinh ngoai (G).

Giai.

— Budc I: X4c dinh 4nh xa A: X — 2%
A(Xy) = {Xy, Xp, X3, X4} A(Xy) = {Xy, Xy, X3}
A(x3) = {X|, X3, X3, X4} A(X,) = {X, X3, Xy, X7}
Alxg) = {Xs, Xg} A(Xg) = {Xs, X6}

A(X7) = { Xy, X7}
— Buéc 2: Ta cé:
A(x4) W A(Xs) Alxy) =X
A(Xy) U Alxg) W AXy) = X

Mot trong céc tap 6n dinh ngodi c6 s6 phin tir it nhat1a:  B= {x5, X, X5}
Vay B(G) = 3.
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§4. SAC SO CUA PO TH

Sde s6' chia d6 thi G 12 s6 mau 161 thiéu cin diing d¢ t6 mau cdc dinh cia
dé thi sao cho hai dinh ké nhau phai ¢ mau khéc nhau. Sic s6 ciia d6 thi G
k¥ hi¢u la s(G).

4.1. Sac sé cla dé thi ddy di

Binh Iy 10: Cho d6 thi G = <X, U>. Néu do thi Ia ddy du thi sic s6 cla
né bang s6 dinh cua dé thi, tirc 1a: s(G) = 1X),

Cluing minh: Sit dung phép quy nap theo s& dinh (IXI) ctia dé thi.

—Neu IXI = 1, tic 13 d6 thi c6 mot dinh. Khi d6 c4n 16 mot mau 1 di.

— Gia su dinh Iy di diing cho moi dé thi day du ¢6 s6 dinh khéng vuot qua
k, tlic la v6i d6 thi diay di G = <X, U>c6 1X] = k (v6i n < k) thi ¢6 s(G) = n.

~ Xét mot d6 thi ddy di bat ky gém k + 1| dinh G' = <X, U> véi
X =X Koy oo X0 Xy

bat X = {x|, x5, ..., x,.} khi d6 ta ¢6:

X' =X Ui} = X, Xy, o Xps Xy}

Neu trong d6 thi G' b6 di dinh x,,; va cdc canh n6i né véi céc dinh khéc
thi ta nhan dugc d6 thi ddy dd G = <X, U> ¢6 IXi = k. Vi G ¢6 k dinh nén
theo gia thi€t quy nap cdn c6é k mau khic nhau dé 16 cic dinh trong G. Vi

Xg+1 12 cdc dinh ké v6i cic dinh x,, x5, ..., x, nén dé 16 dinh X4y €an phai
dung mau khic v6i cdc mau di 16 & cac dinh Xy Xz o0 X DO do s(GY =k + 1.

DPinh ly duge chimg minh.

4.2. Sac s8 cla dé thi khéng ¢é chu tinh dé dai 1é

Binh Iy 11: Gia sit G = <X, U> 1a d6 thi vo huéng. s(G) = 2 khi va chi
khi trong G khoéng ¢6 chu trinh do dai Ié.

Chiing minh: Trude hél ta cé thé gia thiét G 1a dé thi lién thong Vinéu
khong ta sé& chiing minh trén cdc thanh phén lién thong cua G.

Biéu kién dii: Gia su G khéng 6 chu trinh do dai 1. Ta chi ra $(G) =
Thét vay, 16 mau céc dinh clia G theo nguyén tac sau: Néu x € X ducc 1o
mau xanh thi cdc dinh ké cha x la y, z, ... 16 mau do. Tiép theo céc dinh ké
cuay, z, ... 16 mau xanh. Ci nhu vay, do s0 dinh hitu han va G lién théng
nén tat ca cdc dinh trong X s€ duge t6 mau hoac xanh, hoiac dé va khéng c¢6



Phdn HI. DO TH| VA UNG DUNG 205

dinh nao duoc 16 ca hai mau xanh, dé dong thdi (vi néu cé diéu dé xay ra thi
sé& ¢6 mot chu trinh do dai 1€ di qua x (trdi v6i gia thiét)). Vay s(G) = 2.

Diéu kién cdn: Gia st s(G) = 2. Dé thay ring, néu chi ding 2 mau dé 16
céc dinh cha G thi trong G phai khong ¢6 chu trinh do dai 1¢ (Vi néu ¢6 chu
trinh d6 dai 18 thi t6 mau cdc dinh theo quy téc trén s€ c6 it nhat mot dinh
dugc 16 dong thoi cé 2 mau).

Pinh 1y duge chimg minh. -

Vi du 1: Cho G, = <X,, U;> khong c6 chu trinh do dai 1¢, con
G, = <X,, U,> ¢6 chu trinh d¢ dai 1é (xem hinh v&). |

Trong G, néu ta td X, bdi mau xanh, thi x, va x; 16 mau do. Vi x, mau

~do nén x,, x5 16 mau xanh, hay s(G,) = 2, o day G, khong c6 chu trinh do

dai 1é. Xét G, c6 chu trinh d¢ dai 1é nén khong thé to béng 2 mau, ma phai
ding 3 mau: xanh, d6 va vang.

4.3. Quan hé gita sdc s8 va s6 8n dinh trong

Binh ly 12: Gia st G = <X, U> la d6 thi v hudng vai IXI = n. Khi d6 s6
&n dinh trong o(G) va sic s6 s(G) cha G thoa man bat dang thic:

o(G).s((G) = n.

Chitng minh: Pat s(G) = s, theo dinh nghia ctia sac s6 thi dung s mau dé
16 cdc dinh trong X theo nguyén tic hai dinh ké phai 16 bang 2 mau khdc nhau.

Cach 16 mau nhu trén 1ap nén mot phan hoach tuong duong trén tap X:
X, wXyw.owX =X vii X N X =@ (i #j), 0day néu ta dénh s cdc
mau tr 1, 2, ..., s thi X, gom cédc dinh duoc to mau i (i = L, ..., s). Mat khéc,
theo dinh nghia s6 6n dinh trong a(G) thi 1X] < a(G). Tir d6 ta c6 dénh gid:

IXi=n=1X,1+ X, + ..+ X[ + .. + X <s5.0(0)
Hay s((3).ci(G) =z n.
Binh 1y duge ching minh.
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4.4. S4c s8 cla dé thi ¢6 chu trinh

Dinh Iy 13: Mot chu trinh d¢ dai 1é (chdn) luén ¢6 sic s6 bing 3 (sic s6
bang 2).

Chitng minh: Ding quy nap theo d6 dai chu trinh.

4.5. S&c sd cua dé thi don va dé thi don phan déi

o D6i vdi do thi don ta cé thudt todn t6 mau do thi nhu sau:

Cho G = <X, U> 1a d6 thi don véi X = {x,. X, ..., X, }. Tim s(G).

Budc 1: Sap x&p bac clia cac dinh theo thit tu gidm ddn. Khéng mat tinh
tong quat, gia sir:

m(x,) 2 m(x,;) 2 ... 2 m(x,).

Bucc 2: Gan mau 1 cho x, va cdc dinh khong lién ké véi x,. Sau dé 1iép
gdn mau | cho cdc dinh khong lién ké véi cac dinh da gan mau 1. Tha tuc
gdn miu 1 chi-dimg lai khi khong thé gdn mau 1 duoc nita.

Bude 3: Gan mau 2 cho cdc dinh chua duge gdn mau 1 theo thi tuc gan
mau & budc 2. ' o

Thu tuc gdn mau s€ ding lai khi tat ca cdc dinh da duge gdn mau (do d6
thi hitu han).

Vi du 2: Cho G = <X, U> dudi dang d6 thi

Ta céd: m(xs) = 6;
m(x )} = m(x,) = m(x3) = m(xg) = m(Xg) = M(Xg) = 4;
m(X,) = m({X;) = m(Xg) = 2
Gan mau 1 cho x5 va cdc dinh khéng k& véi x5 la x, va x.
Gan mau 2 cho x, va cdc dinh khong ké véi x, 1a x5, X5, Xq.
Géan mau 3 cho x, va xg.
Vays(G)=3.
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b) Poi voi do thi phén doi G = <X, U>

Pinh Iy 14: s(G) = 2 khi va chi khi G 1a dé thi phan doi va lién thong.
(Ban doc ty chiing minh)

Vi du 3: Cho G = <X, U> ¢6 dang

(3 day: X'1 = {Xl, XZ, X3, X4}

X, = {X5, X6, X2 Xg, X9, X10}
Cic dinh trong X, gén mau 1, cdn céc dinh trong X, gdn mau 2.
Vay s(G) =2.

4.6. Bai todn t6 mdau ban dé

a) Quan hé gifta bdn do va do thi

Mot ban d6 trén mat phéng c6 thé bi¢u dién bdi mot dé thi (dudi day go |
1a d6 thi d6i ngiu) duge thiét 1ap theo cac nguyén tac sau:

_ M&i mién ciia ban d6 duoc biéu dién boi mot dinh.

— Hai dinh duoc ndi v6i nhau bdi mot canh néu hai mién twong ing véi
hai dinh dé c6 bién gi6i chung trong ban do. '

— Hai mién chung nhau chi mot diém khong dugc xem 12 ¢6 bién gioi
chung., _

Vi du 4: Ban dd gém 9 huyén la H; (i = 1, 2, ..., 9) nhu sau:

H2 H:!
H,
H, Hs
Hio He
. H,
H, He

Theo nguyén thc trén, ban dé c6 d6 thi d6i ngau la
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b) Téo mau bdn do

56 mau (Si thi¢u ding d€ 16 mau ban dé sao cho hai mién ¢6 chung bien
gi6i phdi 16 bang hai mau khic nhau. Sic s ciia ban dé 1a s6 mau 161 thidu
dung dé to ban dé dé. _

- Sac s6 cha do thi doi ngiu chia ban d6 chinh 1a s6 mau t6i thidu ding dé
t6 mau ban dé theo nguyén tac hai mién ¢ bién gidi chung phai 16 bang hai
mau khéic nhau.

V1d6 thi d6i ngau clia mot ban d6 1a d6 thi phing, d6i véi dé thi phéng
ta ¢6 dinh 1y 4 mau sau day:

Binh ly 15 (Dinh Iy 4 mau): Sic s6 cha mot d6 thi phéng khong 16n hon 4.

{Ban doc ty chitng minh) _

- Trdinh ly trén ta thdy sic s6 cha ban d6 khong vuot qué 4. Chéng han
trong do thi d6i ngau & vi du trén sic s6 cha né 1a 4. Tic 1A diung 4 mau ¢é
thé t6 dugc dé thj da cho.

§5. CHU TRINH EULER VA DUGNG EULER

5.1. Chu trinh Euler

Gid s G = <X, U> la d6 thi v6 huéng hodc c6 huéng. Mot chu trinh
@ trong do thi G duge goi 1a chu trink Euler néu né di qua tét ca cic canh
cua G va di qua méi canh diing mot 14n.
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Vidu 1: Cho d6 thi G = <X, U> cé-dang

Chu trinh Euler trong d6 thi trén a:

Z = XU, X3Ug XglgXylly X3UsXsly XsUsXUg X4UqX

Dinh Iy 16: )

. a) P8 thi vo hudng G = <X, U> ¢ chu trinh Euler khi va chi khi G la
lién théng va bac cla tat ca cdc dinh trong d6 thi G 1a s6 chan.

b) D4 thi ¢6 hudng G = <X, U> cé chu trinh Euler khi va chi khi G lién
théng yéu, bac viio va bac ra clia méi dinh déu bing nhau.

Chiing minh: a)

e Diéu kién cdn: Gia sit dé thi G = <X, U> ¢6 chu trinh Euler. Ta cén
chitng minh G 1a d6 thi lién thong va véi méi x € X ¢é m(x) = 2k (k 1a mot
$6 nguyén duong nao.do).

That vay, gia s G = <X, U> khong lién thong hay G co it nh§t hai thanh
phan lién théng G, = <X, U;> va G, = <X,, U,>. Trong d6 X, U X, = X,
U, u U, = U, gilta cdc dinh trong X, va trong X, khong c6 canh hodc dudng
ndi v6i nhau. Gia sit ® R chu trinh Euler trong G. Theo dinh nghia cia chu
trinh Euler thi o 2 chu trinh di qua t41 ca cic canh trong G, mdi canh ding
mat 1an. Néu o ¢6 dinh chung véi G, = <X, U,> thi  1a chu trinh ndm tron
trong 46 thi G,. Diéu ndy mau thudn véi dinh nghia ciia . Ching t6 d6 thi
G = <X, U= Ia lién thong. '

Bay gi¢s ta ching minh méi dinh x € X trong G déu c6 bac chén, tic la
cdn chi ram(x) = 2k, vdi k € {1, 2, ...}. Trudc hét thay ring k = 0, bdi vi néu
k = 0 thi x 1a diém c6 1ap trong G, tic 1a G khong lién thong, trdi véi diu da
chi ra. Gia st ngugc lai, ton tai mét dinh x; € X ma m(ki) 13 mot s8 18, chang
han m(x,) = 3. D6i véi x; ¢6 ba canh di vao nd, gia st d6 la cdc canh (x;, x,),
(X5 X)) va (x;, X € U. Chu trinh Euler © s& di qua ba canh dé. Khi d6 m6t
trong ba canh trén c6 it nhat mot canh ma chu trinh Euler o di qua hai 14n.

14-TOAN RAI RAC
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Diéu d6 mau thun véi dinh nghia cia chu trinh . Vay m(x) 1a mot s6 chin
vo1 mol x € X.

Piéu kién dn: Giasu G = <X, U> 12.d6 thi lién théng va méi dinh x € X
déu ¢6 bac chdn: m(x) = 2k, k € {1, 2, ...}. Ta chitng minh trong dd thi G c6
t6n tai mot chu trinh Euler.

That vay, v6i gia thiét trén, trude hét ta ching minh tai méi dinh cha G
¢6 ton tai chu trinh don (tdc 12 chu trinh di qua cdc canh, mdi canh diing mot
lan). Dé chimg minh diéu d6, ta luu ¥ ring khéng thé ¢6 mot dinh x ma
m(x) = 2. Diéu d6 1a ding bdi vi khi d6 tai dinh x ¢6 khuyén va do d6
x ciing 12 mot dinh ¢6 lap, trdi v6i gia thi€t do6 thi G va lién thong.

Gia st x € X 1a mot dinh n2o d6. Ta chi ra ¢é chu trinh don P qua x.
Do m(x) > 2 suy ra ton tai dinh x; sao cho x, # x vd x ké véi x,. Do
m(x,) > 2 suy ra ton tai dinh x, sao cho x, # x| va x,; ké vii x,. Tiép tuc nhu
vdy, do m(x,_;) > 2 suy ra ton tai dinh x; sao cho x; # x;_, vd x; ké v6i x,_
Khi t6i budc i ta céd mét dudng di tir x t6i x; qua cdc canh, mdi canh ding
mot 1an. Qua trinh trén s€ dimg lai do tinh hitu han cla do6 thi G. Gia sl s6
budc hira han d6 1a j. Dicu d6 chiing 16 x va x; 1a hai dinh ké nhau. tic la c6
canh néi x véi Xj- Diéu nay 1a ding vijla btrcc cudi cung.

Nhu viy tai dinh x ¢6 chu trinh don P di qua.

- Bay gi&s ta chimg minh rang trong dé thi G = <X, U> c6 chu trinh Euler.
Theo ching minh trén véi dinh x € X ¢6 chu trinh don diquala P, va P, Ia
chu trinh trong d6 thi G. Hay "dénh ddu xo0d" céc canh trong P,. Né&u sau khi
"danh dau xo0a" cdc canh trén dudng P, tao ra maét s6 dinh c6 14p mdi thi hay
"ddnh diu loai bd" cdc dinh ¢6 1ap mdi d6. K&t qua thu duoc s& 13 mot d6 thi
mdi G, = <X, U,> 12 d6 thi con cia d6 thi G = <X, U> da cho. Ta chi ra d6
- thi G, thod man mot s6 tinh chat sau:

— Chu trinh P, trong d6 thi G va G, ¢6 dinh chung, bdi vi G 1a d6 thi
lién thong.

- D6 thi G| gbm céc dinh x € X, c6 bic chan.

~ That vay, n€u x € X, ma x khong thudc cdc dinh trong P, thi m(x) hién

nhién 1a mot s6 chin.

Con néu x € X| ma x la dinh thudéc P, thi sau khi "ddnh dau xod" hai
canh cua P, chifa dinh x thi bic cua dinh x s¢ giam di 2, do dé m(x) ciing
la s6 chan.

Tém lai véi Vx € X, thi m(x) 1a mét s6 chan.
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Ta ¢6 thé minh hoa dé thi G véi chu trinh don P, va d6 thi con G| nhu
hinh vé dudi day: '

@ P, . G =<X,, U>

x, 1a dinh chung giita P, va G,. D6i v6i G, = <X,, U;> 1ai dinh x € X,
c6 ton tai chu trinh don P, ma cdch xay dung P, ciing nhu d6i voi P,

Trong P, bd 14t ¢4 céc canh, giir lai céc dinh ¢6 canh hodc dudng néi v6i
céc dinh khic trong G, ta duge d6 thi con G, = <X,, U,> cha G;. DO thi nay
ciing c6 tinh chit nhu G, 1a lién thong, ¥x € X, déu ¢6 bac chan, G, va P,
¢6 diém chung chéng han tai x5:

Do tfnh hitu han cia d6 thi G = <X, U>, qua trinh xay dung ca chu trinh
don s& dung lai & bu6e thir k nao dé. Nhu vy, trude khi sang budc thit k ta
di c6 k - 1 chu trinh don P, Py, ..., P va d6 thi Gy, = <X, Uy > 126
thi con ctia d6 thi Gi_, = <X,y U,_,> D6 thi G_, la lién thong v moi
dinh x € X,_, ¢6 bac chéan, déng thdi G-, va P,_, ¢6 diém chung la x,.
Vi qud trinh trén dimg lai sau k budc nén dé thi G-, 1a mét chu trinh don
qua x, vd bao goém hét cac canh trong d6 thi Gy_;. Vi néu khong s& dén tdi
mau thuan do k 1a budc cudi cling.

Ghép cic chu trinh don P, P, ..., Py tai c4c dinh chung ta dugc tap cdc

chu trinh Euler trong d6 thi G = <X, U>. Dinh Iy duge chimg minh.

b) Chiing minh danh cho ban doc. Can chi ¢ dinh nghia bac vao va bac
ra ctia d6 thi ¢é hudng va chid ¥ hé qua cua dinh.ly 2.

Vi du minh hoa cho diéu kién da ctia dinh ly.
Xé1 d6 thi nhu hinh dudi day:
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vf“\f

Day 1a d6 thi lién thong va c6 cc dinh déu bac chin.

Xudt phét tr dinh x, ta ¢6 chu trinh don Py:

vaG,la X _ x‘1 : Xg

Tu G tacé6 P,y la

5.2. Thugt toan tim chu trinh Euler

Bai toan: Cho d6 thi G = <X, U>. Hay tim chu trinh Euler ciia dé thi
G néu <.
Thudt rodn:

~ Bude {: Kiém tra xem G c¢ la do thi lién thong hay khong. Néu G Ia
lién thong thi chuyén sang budc 2. Nguoc lai thi thuat todn dimg va két luan
rang dé thi khéng cé chu trinh Euler.

— Buoc 2: Ki€m tra xem tdt ca cdc dinh cfia G déu ¢6 bac chdn hay
khong. Néu tét ca cdc dinh déu ¢6 bac 1a chén thi chuyén sang budéc tiep
theo. Néu khong, hiy dimng lai va két luan rang d6 thi da cho khong cé chu
trinh Euler.

— Buoe 3: Xay dlmg'céc chu trinh don trong G sao cho tat ci cac canh
clia d6 thi déu ¢6 céc chu trinh don di qua va méi canh chi di qua mot lan.
Ghép cic chu trinh don nhu trén tai cdc dinh chung nhau ta duogc tap cac chu
trinh Euler cén tim.
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Céc budc trén duge thé hién trong tha tac sau:
Procedure Euler (G: 46 thi lién théhg vdi 18t ¢& cac dinh bac chan);

Chu trinh ;= chu trinh trong G bét dau tai mét dinh chon tuy ¥ va ¢ canh dugc thém
vao dé xay dung duong di qua cac dinh va cudi cling quay lai dinh
dudc chon ban dau;

g = G v&i cac canh clia G sau khi bd di chu trinh;
While <g cén canh>
Begin

Chu trinh con := chu trinh trong g bt du tai dinh trong g cang 1a dinh dau
mut cla mot canh thude chu trinh;

g:=gvdi cac canh cla chu trinh con va tat ca cac dinh cé 1ap bj loai bd;
Chu trinh = chu trinh v chu trinh con dugc chén vao tai mét dinh thich hop;
End; {chu trinh |a chu trinh Euler}

5.3. Duong Euler

Ducong Euler trong d6 thi G = <X, U> la duong d1 qua tit ca cac canh
cha d6 thi, méi canh di qua ding mot lan.

Nhan thay rang méi chu trinh Euler 12 dudng Euler déng.

Dinh Iy 17:

a) Cho G = <X, U> 12 d& thi v6 hutng. Di¢u kién cdn va di dé d6 thj cé
dudng Euler nlumg khéng ¢6 chu trinh Euler 12 d6 thi G lién thong va so6
dinh bac 1é trong d6 thi 12 2.

b) Cho G = <X, U> 1a do thi c6 huéng. Diéu kién cdn va di dé G ¢6
dudmg Euler nhung khong ¢6 chu trinh Euler 1a G lién thong yéu dong thoi
bac vao va bac ra cha tat ca céc dinh déu bang nhau; trir hai dinh, mot dinh
¢6 bac vao 16n hon bac ra 1 don vi, con dinh kia cé bac ra 16n hon bac vao
ldonvi. '

Chirng mink (Chiing minh danh cho ban doc).

Vi du 2: Cho G = <X, U> lién thong va ¢6 hai dinh bac I¢ 1a x| va x,
(hinh a). '
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B6 sung thém dinh méi x va hai canh u = (x. X,), v = (X, X,) vao d6 thi G
ta thu duge G' = <X', U'> (hinh b). D4 thi G' 1a lién thong va moi dinh déu
€6 bac chdn, do d6 theo dinh Iy 16 t6n tai chu irinh Euler:

xuxlexsdx4cx3bx2kk4fxlaxzmx.

Bo dinh x va hai canh u, m ta dugc dudng Euler trong G la:

- XyeXsdx cx3bxkx,fx ax,.

5.4. Thudt todn tim dudng Euler

Bai toan: Cho d6 thi G = <X, U>, Hay (im dudong Euler.

Thudt todn:

— Butde 1: Ki€m tra xem dé thi G ¢6 lién thong hay khong. Néu ¢6 thi
chuyén sang budc 2. Nguoc lai, thi dimg thuat todn v khing dinh ring
khong ¢6 duong Euler. _

- Bite 2: Kiém tra xem moi dinh trong G déu ¢ bac chin hay khong.
Néu ¢6 chuyén sang budc 4. Néu khong chuyén sang budc 3.

— Bitde 3: Kiém tra xem s6 dinh bac 1¢ c6 bang 2 hay khong. Néu c6
chuyén sang budc 4. Néu khong thi dimg lai va ket luan khong c6 dudng Fuler.

—~ Budc 4: Xay'dL_mg duong Euler trong G.

Vi du 3: Do thi sau day 1a lien thong, nhung s& dinh bac 1é 13 4 do dé
theo dinh 1y 17 thi né khong ¢6 dudng Euler.

§6. CHU TRINH HAMILTON VA DUSNG HAMILTON

6.1. Chu trinh Hamilton

Gid su G = <X, U> 1a d6 thivo huéng. Chu rrinh Hamilton 1a chu trinh
di qua 141 ca cac dinh cia d6 thi, mdi dinh ding mat lan.
Déi véi chu trinh Hamilton ta ¢6 dinh 1y sau day:
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Pinh Iy 18: Néu don d6 thi lien thong G = <X, U> ¢ bac ¢ mdi dinh
khong nhd hon nia s6 dinh cha dé thi (tic la v&1 Vx € X ta ludén co
m(x) > IX|/2) thi trong dé thi ¢6 t6n tai chd trinh Hamilton, & day gia thi¢t IXi 2 3.

Clutng minh: Theo gi thiét ¢6 m(x) 2 IX/2 véi ¥x € X. Dung phuong
phip phan chimg. Gid sir trong G = <X, U> khong (6n tai chu trinh
Hamilton. B sung thém cdc dinh méi vao dé thi G va tir cdc dinh méi deu
¢6 canh ndi 16i 1at ca cdc dinh x € X trong d6 thi G cho tdi khi nao do thi
m&i G' = <U', X'> ¢6 chu trinh Hamilton thi thor.

Gia st 16i thifu cac dinh mdi cdn bé sung vao dé thi G = <X, U>
dé duge do thi G, = <X}, U,;> ¢6 chu trinh Hamilton la p dinh. Khi dé
IX,| = X1+ p (%)

a) Dinh méi phai ding xen k& hai dinh ¢t trong chu trinh Hamilton.

That vay, néu hai dinh méi y,, v, 12 ké nhau trong chu trinh Hamilton
{(xem hinh vg)

véi x;, x; € Xcony,. y, € X\ X

Do y,. v, déu cé canh ngi véi dinh cii nén ta c6 thé bo di mot trong hai
dinh y, y, ta vin dugc chu trinh Hamilton. Diéu nay trdi véi gia thi¢t ring
s6 dinh bd sung thém 1a t6i thidu. Vay dinh méi ding xen k& hai dinh cii.

b) Tir khéng dinh a) ta thdy chu trinh Hamilton ¢6 dang

voi X, X, € Xeony € X\ X

Trong trudng hop ndy ta cin chi ra s6 cic dinh ké cta dinh x; s& nho
hon hoac bang $6 cdc dinh khong ké ctia dinh x;.

That vay, gia sir x, 1a dinh k& cla x; va x, 12 dinh ké clia x,. Néu x, la
dinh ké ctia dinh x; thi chu trinh Hamilton ¢6 dang




216 ' TOAN RO RAC (NG DUNG TRONG TIN HOC

Trong truong hop nay ta c6 thé bo dinh y va thay XjyX; boi XiX XX,
Diéu dé trdi v6i gia thiél ring s dinh bo sung 14 t6i thiéu. Vay X, khong ké
voi x;. Nhu vay ta da chi ra: Véi dinh x, ké cta dinh x; thi twong g véi
dinh x, khong ké véi x;. Khéng dinh b) dugc chimg minh.

Dua vao khing dinh b) ta c6 céc bat déng thic sau: .

IX|I=tXi+p=>s, +3,. (1)
trong dé s, 1a tdng s6 dinh ké cta X; va s0 dinh khong ké ciia Xj; Sy I1 tdng s6
dinh ké cha X; va s6 dinh ké cta x;. Ta ¢6 s6 dinh ké ca dinh X; = m(x)) 2
[X1/2 + p va s6 dinh ké cua dinh x; = =m(x;) 2 IXI/2 + p(2). Tir (1) va (2) ta co
bat dang thic sau;

IX,I=1XI+ p2(XI/2 + p) + (IX}/2 + p) = IXI| + 2p

Két hop vé6i (*) suy ra p = 0. Diéu dé chitng t6 khong cén bd sung dinh
mdi nao, d6 thi G = <X, U> van cé chu trinh Hamilton.

Binh 1y duge chimg minh.

6.2. Buong Hamilton

Dudng Hamilton trong d6 thi G = <X, U> Ia dudng di qua tat ca cc
dinh, méi dinh ding mét lan.

Binh ly 19: Gia st G = <X, U> 1a d6 thi c6 huéng va day di. Khi dé
trong do6 thi luon luén tén tai dudng Hamilton.

Chimg minh: Gia s © = X;1Xj3 ... XyXiga] - Xim(Xipy 12 MOt duong so
cdp bét ky trong dé thi. D€ don gian, ta chi viét cdc dinh ma khong ¢6 céc
canh xen ké nhu dinh nghia.

Néu trong dudng so cdp w ma tat ca cac dinh trong X déu ¢6 mat thi
chinh @ la duong Hamilton. Con néu c¢6 nhimg dinh trong X nhung chua ¢é
mat trong o thi ta c6 thé bo sung hét nhitng dinh dé vio duong o so cip dé
né tro thanh dudng Hamilton theo nguyén tic sau day:

Gia sirx € X ma x khong nim trén dudng so clp o. Cic trudmg hgp sau
day xdy ra do tinh day di cha dé thi G.
I. Néu x c6 cung t6i x;,_ ;b8 sung x vao ddu @ va né c6 dang:

XXi1Xi2 o XikXKika1 - Xim—1Xim
2. Néu tir xy, 6 cung t6i X va tif X ¢6 cung t8i x;,, thi ta bd sung x vao

gitfa hai dinh x; va x,,,.
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Khi d6 @ c6 dang:
XiXiz - Xik XXjiey - Xim—1Xim
3) Néu tif X, va X, €6 cung di tir x va tif x lai ¢6 cung di 16 x;,, thita
bd sung x vao gilta hai dinh X, V& Xjy,, ta dugc © c6 dang:
XinXi2 o XikKiga 1 XXik42 -+ Xim=1%Xim
4) Néu v6i vk e [1, m — 1] ma tit x; VA X, c6 cung sang X thi ta b6
sung X vao cudi, khi d6 o c6 dang:
Xi1Xiz -+ XigXike1 - Xim-1Xim¥
Bang céch trén 1a cé thé bé sung vio o céc dinh trong do thi ma chua c6
mat trong o dé nd ré thanh duong Hamilton.
Pinh 1y dugc chiing minh.
Nhdn xét: Trong dé thi c6 huéng day di, néu ta thay cung boi canh thi
ta duge do thi ddy da vo hudng.
Heé qud: Gia sit G = <X, U> 1a dé thi ddy di: v6i [XI > 3. Khi d6 trong
dé thi G luon ludn t6n tai chu trinh Hamilton. Diéu ngugc lai néi chung
khong ding.

Vi du 1: D4 thi dudi day c6 chu trinh Hamilton nhung né khéng phai la
dd thi day du.

X, Xz

X, Xy

Vi du 2: Da thi dudi day khong c¢6 dudng Hamilton.
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§7. PUONG DI NGAN NHAT TRONG BO THi

7.1. budng di ngdn nhdt trong dd thi khéng trong s&

D6 thi khong ¢6 rong s6'1a d6 thi trén cac canh khong gan trong s6.

Bai toan: Cho do thi khong ¢6 trong s6 G = <X, U> va hai dinh a, b € X.
Tim dudng di ngén nhat tir dinh a dén dinh b, tic la dudng tir a d&n b ¢6 56
cdc canh (cung) 13 it nhat,

Thudt todan:

Buwdce 1: Ghi chi s6 & cdc dinh bing quy nap theo s6 bude

— Dinh a ghi nhin 0: A(0) = {a}.

— Céc dinh ¢6 canh di tir dinh a dén ghi s6 1.

~ Gia sir da ghi nhan tdi budc tha i A0), A1), ..., Ali). Khidé tap nhan
thi i+ | xdc dinh nhu sau: AG+ 1) ={x:x e X.x € Ak) (0 <k 1) v
Jy € A(i) sao cho y ¢6 canh (cung) t6i x}, 0 day budc 1 chi dimg lai khi di
xdc dinh dugc tap A(m) cdc dinh, trong d6 c6 dinh b dugc gan nhan m (do
dé thi hitu han).

Buge 2. Tim duong di ngén nhit tir a dén b. Budc nay xuat phat tir dinh
b di nguge vé dinh a theo cdc nguyén tic sau:

— Tim 1at ca cdc canh (cung) 16 b duge gdn nhanm - 1, téc A(m - 1) =

{X, X, X, }. V6i mOi x € A(m - 1) tim t&t ca cdc dinh ¢6 canh (cung)

L
t

“16i x duge ghi nhan m — 2. Thi tuc ndy sau mgt s6 budc s& gip dinh cé
nhdn 0, d6 chinh 12 dinh a. ,

— Té1 ca cdc duong xdc dinh duge trong budc 1 va 2 1 cic duong di
ngén nhat tir a dén b ¢6 do dai m.

Vi du 1: Cho d6 thi ¢é huéng nhu hinh dudi day:




Phdn HI. DO THI VA UNG DUNG 219

a) Tim dudng di ngan nhat tira dén b.
Bueée 1 Dinh a duoc danh s6 0 va ¢ A(0) = {a}
AL = {X;, Xg X7}
A(2) = (X4, X50 X3l
A3) = {X3. b, X}
Bue 2: T bude 1 ta ¢é6 b € A(3) nén tir a dén b 1a dudng di ngin nhat
c6 3 cung. Tiép theo ta x4c dinh 14t ca cdc dudng di ngan nhat c6 do dai 3:
— BPinh ¢é cung t6i b duoc didnh s6 2 1a xs.
~ Binh ¢6 cung 16i x5 duge dénh s6 1 1a x,.
— Dinh ¢ cung 11 X duge danh 56 0 14 a.
Putmg can fim la axgxsb.
b) Tim dudng di ngan nhat di wr x4 d€n X,
" Buge 1: Panh s6 céc dinh
A0) = {xg4}
A(Ll) = { x5, Xot
A(2) = {x3, b, Xy}
Birge 2: Tir bude 1 ta ¢6 ;g € A(2), chimg to dudng di tir dinh x4 dén
dinh x,, c6 do dai bang 2 1a duong di ngan nhat. Ta xéc dinh dudng dé:
~ Pinh c6 cung t6i x|, dugc dinh s6 1 1a x,.
— Dinh ¢6 cung 181 x4 duge danh s6 0 12 xg.

"Vay duong can tim 12 xgXoX g

7.2. Dudng di ngdn nhdt trong dé thi cd trong so

Thuat todn tim dudng di ngan nhat trong dé thi cé trong s6 dugc tng
dung rat réng rdi trong linh vyec CNTT ciing nhu céc bai todn éng dung phan
luéng trong thuc 1€, dic biét 1 cdc bai todn dinh tuyén trong mang may tinh
(tim dudmg di ngan nhat cho géi tin gita hai mdy tinh). Néu chiing ta coi
to6p0d mot mang mdy tinh (Computer Networks) hay mét mang ndi b nao dé
(Local Networks) 1a mot d& thi c6 trong s6. Cac Routers. Workstations, ... &
day déng vai trd nhu cdc dinh trong dé thi va khoang cich (hay thoi gian
truyén tré — Tranferdelay time) gifra ching la trong s6 ctia d6 thi... Khi do,
thuat todn tim dudng di ngan nhat trong dé thi ¢é trong s6 s& gidp cac mdy

*
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tinh c6 thé tim dugc mot dudng di ngén nhat hay dudng di c6 do tré nhd nhat
dé truyén va trao déi thong tin cho nhau. ..

a) Do thi ¢ trong s¢

Dinh nghia: Cho do thi hitu han G = {X, U}. V&i mdi canh u € U ta dat
luong ng voi mot s& thuc (u) va goi 1a rrong s6 cha u. DS thi ¢6 cdc canh
co trong sG nhut trén duge goi la do thi ¢6 trong sé.

Vi du 2: Hai do thi dudi day 1a hai dé thi ¢6 trong s6.

Ta ky hiéu D(a, b) 1a tap t4t ca cac dudng n6i dinh a véi dinh b trong dé
- thi G = <X, U>, goi « 1a mot dudng ndo dé trong G va gia sir
. o= X”ui]xizuiz Xin_|uin_lxin, xij 1S X, uij el (J = 1. 2, vary I]).
n-1|
Khi d6 ta k¥ hiéu /(o) = Z H(u;;) va goi la lrong s6 cua dudng .
=1
Bai toan: Cho d6 thi don lién thong cé trong s6 G = <X, U> vaa, b e X
1a hai dinh trong d6 thi. Tim cdc dudng « tir dinh a dén dinh b trong d6 thi
G = <X, U> c6 trong s6 bé nhat, tic o phai thoa mén
Ko) =min{/(B): B € D(a, b)}.
D61 voi bai todn nay t6n tai nhiéu thujt todn khac nhau cho phép tim ra
16i giai. C6 thé ké dén cac thuat todn nhu:
~ Thudt todn Ford — Bellman: Tim dudmg di ngén nhat tir moét dinh 16i
tat ca cdc dinh con lai ciia d6 thi, 4p dung cho trudng hop trong s6 Wy
nhung trong d6 thi khong ¢6 chu trinh am (chu 1 mh dm la chu trinh ¢6 t6ng
trong $6 cac canh trong chu trinh 13 mét s64m).

— Thudt rodn Dijkstra: Ap dung cho lruong hop trong s& trén cdc cung
la khong am. Thuat todn c¢6 do phiic tap ca O(n®), v6i n 1a 56 dinh ciia d6 thi.

— Thudt 1odn Floyd: Cho phép ta tim dudmg di ngin nhat giira tat ca cdc
cap dinh trong dé thi v6i do phic tap tinh todn c& O(n>).
Dud6i day chiing 16i trinh bay cdc budc 1Am viéc cha thust todn Dijkstra.
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b) Thudt todn Dijkstra

Thuat todn Dijkstra 4p dung trong truong hop trong s6 khong am sé hiu
hiéu hon rat nhi€éu so véi thuét todn Ford — Bellman. Thuat toan dugc xay
dung trén co sd gan cho cdc dinh cdc nhan tam théi. Nhin cha méi dinh cho
biét c4n trén cla do dai dudng di tir dinh a (dinh xuét phét) dén nd. Céc nhan
nay s& dugc bién ddi theo mot thi tuc ldp, ma & mbi budc lap ¢é mot nhin
tam thoi trd thanh nhan ¢ dinh. Néu & mot nhén cia dinh nao trd thanh
nhiin c6 dinh thi né s& cho ta d6 dai cia dudng di ngin nhat tir dinh a dén né.
Thuat todn cé 4o phic tap cd om?). Thuat todn dugc md ta cu thé nhu sau:

® Buoc 1: Déanh trong s6 cac dinh.

. - Trong s0 cua dinh xuat phét a 1a a(a) = 0.

— Tai cdc dinh con lai ta ghi mot trong s6 duong ¢ du 16n sao cho né 16n
hon trong s8 ciia cac dinh v a téi.

 Bude 2: Thuc hién viéc giam trong s& cdc dinh.

Gia sir tai dinh x duge ghi trong s6 o(x). Néu t6n tai dinh y ¢6 trong s6
o(y) tit y sang X md o(x) > o(y) + /(y, x) thi ta thay trong s6 cua o(x) bdi
trong sG G'(x) = o(y) + iy, x). Trong trudng hop nguoc lai thi gif nguyén
trong s6 o(x). Qud trinh thuc hién cho t6i khi trong s6 ctia tdt ca cic dinh
trong G = <X, U> dat cuc tiéy, tic 1a Vx € X khéng ton taiy € X ké vdi x
ma o(x) > o(y) + I(y, X).

® Biucie 3: Xéc dinh dudng di tir a dén b ¢6 trong s6 bé nhat.

— Tir buéc 2 ta xdc dinh duge trong sd cha dinh b. Xuat phdt tir b di vé
dinh ké véi b, chang han dé la dinh x,, c¢6 tinh chit o(b) = o(x,,) + /(x;,, b).
Néu khong cé dinh ké x;, nhu vay thi ta di vé dinh ké v6i b ¢6 trong s6 canh
(cung) tir dinh d6 vé b 1a bé nhat.

— Tu dinh x,, ta di ngugc vé dinh x;,_, cé tinh chat
o(Xip) = 6(Xipey) + 1 Xip-15 Xip)s

néu khong di vé dinh ké véi x;, ma trong s canh (cung) giita ching la
bé nhét.

Bang cdch d6 ta s& di vé dinh X;; ma dinh ké 12 a sao cho
o(x;)) = o(a) + I(a, x;,) = I(a, x,;), v6i c(a) = 0.

Pudng a = ax;,X;; ... X;—;X;,b 12 duong di tir a dén b c6 trong s6 bé nhat
trong s6 tat ca cac duomg di tira dén b.
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That vay,
Koy =1, X0+ 1(x;), X)) + ., + !(giin_,, Xin) T (X, b)
= [o(x;)) — o(a)] + [o(xjy) — o(x; )] + ... + [6(x;,) — oy )]
+1o(b) — o(x;,)] = o(b). '
Gia st B € D(a, b) 1a mot duong di bat ky tir a dén b va ¢6 dang

B = ax;;x; ... XX b. Theo budc 2 ta ¢6 bat dang thic sau:

la, le) > o*(le) —o(a) = O'(Xj])

i(le. ij) = U(ij) - O-(le)

I(Xje—1 Xy 2 6(X ) = O(Xj-)
I(xj, b) = o(b) — o(x;)
Cong hai vé taco:
I(B) = fa. xj)) + 1(Xjp, Xp) + oo + HXj—ys X550 + H(xy, b) > o(b)
So sanh vai trén ta ¢é:
Ho) =min {{(B): f € D(a, b)}.
Dang gia ma ctla thuat todn Dijkstra nhu sau:
Procedure Dijkstra (G: dé thi lién théng cb trong s duong)
{G cd cac dinha = vg, vy, ..., v, = b va trong sG /(v v,) = o néu {v, v) ¢ U cla G}
Fori:=1ton '
alv) = o
o(a) = 0;
 S=
{ban dau cac nhan dugc khdi tac sac cho nhan clia a bing 0, con cac dinh khac
béng «, tap S la rong}
Whileb ¢ S
Begin
u = dinh khang thudc $ c6 nhan o(u) nhé nhat;
S=85u{u)
For <tat c3 céc dinh v khéng thudc 8>
if o{u} + f{u, v) < o(v) then a(v) := ofu) + Hu, v}
{thém vao S dinh cd nhan nhé phat va sira ddi nhan cla cac
dinh khéng thude S}
End; {{u) = {a, b} = d& dai dudng di ngédn nhat tif a dén b}.

Vidu 3: Dung thuat todn Dijkstra tim dudng di d6 dai ngén nhat tir dinh
x dén dinh y cta dé thi G = <X, U> ¢6 trong s6 cho dudi dang:
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Gidi: Cac budc ding thuat toan Dijkstra tim d6 dai dudng di ngan nhat
gilta dinh x va dinh y dugc thé hién bai cac hinh dudi day:
' 5
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Tai mbi budc lap clia thuat toin, cdc dinh clia S duoc khoanh thanh hinh
vuong. Duong di ngdn nhat chi chifa cic dinh da thude vao tap S,. Thuat
todn két thiic khi y dugc khoanh thanh hinh vuéng, ta nhan dugc dudng di
ngin nhat tir x dén y 13: xcbdey véi do dai la 13.

§8. MOT SO TINH CHAT CUA DS THI PHANG

8.1. Khai niém dién hiiu han vé dién vdé han cGa dd thi phang
Gia st G = <X, U> la d6 thi phang. Khi d6 G c6 thé biéu dién trén mat
phéng sao cho cac canh chi cit nhau tai dinh ma théi.
Vi du 1: Cho d6 thi nhu hinh a.
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Hinh b

D6 thi trén 1a d6 thi phang vi n6 ¢6 cdch biéu dién trén mit phdng ma
cdc canh chi cit nhau & dinh (hinh b).

Biéu dién phing nay chia mat phang thanh 4 mién ma ta danh s6 1a d,,
- d,, d3 va d,. Ta goi méi mién 12 mot dién. DG thi trén ¢6 4 dién d|, d,, d, va
d,, trong d6 dién d,, d, va d; 1a dién hitu han, con dién d, 13 dién vo han.
Chu trinh ciia mét dién 13 bién tao nén dién d6, va mbéi mot bién cha dién
dugc tao nén bdi cac canh clia d6 thi phang.

Hai dién d,, d, duge goi 1a ké nhau néu bién clia n6 ¢6 it nhét mot canh
chung (cac dién chi ti€p xlc vdi nhau-chi & mot dinh khong coi 13 ké nhau).

Mot céch tdng qudt, néu G = <X, U> la mot d6 thi phang thi biéu dién
phang Gp clia G = <X, U> chia mat phang thanh r dien d,, d,, ..., d,, trong d6
¢6r—ldi¢nhituhanlad,, d,,..,d_, vamoétdién vo hanlad.

Ky hi¢u m(d;) 1a bac cba dién d; va m(d,) := s§ céc canh trong d6 thi tao
nén bién cia dién d;. Bic cta biéu dién phing Gp ctia G ta k¥ hiéu 1a m(Gp)
va duge dinh nghia nhu sau:

m(Gy) := > m(d;)

i=I
& day: r la s6 dién duoc tao ra trong biéu dién phang Gp cia G = <X, U>.
Dé dang kiém tra lai: Don dé thi phing va lién théng G = <X, U> thoa
man dang thic m(Gp) = 2IUL,

Hay bac clia biéu dién phing clia d6 thi don phing lién thong
G = <X, U> bang hai 14n s& canh ctia d6 thi.
8.2. Chu s& cua dé thi

Gia sit G = <X, U> la mot do thi (da dé thi) vai IXI = n dinh, Ul =
canh va p thanh phédn lién thong. Ta k¥ hiéu chu’sé cua dé thi G la
¢(G) :=m - n + p. Khi d6 ta c6 két qua sau day: .

15-TOAN ROI RAC
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Dinh Iy 20: S8 dién hiru han trong do thi don phang G = <X, U> ludn
luén bang chu s6 cha G = <X, U>,

Chitng minh: Dung phuong phdp quy nap theo s& dién hitu han h cta G.

- Véi h = 1, trong trudng hop nay G 1a 1 dién hitu han, hay 1a moét chu
trinh don duy nhat. Diéu ndy ching t G ¢é IXI| = Ul va G lién thong. Vay
Gy=m-n+p=1=h.

— Gia stt dinh 1§ ding véi h dién hitu han, téc la c(G)=m-n+p=h.

— Xét G ¢6 n dinh, m canh, p thanh phén lién théng va h + 1 dién hitu han.

Chon moét canh ndo dé trén bién cha mot dién hitu han ma né tiép xic
v6i dién v6 han. Loai canh nay, ta dugc d6 thi bd phan G' ctia G. Trong G’ ¢6
50 dién hitu han 12 h. Theo gia thiét quy nap thi c(G') = h. Vay

(m-1)-n+p=hom-n+p=c(G)=h+1.
D6 1a diéu can chimg minh.

8.3. Cong thic Euler
Pinh Iy 21: Néu do thi G = <X, U> phang, lién théng ¢6 IXI = n dinh,
JUl = m canh va s6 dién trong bi€u dién phing 1a r thi ta ludn ¢é:
r=m —n+ 2 (cong thic Euler)
Chitng minh:
Theo dinh 1y 20 thi ¢(G) =m —n + 1 =r — 1 (do trong r dién c6 1 dién
v6 han, con lai Ia dién hitu han). RO rang
r=m-n+2.
T dinh 1y 21 ta cé céc hé qua sau day:
Hé qud 1: Néu G = <X, U> 1a dé thi don, phang va lién thong c6 IXI = n
dinh (n = 3), Ul = m canh thi m £ 3n - 6.

Hé qud 2: Néu G = <X, U> 1a d6 thi don, phang lién théng ¢61Xl=n
dinh (n > 3), iUl = m canh va khong cé chu trinh d¢ dai 3 thim €2n - 4.

BAI TAP
1. Dé thi "ldn 16" Ia mot mo hinh do thi biéu hién si canh tranh cia cdc
lodi trong mot hé sinh thai nao dé. Méi loai vat dugc biéu dién bdi mor
dinh. Méi canh vé huong noi hai dinh néu hai logi dvgc biéu dién bdi
hai dinh nay 1 canh tranh voi nhau (ufc 1@ chiing cung chung nguon
thite dn).
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Cho dé thi "14n 8" trong hé sinh thdi. Trong d6 thi ta thay: G&u va Soc
canh tranh; Cid va Qua canh tranh nhau; Gau va Qua khong canh tranh
nhau...

Tha c6 tdi Séc Qua

O chuot Chim gé kign

Chudt trd C‘\

Hay xéc dinh cdc loai tha canh tranh véi Chudt trit va cac loai thu khong
canh tranh v&1 Chudt trir.

2. Do thi dnh hudng: Khi nghién citu tinh cdch cia mdt nhém ngudi ta
thdy mot s6 ngudi c6 thé cé dnh hidng Ién suy nght cia mot s6 nguoi
khdc, PO thi c6 hitong cé thé dimg dé biéu thi bai todn ndy. Do thi c6
Iucong nhir vay duac goi la dé thi dnh hidng.

Vidu: Cho do thi ¢d huéng nhw hinh duoi

Cuc Héng

Man

Lan Nhai

Ciic ¢6 dnh hudng 167 Héng, Lan va Nhai... Khong ai ¢é drh hudng dén
Ciic cd. Nhai va Mdn ¢é dnh huong 16i nhau.

Hay xay dung d6 thi anh hudng cha cdc thanh vién linh dao trong mot
truong dai hoc néu biét: Hiéu trudng cé anh hudng 1én ba Hi¢u phé va
phong T4 chirc cdn bo; Hiéu phé phu trach dao tao ¢6 anh hudng Ién
phong Dao tao va phong Dao tao sau dai hoc; Hiéu phé phu trich
nghién ciu khoa hoc ¢6 anh huong téi phong Pao tao sau dai hoc; Hiéu
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phé phu trach co s& vat chét ¢é anh hudng 16i phong Hanh chinh quan
tri; phong Tai vu khong dnh hudng 16i ai va ciing khong c6 ai c6 thé anh
huéng t6i phong Tai vu, con phong Té chifc can b cé thé anh hudng téi
Hiéu trudng.

3. M6 hinh do thi thi ddu vong trom: Mot cudc thi ddu thé thao, trong dé
moi doi dau voi mot doi khde ding mét ldn dioc goi la thi ddu vong
tron. Cugc thi ddu vong tron cé thé biéu dién bdi mot dé thi c6 hudng
va mdi doi neong img véi mot dinh. Mét canh di nix dinh a dén dinh b
(theo hiueomg tix a sang-b) néu doi a thdng doi b. Truomg hop déi a hoa
doi b thi giita dink a va dinh b khong cé cung ndi véi nhau.

Vidu: Cho do thi nhu hinh duéi ma méi dinh la mot doi bong:

/

\

\

Doi 3 thing tdt cd cdc doi. Poi 6 thua tdt cd cde doi. Poi 1 thdng doi 2
va 6, hoa véi doi 5, nhung thua cdc doi 3 va 4.

Trong trén d&u vong tron & bang A gém cac doi béng Thé cong (TC),
Cong an Ha Ngi (CAHN), Séng lam Nghé An (SLNA) va Cong an
Thanh ph6é Ho Chi Minh (CATPHCM) dién ra theo két qua sau:

TC thang CAHN, hoa SLNA va thua CATPHCM,

CAHN thing CATPHCM, nhimg thua TC va SLNA.

'‘CATPHCM thiang SLNA va TC, ngung thua CAHN.
Hay ding d6 thij ¢6 huéng dé biéu dién két qua thi dau cia bon doi trén.

4. Cac chuong trinh mdy tinh c6 thé thuc hién nhanh hon bdng cdch thi

hanh dong théi cde cdu lénh ndo dé, nhung véi diéu kién la khong duoc
thicc hién mot cdu lénh doi hdi két qud ciia cdc cdu lénh khdc chua dwoc
thiee hién.

St phu thudc gita cde cdu l1énh vao cdc cdu lénh tride ¢6 thé bidu dién
bdng do thi c6 hudng theo nguyén tdc sau: Mi cdu lénh ddr ruong img
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vdi mot dinh. Néu c6 mot cung di i dink a sang dinkh b thi cdu lénh &

dinh b khong thé thuc hién duoc rrudc khi cau lénh & dink a thyc hién.

D6 thi nay ngudi 1a goi la d6 thi ¢6 wu tién trude sau.

Vi du: Cho chuong trinh may tinh S va do thi ¢é wu tién trude sau cua S

duwdi dang sau ddy:

s,:a:=0

s,:b=1

s,:c=a+l

Chuong trinh S: i S
s,;d=b+a

sgre=d+1

[S; =e=c+d
D6 thi cua S:

- 55 khong thé thuc hién duge néu chia thuc hién sy, s, vad s, Ciing nhu
vay s, chua the thue hién duge néu.chia thic hién s;, 55, 53 va 54

Xay dung d6 thi ¢6 uu tién trudc sau cho chuong trinh S bao gém céc
ciu lénh dang sau:

sy:x:=0
S;tx=x+1
S3:y =2
Sq1Z:=Y
SgiX:=X+2
St Y i=X+2Z

s;i1z:=4.
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5. Cho dé thi vé huéng

a) Hay xdc dinh bac cua cac dé thi.

b) Chi ra céc dinh c6 lap va dinh treo cila cdc d6 thj.

¢) Kiém tra xem bac cta d6 thi c6 bang hai 14n s& canh hay khong.
6. Cho d6 thi nhu hinh dudi

Hay vé tat ca cdc do thi con cha do thi trén.
7. Trong mot cude lién hoan, moi ngudi déu bii tay nhau. Hay chi ra ring

tong s0 lugt ngudi dugc bat tay la mot s6 chin (gia sir ring khong ai tu
bét tay minh).

8. Cho ma tran ké

O =
O ba
Lo B s B

Hay vé d6 thi duge bifu dién bing ma tran ké trén.
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9. C6 bao nhiéu dudng di do dai 4 wr dinh a dén dinh d trong do thi sau:

10. Cho hai d6 thi sau:

oo

<
91' BOoEN o
SN c

6 thi nao lién thong, d6 thi nao khong lién thong?
11. Chi ra ring, néu don d6 thi G ¢6 k thanh phan lién thong va cédc thanh
phén lién thong nay c6 tuong Ung n,, 0y, ..., 0 dinh, khi d6 s6 canh cua

£\

k
G khoéng vuot qua ZC(ni,Z).

12. Cho d6 thi:

Tim s6 dudng di giita hai dinh 3, 6 cé d¢ dai:
a) 2; b) 3; c)4;
d) 5; e)6; 7.

13. Cho céc ¢6 thi ddy do K, (nchis6 dinh) v6i 1 <n<6:

. O
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a) Hay bi€u dién K, bing danh séch ké va ma tran ké.
b) Tim s& canh cia d6 thi ddy du K.

14. Chu trinh G, (n > 3) 12 mét d6 thi c6 n dinh vy, v,, ..., v, vA n canh
(V). va)y (Vy, V3), ooy (Vo v va (v, vi). Cac chu trinh C (n =3, 4, 5, 6) 1a

Ao
00

C‘ .
C; Cs
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a) C6 bao nhiéu dé thi con, d6 thi b phan doi véi déthi C, (n=3,4,5,6)?
b) Chitng minh bac ctia C,, dugc tinh theo cong thitc m(C,)) = 2n (n > 3).
¢) Tim s6 én dinh trong, n dinh ngodi va nhan cla d6 thi C,.

15. Cho dé thi '

a) Hay chi ra n6 1a d6 thi phan doi.
b) Tim s 6n dinh trong, s6 6n dinh ngoai va nhan clia d6 th1 trén.

16. 2) Néu dé thi don G ¢6 n dinh va m canh, khi dé G ¢6 bao nhiéu canh?
b) Chémg minh ring néu G 12 d6 thi don c6 n dinh thi G v G =K,

17. Nghich dao ctia 46 thi ¢6 huéng G = <X, U> duoc ky hiéu 12 G 'ladé

thi ¢6 hudng duge x4c dinh nhu sau: G = <X, V> trong d6 (x, y) € V
khi va chi khi (y, x) € U.

a) Ching minh (G™'Y ' =
b) Hiy vé dé thi nghich déo ctia do thi:

18. Diing phuong phap d6 thi thé hién viée bo tri lich cho cac lcfp CNTT véi
7 mon thi trong 7 ngay. Yéu cdu phai bg tri lich thi sao cho hai moén thi
clia cing mot thiy gido khong duge roi vao hai ngay lién ti€p nhau. Biél
ring khong ¢ thdy gido nao co nhiéu hon 4 mon thi.

19. Bai todn Idp lich: Hay lap lich thi trong mot truong. dai hoc sao cho
khong ¢6 sinh vién nao ¢6 hai mon thi cung mot lic.
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20. Cho hai d6 thi ¢6 hudng:

[ =]

D6 thi nao la lien théng manh? D6 thi nao 1a lien théng yéu?

(D6 thi c6 hudng 1a lién théng yéu néu c6 dudng di gilra hai dinh bat ky
ctia do thi vo hudng nén).
2}. Cho cdc d6 thi:
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Kiém tra xem d6 thi nao c6 chu trinh va duong Euler, vi sao? Néu cé
hay chi ra.
22. Cho hai dé thi:

G;:

G,

Hai d6 thi trén, d6 thi nao la 46 thi Euler?
23. Cho d6 thi c¢6 hudng:

Kiém tra xem dé thi trén ¢6 chu trinh Euler hay khong? Néu c6 hay chi
ra cac chu trinh Euler do.
24, Cho cic do thi:
G,:
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25,

26.

27.

28.

29.

G, G, c6 dudmg va chu trinh Hamilton khong? Néu ¢6 thi v& duong va
chu trinh Hamilton d6, néu khong giai thich vi sao?

Cho G = <X, U= la d6 thi lien thong. Chiing minh ring néu cic dinh cia
«dudng don dai nhat tao thanh dé thi con G' = <X, U> ¢6 chu trinh
Hamilton thi G ciing c6 chu trinh Hamilton.

Nha vua m&i 2n (n 2 2) ky ma dén du tiéc. Mbi Ky ma quen it nhdt n ky
mi dén dy tiéc. Ching minh ring ludn luén c6 thé x&p tit ca céc Ky ma
ngdi xung quanh mét ban trdn, sao cho méi ngudi ngdi giifa hai ngudi
ma minh quen biét.

C6 thé v& bic tranh thanh mi tu duéi day bang mot nét lién (khong -
nang but Ién khoi trang gidy trong qud trinh v&) hay khong?

Mot nuSe ¢6 10 thanh pho. Hay thiét 1ap mét mang cdu hang khong sao cho:
a) Méi thanh phd ¢6 c4u hang khong néi truc ti€p véi ding ba thanh
pho khic.

b) Tir m&i thanh phé ¢6 c4u hang khong di t6i mot thanh pho tity ¥ sao
cho trén dudng hanh trinh t6i dich ¢6 thé di qua cdc thanh phé khic,
moi thanh phé di qua diing mot lan.

Ban d6 thanh ph6 ma ngudi dua thu cén phai di qua la do thi:
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Ngudi dua thu xuét phdt tir dinh 2 di qua tAl ca cdc thanh phd (canh) dé
dua thu rdi lai quay vé noi xudt phat.
Hay chi ra dudng di ngan nhat cha ngudi dua thu v6i gia thiét do dai cha
mdi canh 1a nhu nhau.

30. Khi no c6 thé son vach phan déi cic dudng phé trong mot thanh phd
ma khong can di qua méi phd qua mot 1an? (Gia thiét tat ca cac pho déu
c6 dudng hai chiéu).

31. Tim dudng di ngdn nhét trong d6 thi khong co trong s6 tir dinh a dén
dinh b sau day:

32.

Tim dudmg di ngén nhat giita hai dinh a va z.
33, Tim séc s cha cac d6 thi sau:

G,:
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34. Cho céc ban dé ciia hai ving;

o \%

a)

b)

Hay v& do thi tuong iing cla hai ban d6 trén va tim séc sé cta né.
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Chuong 8
CAY VA UNG DUNG CUA CAY

§1. DINH NGHIA VA CAC Vi DY VE CAY

Cay ¢6 rat nhiéu dng dung trong tin hoc. Ngudi ta dung cay dé nghién
citu, xay dung cdc thuat todn nhu sdp xép, dinh vi cdc phan tr trong danh
sich. Cay diing trong viéc xay dung mang mdy tinh, dung dé tao ra céc ma
luu trir dix Liéu...

1.1. Cay

Ta dinh nghia cay nhu sau: Cdy 1a mét dé thi don, lien thong va Khong
¢6 chu trinh.

Vidui:

e G, =<X,,Up>

I mot cay, vi G, 1a d6 thi don, lién thong khong ¢6 chu trinh.

& ©

khong phai 1a mét cay, vi G, ¢6 chu trinh rhac du lién thong va don.
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khong phai l1a mot cay, vi khong lién théng mac du 1a don va khong cé
chu trinh. '

* G4 = <X4, U4>:

& @

khong phai 12 cay, vi n6 khong phai 1a d6 thi don ma 13 da dé thi.

ciing khong phai ia cay, vi né ¢6 khuyén nén khéng phai 1a dé thi don.
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1.2. Ring cay

Mot d6 thi v6 hudng gém k thanh phén lién thong ma mdi thanh phan
lién thong 1a mot cay duge goi la rung cdy.

D6 thi G = <X, U> ¢4 hai thanh phan lién thong dudi day 1a maot rimg:

O—A—0L T

& @ O—®

1.3. Cay cé géc

Trong mot cay, néu ta 1Ay mot dinh nao d6 1am goc thi ta ¢6 thé gan cho
mdi canh cha cdy mot huéng di tir géc ra. Cay nhu vay goi la cdy cé géc.
Cay c6 géc 1a mot dé thi c6 hudng ma gdc 1a mot dinh khoéng ¢é bic vao,
con 14 1a dinh khong c6 bac ra. Thuong cay ¢é gbc ¢6 dinh géc mam phia
trén cOn céc 1d nam phia duéi. Dinh cua cay c6é g6c khong phai 1a géc ciing
khéng phai la 14 goi 1a dinh trong. Néu trong cay c6 gbc ta ldy mot dinh
trong lam goc thi cdy d6 goi la cdy con cé géc cua cay cd gbe ban dau. Dot
khi trong cdy c6 gdc c6 thé bd huéng mii tén di tir g6c dén cic 14, vi khi
chon gbc tire 1a hudng cia cac canh di dwoc xac dinh.

Vidu2: Chocay G, =<X,,U>.

o Néu ta chon dinh 1 lam gdc thi cay ¢ géc cd dang:

OO OO

voi gdc 1a dinh 1, cdc 14 12 cdce dinh 2, 3, §, 6, 7, con dinh trong 12 dinh 4.

16-TCAN ROI RAC
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» Néu ta chon 4 1am dinh gdc thi ta nhan duge cay ¢6 goc 1a cay cd dang:

v@i dinh goc 12 4, cac1ld1a 6, 7, 2, 3 va 5, con 1 1a dinh trong.

Chiéu cao h clia cay 1a mifc cao nhal trong cdy, hay la d6 dai cia dudng
di 16n nhdt tir gdc dén 14 clia cay.

1.4. Cay m - phan, cay m - phan ddy da vé cay nhi phan

Cay ¢6 goc duge goi 1a cdy m — phdn néu tat ca cdc dinh clia cay ¢6
khéng qua m con.

Cdy m — phdn ddy dii 1a cdy m — phan v6i moi dinh trong (ké ca goc) ¢6
ding m con.

Cay m — phan ¢é gdc va dd cao h ducgc goi 1a edy cdn déi néu tat ca cac
14 déu & muc h hoac h — 1.

Cay m — phan véi m = 2 goi la cdy nhi phdn.

Vidu 3: Cho cic cay:
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Hy :
Trong cdc cay trén, cay H, 1a cay 3 - phan; H, la cay 3 - phan day du;
H, Ia cay nhi phan.

§2. MOT SO TINH CHAT CUA CAY

Dinh Iy 1. Gia si G = <X, U> 1a mot cay. Khi dé cdc ménh dé sau day
la wong duong:

1) G = <X, U> 14 d6 thi lién thong va khong ¢6 chu trinh.

2) G = <X, U> ¢6 n— 1 canh va khong ¢6 chu trinh.

3) G = <X, U> lién thong va ¢é n — 1 canh.

4) G = <X, U> khong ¢6 chu trinh, nhung néu thém vao mét canh néi
hai dinh khong ké nhau thi xuét hién duy nhat mét chu trinh.

5) G lién thong va néu trong G = <X, U> bd di mdt canh tuy y thi d6 thi
nhan dugce s€ khong lién thong.

6) Hai dinh bat ky ciia G = <X, U> dugc néi véi nhau béi mot dudng
di don.

Chitng minh:Ta chimg minh theo trinh tu sau:

N=22)=23) =245 =6=1)

Sir dung cong thitc c(G) =m —~n + plachuséciadd thi G=<X, U>, &
day Xl = n, Ul = m, p 1a s6 thanh phan lién thong cla G.

1y = 2): ViGkhong céchu trinhnénc(G)=0haym-n+p=0.Do G
lien thong nénp=1. Vay m —n + | =0, hay m = n — 1. Chimg 16 G khéng
co chu trinh vasé canhlan - 1.

2) = 3): Gia sut G khong ¢6 chu trinh va ¢6 ding n — 1 canh. Ta ching
minh G lién thong va ¢d n — 1 canh.
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That vay, gia sir nguge lai G khong lién thoéng. Khi dé p 2 2,
¢(G)=m —n + p = 0 (do G khéng cé chu trinh). Thay m = n — 1 vao dang
thitc trén ta cd: p— 1 =0 => p = 1; trdi v6i p = 2. Vay G lién thong va ¢6 so
canhlan - 1.

3) = 4): Gia st G lién thong ¢6 n — 1 canh. Ta chi ra G khong c¢6 chu
trinh va né€u thém vao moét canh ndi hai dinh khéng ké nhau thi xuat hién
duy nhét mét chu trinh.

That vay, vi G lién thong nén p = 1, mat khac m = n — | nén ta cé:

c(@=m-n+1=0 (1)

Hay G khong ¢6 chu trinh. |

Néu ta thém vao G mot canh ta duge d6 thi G’ vdi s6 canh 1a n, 1a ¢6

cGY=n—n+1=1 - (2)

Chimng t6 n€u thém vao G mét canh thi G' xuat hién duy nhat mot chu trinh.

Tir (1) va(2) tasuyrad).

4) = 5): Gia suit G khong ¢6 chu trinh va néu thém vao mot canh ndi hai
dinh khong k€ nhau thi xudt hién duy nhat mot chu trinh. Ta chi ra G lién
théng va néu trong G bd di mot canh tiy ¥ thi 46 thi nhan dugc sé khong
lién thong.

Gia su nguge lai G khong lién thoéng, tic 13 t6n tai cap dinh (x, y) trong
G ma khong c6 dudng nao n6i x v6i y. Khi d6 néi x véi y boi moét canh dé
- thi nhan duge van khong ¢6 chu trinh. Diéu nay mau thudn véi 4). Vay G 1a
lién thong. ) .

Néu trong G bd di mét canh ma d6 thi nhan dugc van lién théng thi néu
khoi phuc lai canh nay d6 thi s& ¢6 chu trinh. Diéu ndy mau thuén véi 4).
Todn lai ta cé 5).

5) = 6): Gia sir nguod lai, néu trong G ¢6 ton tai cap dinh (x, y) khong
ndi v6i nhau bang dudng naoc ca. Ching o G khéng lién thong. Mau thuin
véi 5) 1a G hién thong, hay méi cap dinh déu c6 mét dudng néi v6i nhaa.
Budng dé 1a duong don, vi n€u c6 hai dudng ndi cap dinh x, y thi sau khi hd
di mét dudng d6 thi vin lién thong, trdi véi 5) 12 néu bd di mét canh thi dé
thi s€ khong lién théng.

6) = 1): Vi mdi cap dinh néi v6i nhau boi modt dudng thi theo dinh
nghia G la lién thong. Gia st G ¢6 chu trinh, xét cap dinh trén chu trinh do.
Khi d6 dinh x va y c¢6 hai dudng néi véi nhau, trai v6i 6).

Dinh 1y duge chitng minh.



Phdn 1. DO THI VA UNG DUNG 245

Pinh Iy 2. Mot cay c6 it nhat 2 dinh treo.

Chitng minh: Ta ching minh bang phan chimg. Gia sir trong cay G s6
dinh treo nho hon 2. C6 hai trudng hop xay ra:

a) 86 dinh treo = 0.

b) S6 dinh treo = 1.

Ta chitng minh cé hai trudng hop déu khong xay ra. |

Trudng hop a): Néu sd dinh treo = 0, tfic 1a khong ¢6 dinh treo, hay méi
dinh trong G déu cd it nhat 2 canh lién quan dén né, tic la bac cia nd = 2.
Xu#t phat tr mbi dinh vao 1 canh va di ra 1 canh khac (khong lap lai), qud
trinh ndy 1& vo han, vi néu hitu han thi xuat hién dinh treo. Tinh vo han nay
mau thuén véi tinh hitu han ciia cdc canh trong dé thi.

Trudng hgp b): Gia sir ¢6 1 dinh treo. Ta xuét phat ti dinh nay di nguoc
lai nhu qué trinh trén thi ciing dén dén su mAu thudn véi tinh hitu han cda
d6 thi.

Tém lai, dinh ly duoc chiing minh.

Dud6i day ta dua ra mot s6 két qua cta cay m — phan:

Dinh Iy 3:

1) Cay m — phan ddy du vdi i dinh trong s€ c6 tit cd n = m.i + | dinh.

2) Cay m — phan ddy di v6i n dinh s€ ¢ i = HT_I dinh trong va

_(m-Dn+1
- m

3) Cay m - phan diy di véi i dinh trong s€ ¢6 n = m.i + 1 dinh va
f=(m-1i+1la

! dinh ngoai (14).

m/ - | dinhvai= =1 dinh trong.

4) Cay m — phan ddy di cén =
m — 1 m-1

Dinh Iy 4:

1) Cé nhi€u nhét h 14 trong cay m — phan véi do cao h.

2) Néu ciy m — phdn ¢6 d6 cac h va c6 / 14 thi h = [log[].

3) Néu cay m — phan day du can d6i thi h = [log /]

O day 1x] 2 s6 nguyén nhd nhét 16n hon hay bang x.

B& dé 1: S6 lugng céc dinh ¢ mic i cia cay nhi phan day du Ia 2' véi
1=0,1,2, ..
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Chiing mirnh: Chitng minh bang quy nap theo i.

— Véi i = 0: Dinh thudc mic 0 1a g6¢, ma mdi cay chi c6 mét géc nén
b6 dé ding.

— Gia sir bd dé diing véi i = k, uic 1a & mitc k cay cé 2% dinh.

— Xét mirc k + 1 va chi ra s§ dinh & méc nay la 2¥*,

That vay, méi dinh & mitc k c6 diing 2 con nén 2* dinh & mic k ¢6
2 x 25 = 25" ¢on, hay s6 dinh & mic k + 1 la 2.

Bd dé 2: S6 luong cac dinh trong va dinh ngodi clia cay nhi phan day du
c6 d6 cao h la: 2M' - 1.

Chiing minh: Suy ra tit bé dé 1:

S6 cic dinh trong va dinh ngoai & mic h = s& cac dinh & mifc 0 + s6 céic
dinhdmic 1 +... +scdcdinhdmich=2°+2"+  +2"=2""'_

Dinh Iy 5: Cho cay nhi phan ddy du véi L = s6 cédc dinh ngoai. Khi dé
s6 cac dinh trong cha cay la L - 1.

Chitng minh: Goi chiéu czo cua cay 1a h. Theo bd dé 1 th1 $0 cac dinh
ngodi L = 2. Con s6 cdc dinh trong va ngoai theo bé dé 2 1a ™! - 1). Néu
dat K = s6 dinh trong thi K + L = 2! — |

VayK=(2x2"-1)-2"=2L-1-L=L-1

Dinh Iy 6. Cay nhi phan day du c6 n dinh thi chiéu cao h clia né duge
tinh theo céng thitc: h =log,(n + 1) - 1.

Chitng minh: Theo b6 dé 2 thi:

n= 2h+1 2h+l

-lon+l=
Loga co s6 2 hai v€ déng thiic trén ta dugc:
loga(n+ 1)=h+ 1 hay h=log,(n + 1)~ 1.

§3. UNG DUNG CUA CAY

Xét ba bai todn bang mo hinh cay:

Bai toan 1: Cic phédn tr trong moét danh sach duge Iuu trit nhy thé nao
dé c6 thé dé dang dinh vi dugc chiing?

Bai todn 2: Hay xdc dinh ddy cdc quyét dinh dé tim d6i tuong c6 tinh
chét x trong tap hop céc déi tugng nao dé.
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Bai toan 3: Can phai ma hod tap cdc chir cdi bang cic diy nhi phan nhu
th€ nio dé ¢ hiéu qua sir dung 16t nhat?
3.1. Céay tim kiém nhi phén ddi vai bai todn 1

Tim kiém mot phén t& trong moét danh séch 1a cong viec thuong gép
trong Tin hoc. D& gidi quyét n6 can mot thudt todn tim ki€m c6 hiéu qua.
D6 la cay tim kiém nhi phan. Cay tim ki€m nhi phan 12 mot cay nhi phan,
trong d6 méi con ctia mot dinh hoac 13 con bén phai hodc 1a con bén trdi,
méi dinh duge gén mot khod sao cho véi mdi khod chi xéc dinh duge mot
phan tir vi khoa clia dinh 16n hon khod cfia céc dinh cay con bén trdi va nho
hon khoé ciia cic dinh & cay con bén phai cia né.

Thi: tuc dé quy sau day cho phép tao lap cay tim kiém nhi phan cho mot
danh sach cdc phdn ur:

_ Buoe 1+ Bét dau véi cay ¢6 ding 1 dinh 12 dinh géc: Phén u dau trong
danh sdch |2 khod ctia dinh nay.

— Bue 2: Dé them mot phan tir méi (dinh méi) ta so sinh né vdi khod
cha cac dinh dad c6 trén cay bit ddu tir goc va di sang trai néu phan tff nho
hon khod ciia dinh tuong Ung, hodc di sang phai né€u phan tr nay 16n hon
khod cua dinh tuong Ung.

— Buoce 3: Néu cay nhi phan tim kiém duge xay dung ma khong phai 1a
cay nhi phan ddy du thi c6 thé thém cic dinh mdi khong nhin dé tao ra ciy
nhi phan ddy di (mdi khod déu c¢6 2 con), diéu nay gidp cho viéce dinh vi
hoac thém vao phin tif méi nhw 13 khod clia dinh ma khong phai thém vao
mot dinh méi.

Nhu vay, cay tim kiém nhi phan ding d€ dinh vi cdc phén tr dua trén
mot loat cac so sanh, trong dé médi so sanh cho biét ¢6 dinh vi duge phén tir
d6 hay chua, hoac sé di theo cay con bén phai hay bén trai.

Vi du 1: Hay tao ciy tim ki€ém nhi phan sao cho cdc tr: mathematics,
physics, geography, zoology, meteology, geology, psychology va chemistry
theo thi tu tir dién.

Gidi. Thi tuc tao dung céy tim kiém nhi phan theo thit ty tir dién tix danh
sach trén dugc mo 1a théng qua cac budc dudi day:
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Mathematics Mathematics Mathematics
O >
- —
Physics Geography Physics
Physics>Mathematics Geography < Mathematics
< Physics
Mathematics Mathematics
Geography Physics - Geography Physics | —
Zoology Mateology Zoology
Zoology > Physics > Mathematics > Mateoclogy > Mathematics
Geography Mateolegy < Physics

.. Va cudi cling ta ¢6 cay tim ki€m nhi phan cha danh sich trén theo thi tur tir
dién tiéng Anh la:

Mathematics

Geographys Physics

Geology

Zoology

Chemistry Meteology

Psychology

(Chemistry < Geographys < Geology < Mathematics <
Meteology < Physics < Psychology < Zoology)

3.2. Cay quyét dinh déi véi bdi todn 2

Cay ¢6 gbc o6 thé ding d€ mo hinh cdc bai todn trong d6 ¢ mot day
cdc quy€t dinh dan dén 10i gidi chia bai todn. Cu thé cay c6 goc, trong dé mobi
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dinh trong tmg vdi mot quyét dinh v méi cay con tai cdc dinh nay dng véi
mot két cuc ¢6 thé ctia quyét dinh duge goi 1a cdy quyét d;'nh.' Nhimg 161 giai
c6 thé cha bai t0dn twrong ung voi cdc dudng di t6i cdc ld cla ciy co
goc. Chiing ta s& dé cap thuat todn sip x&p bang cay quyét dinh trong cic bai
ti€p theo.

Vi du 2: Cin phai cin bao nhiéu ldn bang mdt chi€c can 2 dia (can
thang bang) dé tim déng xu gia trong 4 dong xu (¢4 3 dong that, mot dong
gia). Biét dong xu gia c6 trong luong nhe hon hoac nang hon cic déng xu
that. Mo ta thuat toan tim déng xu gia vdi s6 lan can tim duge.

Gidi:

Cé ba kha niang xay ra d6i v6i méi lan can: 2 dia ¢6 trong lugng nhu-
nhau, dia thit nhédt nang hon dia thi hai va dia thi nhét nhe hon dia thi 2.

Do d6 cay quyét dinh cho mot ddy céc 14n can la cay 3 — phan, va ¢6 it
nhit 4 14 trong cdy quyét dinh vi ¢6 4 k&t cuc ¢6 thé va mdi ket cuc phai
duoc bidu dién bang it nhat 1 14. S6 14n can nhiéu nhdt dé xdc dinh déng xu
gia la chiéu cao cua cay 3 — phan. Tha tuc can nhu sau:

~ Pdu tién can déng xu 1 véi dong xu 2, néu chiing bang nhau thi can
dong xu 1 v6i déng xu 3. Néu déng xu | va 3 bang nhau thi dong xu gia ja
déng xu 4. Néu déng xu 1 khac déng xu 3 thi dong xu 3 la gia.

— Néu déng xu | khic dong xu 2 thi ta can dong xu 1 v6i dong xu 3.
Néu déng xu 1 va déng xu 3 biang nhau thi dong xu 2 1a gid, con néu kKhong
can-béng thi dong xu 1 la gia. '

3.3. Cac ma tién t& ddi vdi bai todn 3

a) Bai todn mad hod cdc chit cdi tiéng Anh bdng cdc day nhi phdn

Xau nhi phan do6 dai 5 ¢6 thé ding dé ma hod mot chit cdi ticng Anh. Vi
c6 tat ca 32 xau nhi phan khdc nhau do dai 5, trong khi dé s6 chir cdi tiéng
Anh chi c¢6 26. Ma ho4 tuan thi theo cdc nguyen tic sau:

— Céc chif cai xuat hién thudng xuyén hon s& dugc ma hod bang cic xau
nhi phan ngén, cic xau nhi phan dai hon dimg dé ma cac chif cdi xuat hi¢n
it hon.

— Khi cdc chit cai dugc mi bing s6 bit thay doi cdn phai ¢ cdch xdc
dinh xem céc bit Gmg v6i méi chit bit ddu v két thic & dau. Chang han, néu
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chit e duge ma bang 0, chir a dugc ma béng | va chit t duge ma béing 01, khi
d6 xau nhi phan 0101 c6 thé twong (ing véi eat, eaca hoac tt.

~ D€ dam bdo khong c6 xau nhi phan nio dng véi hon mét day chit c4i,
xau nhi phan ing véi mot chit khong bao gidh xudt hién nhu 1a phan dau cia
Xa&u nhi phan ing vdi chit khéc. _

Ma c6 cdc tinh chat nhu trén dugc goi 1a md tién 16.

Vi du 3: M chit e bang 0, ma chit a bing 10, con mi chir t bing 11 1a
ma tién 16. Xau 10110 [a ma cba tir ate. D€ giai ma ta thdy s 1 ddu tien
khong bi€u dién chir ndo, nhung 10 lai biéu dién chi a (n6 khéng phai 1a
phan dau ciia xau nhi phan bi€u dién chi khdc). Sau dé s& 1 tiép theo khong
biéu dién mot chir, nhumg 11 1a bidu dién chit t va s6 0 cu6i cing biéu dién
chite,

b) Cay nhi phdn ding biéu dién md tién 16

Nguyén tic xay dung cay nhi phan biéu dién ma tién t6:

— L cta cay nhi phan duge gdn nhén 1a mot ky .

— Céc canh cia cay nhi phan dugc gdn nhin sao cho canh dan t5i con
bén trdj duoc gdn nhan 0, con canh dén téi con bén phai duge gan nhén 1.

~ Xau nht phan ma hod mot chir 13 ddy cdc nhén clia cic canh thuoc
dudng di duy nhat tir goc 161 14 c6 nhan cia chir cdi dé.

— Khi giai mi thi dung chinh cay nhi phin nay dé giai ma ddy nhi phan
ma n6 biéu dién.

Nhu vay, ta ¢6 thé xay dyng mi tién t6 bing mot cay nhi phan bat ky ¢6
canh trdi cha moi dinh duge gan nhan 0, con canh phai dugc gan nhan 1.
Dinhi¢n cay nhi phan nay phai tuan thi cdc nguyén tic trong muc a).

Vi du 4: Xay dung cay nhi phan mi tién 1§ clia cdc chit ¢ ma bang 0,
chit a ma bang 10, chir t ma bing 110, chit n ma bing 1110 va chi s ma bang
1111. Dung cay nhi phan vira xay dung giai ma tr c6 mi tién & 1
11111011100.

Giai:

Theo nguyén tac xay dung cay nhi phian mi tién 16 ta ¢6 cay nhi phan
can xac dinh 1a:
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N

® ol
®/\

Giai mi xau 11111011100 nhu sau: 1111 1 xau di tir g6c t6i 14 s, hay
xau 1111 13 ma cda chit s. Tiép theo xét bit thi 5 va 6 1a 10, di tir goc thi 10
12 mi ctia chir a. Tiép theo la tir bit 7 dén bis thir 10 1a 1110, di tir g6c dan té
l4 n, hay n ¢6 ma tién t6 1a 1110. Bit th& 11 trong day 12 0, bit ndy di tlr gc
s& din 16 14 e. Vay xau 11111011100 13 ma clia xau Ky tu sane. '

Vi du 5: Xdc dinh mi tién t6 cla a, e, i, k, 0, p va u néu so d6 ma duge
cho bdi cay nhi phan dudi day:
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Gidi:

Tir cay nhi phan ma tién 16 ta c6 két qua sau: _
—aco mi la 000; —ecdmilal0l;
—icédmilaOl; -k cé ma la 1100;
~océmilallol; —pcémdlalilio.

—ucOdmalallltl.

§4. CAC PHUONG PHAP DUYET CAY

Cay c6 géc duge sap thit iy dung dé luu trir thong tin. Chiing ta can ¢6
cac thu tuc "Viéng tham” cic dinh cla cay dé truy nhap dir liéu. Cay ¢6 géc
va dugc sap thit tu con sir dung de biéu dién cic biéu thitc khic nhau, nhu
bi¢u thic s6 hoc chita céc s6, cic bién va cic phép todn. N6 khong nhitng
diing d¢ bi€u dién cdc biéu thitc s6 hoc ma né con rat hitu ich trong viéc tinh
gid tri cua cac biéu thiic nay.

4.1. Hé dia chi phd dung
Thu e duyét tat ca cdc dinh cia cay cé gée va duoe sap thif ty déu dua
trén viéc sap thit tw céc dinh con theo thir ty tir iréi sang phai.

Pé lam duge viéc nay, trudce tién cin phai gin nhan cho tat ci cac dinh
bang phuong phdp truy héi sau day:

— Gdn nhan cho goc boi $6 0, sau d6 k dinh con clia né (& miic 1) tir trai
sang phai dugc gdn nhan 1, 2, ..., k.

— V@i moi dinh v & miic n ¢6 nhdn 13 A thi k dinh con ctia né tir trdi
sang phai duge gdn nhan Al, A2, ..., Ak,.

— Theo tha tyc trén thi dinh v & mc n 2 1 ¢6 nhdn x x, ... X, trong dé
dudmg di duy nhat tir géc t6i v s& di qua dinh x, & miic 1, dinh X, & miic 2, ...,
va dinh x, & mic n.

Céach gan nhin nhu trén duoge g0| 1a 1é dia chi phd dung cha mot cay c6
g0c¢ va dugce sip. Ta c6 thé sip tat ca cic dinh cia cay theo thi tu tir dién cha
cdc nhan trong hé dia chi phé dung.

Dinh ¢6 nhan x,x, ... x, 1a nho hon dinh ¢6 nhin y,y, ... y_, khi va chi
khl XIZYp X0 = Yo wn X =Y vax, <y, v6i0<i<n.
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4.2. ThuGt todn duyét cay

a) Thudt todn duyét tién thir tu

Thuét todan duge thuc hién theo E:éc budc sau:

— Gia sir T 12 mot cay ¢6 goc va duge sap thi tu véi goc lar.

— Néu T chi ¢6 r thi r 1a cach duyét tién thi tu cia T.

— Néu tai dinh r con c6 céc cay con T, Ty, ..., T, theo thi tr tir trdi sang
phai. Duyét tién thit ty s& dén tham r dau tién. Ti€p tuc duyét T, theo kiéu
tién thit tw. Sau d6 duyét T, theo ki€u tién thyt ty, ... Cudi cung dén T, duge
duyét theo kiém tién thi .

Tha tuc trén mé 14 dudi dang cay sau:

Budc 1: Tham r

T, T, T,
Bugc 2: Tham T, Budc 3: Tham T, Buoc n+1: Tham
kidu tién thir tu kiéu tién thir ty T, kidu tién thir tyf

Vi du 1: Cho cay c¢6 goc¢ duge sap T:
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~ Cé4ch duyéet tién thi ty cay T trén theo thit tu la: a, b, e, j, k. n, o, p. f, c,
d, g, 1, m,h,i.

~ Thuat todn duyet kidu tién thi ty dudi dang gia ma d6i véi cay T c6 gée
va dugc sap nhu sau: ‘

Procedure preorder (T: cly c6 gdc va quc sap);

t:=glcclhacay T,

ligtkér;

For <mdi cdy con'c cla r tif trai sang phai>

begin '
T{c) == cdy con vdi gdc c;
preorder {T{c))

end.

b) Thudt todn duyét trung thir tu

Thuat toan duge thuc hién theo cac budce sau:

~ Gia st T 1a mot cay ¢6 géc va duge sap th tu véi goc lar.

— Néu T chi ¢6 r thi r 12 cdch duyét trung thit tu ciia T.

— Néu tai dinh r con ¢6 cdc cay con T}, T,, ..., T, theo thit tu tir trai sang
phai. Duyét trung thif ty s&€ bat ddu bing viéc duyét T, theo kiéu trung thit tur,
sau d6 viéng tham r. Ti€p tuc duyét T, theo kiéu trung thit tu, ... Cudi cling
duyét T, theo ki€u trung thit tu.

Thi tuc trén mo ta dudi dang cay sau:

Budc 2: Thadmr

L T, — T,
Bugc 1. Tham T, Buge 3- Tham T, Budc n+1: ThAm T,
kiu trung ther ty kiéu trung thir ty kiéu trung ther tu

Thuat todn duyét ki€u trung thit tu dudi dang gid ma doi véi cay T cé
goc va duge sdp nhu sau:
Procedure inorder (T: cay c6 géc va dudc sap);
r:=qgbc cla cay T;
If <t {a 14> then
ligt ké r
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else

begin
{:= con dAu tién tif trai sang phai clar,
T/} := Cay con v&i gdc I
inorder (T{M);
ligtkér; '
For <mdi cay con ¢ cla r ti trai sang phai trit &>

T(c) := Céy con véi gbc c;

inorder (T{c))

end.

Vi du 2: Cho cay T ¢6 gdc va dugc sip nhu trong vi du 1. Céch duyét
trung thit tu cua cay T theo thir ty nao?
. Gidi: |

— Buge 1: Viéng tham cdy con cuc tréi, tham g6c¢, tham céc cay con khac
tir trdi sang phai 1an lugt theo thuat todn duyét trung thit tu d6i véi cay T ta duge:

®H © G
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—Bice 3;

VOO0 60006 ® 06 O

ONORO O @

—Buwoe 4

olclololololololelolorolcROICKO

T6m lai, duyét trung thit ty cay T trong vi dy 1 1a lan luot viéng thiam
céc dinh duoc ligt ke tir (5) dén (i) trong budc 4.

c) Thudt todn duyét hdu thirtw

Thuat todn duoc thire hién theo cac budc sau:

— Gia sir T 1a mot cay c6 géc va duge sap thi tu véi goc Iar.

— Néu T chi c6 r thi r 1a cdch duyét hiu tha tw cia T.

- Néu khong phai thi r con ¢6 céc cay con T, Ty, ..., T, theo thit tu tir
trdi sang phai. Duyét hau thif tu s&€ bat dau bang duyét T, theo kiéu hau thi
tu. sau dé duyét T, theo kiéu hau thi ty va tiép tuc cho dén khi T,, dugc

duyet theo ki€u hau thi ty. Cusi cung ket thiic bing viéc viéng tham dinh
gocrcua T.

Thu tuc trén mo ta dudi dang cay:

Butc n+1: Thamr

T, T, T,
Buge 1: Tham T, Buge 2: Tham T, Bugc n: Tham T,
kiéu hau thir kiéu hau thdr ty kigu hau thir tu

Thuat todn duyét hau thit ty dudi dang gia mi nhu sau:
Procedure postorder (T: Cay cé g6c va dudc sap);
r:= goc cha T;
For <médi cay con c cla r tir trai sang pha|>
Begin
T(c) == cay con vdi gbc ¢;
Postorder (T(c))
End.
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Vi du 3: Cich duyét ki€u hau thi ty d6i véi cay cé géc va duge sap cho
trong vi du 1 duge cho theo thit ty nao?

Gidi: '

Duyét ki€u hau thit ty ddi véi cay T bit dau bang cich duyét hau thi ty
cly con vél gbc b, duyét hu thit t cay con v&i goc ¢ (chinh 13 ¢) va duyét
hau thu tu cay con véi gée d va cudi cing la goc a.

" Cu thé gém céc budc duyét nhy sau: .
—Buoc 1

—~ Butoc 2 (D/® (0, OF @(/ @ ) (@, @)
m© ®
—~ Buoe 3:

OREOEEOE 000 ®@ @

(n) _@

17-TOAN ROI RAC
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—Buwoc 4

DPEROOD.O. 0.0 ®.6 00 .00

12 két qua duyét theo kiéu hau thit tr déi véi cay T trong vi du 1.

§5. CAY VA CAC BAI TOAN SAP XEP

Bai toan sap x&p cac phan tir clia mét tap hop duoc ing dung nhiéu va
thudng gap trong cu6c séng. Chang han, dé lap danh ba dién thoai cin phai
sap x€p tén chia nhitng ngudi thué bao theo thi tu tir dién...

Sap x&p 1a sy sap dat lai céc phan tir vio mot danh séch theo thif tr ndo
d6. Vi du, sap x€p cac phdn tr 7, 2, 4, 3, 1, 6, 5 thanh mot danh sach theo
thit tu ting ddn: 1, 2, 3, 4, 5, 6, 7. Ha}'* sip x€p cdc chir cdi d, h, c, a, f theo
thur w tir dién ta duge a, ¢, d, f, h.

5.1. Thudt todn s&p x&p nhi nguyén

Phan 16n céc cong viéc clia mdy tinh la sdp x&p lai céc d6i tuong thude
cac loai khdc nhau. Chinh vi vay, cdc nha nghién ciu khong thé khong
nghién ciu va phat trién thuat todn sép x€p sao cho 6 hiéu qua nhat.

Gia sir ¢c6 mot tap gébm n phan tit. Khi d6 ta¢é n! cdch sap x€p dua trén
cac phép so sanh nhi nguyén (tifc 12 mbi 14n so sdnh-hai phan t& v6i nhau).
K&t qua sau méi lan so sanh s& phan tir cdn sap x£€p thu hep dén lai.

Thuat todn sip x&p mot tdp gdm n phdn tir dya trén so sanh nhi nguyén
duge biéu dién bing cay quyét dinh nhi phan véi cac dinh trong chita cic
phép so sénh hai phan tu, con dinh ngoai (14) chita mot trong n! hodn vi clia
n phan tu. _

D¢ phic tap cha thuat todn sdp x&€p dua trén so sénh nhi nguyén tinh
bang s6 cac phép todn so sanh dugc sir dung. N6 doi héi it nhat {logn!] phép
$o sanh.

Vi du 1: Cay quyét dinh nhi phan biéu dién cich sip x&p danh sich ba
phén t{r a, b, ¢ ¢6 dang:



Phdn I11. DO TH( VA UNG DUNG 259

5.2, Thuat toén s&p x&p kiéu ndi bot

Sap x€p kiéu ndi bot bao gém céc thao tic co ban:

— Déi chd phén tir 16n hon véi phdn tr nhod hon di sau bét ddu tir dau
danh sdch va duyét qua toan by danh sach.

— Thi tuc trén 14p lai cho t6i khi viéc sip x€p hoan thanh.

Chit y: Ta hay twdng tuong khi cdc phan tir duge dat vio mot cot thi sdp
x&p kiéu ndi bot cdc phén tir nhd hon s& ndi lén trén, vi chiing ddi chd v6i
cdc phén tlr I6n hon. Céc phan tir Ién hon s& "chim” xuéng day cot.

Thuat todn sap x&p ndi bot ¢ do phic tap trong trudng hop xau nhat
12 O(n?).

Thuat todn sip x€p theo ki€u néi bot dudi dang gia ma nhu sau:

Procedure bubblesort {(a,, a,, ..., a,}
Fori:=1ton-1
begin
forj:==1ton-i
if & > &, then ddi chd a, va aj.,
end {a,. a, ..., a, dugc sap theo thir tu tAng dan}

Vi du 2: Hiy sap xép 3, 2, 4, 1, 5 theo thi ty tang ddn bang thuat todn
sap x&p kiéu ndi bot va chi rd cdc danh sdch nhin duge & mai budc.

Gidi:

— Buée 1. So sanh 3 va 2, vi 3 > 2 khong ding vi tri nén déi chd 3 va 2
cho nhau ta duogc 2, 3, 4, 1, 5. Vi 3 < 4 diing vi tri nén 1i€p tuc so sanh 4
véi 1. Vi 4 > | khong ding vi tri nén déi cho 4 va 1 ta duge 2, 3, 1, 4, 5.
Vi 4 < 5 ding vi tri nén budc 1 duge hoan thanh va 5 1a phan tlr 16n nhat duoc
dit ding vi tri trong ddy.

s
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Budc | duge mo ta bang so do cot véi ky higu:

X _ X
( : dBichéxvay, (* : ding it
¥ ' ¥
(3 2 2 2
2 3 3 3
4 G

4 1
1 1 c | 4
5 5 5 (
— Budc 2. So sdnh 2 va 3, vi 2 < 3 diing vi tri nén so sanh ti€p 3 va 1.
Vi 3 > 1 khong diing vi tri nén d6i ché 3 va 1 ta duge 2, 1, 3, 4, 5. So sdnh
3 va 4. Vi3 <4ding vitri nén so sdnh 1i€p 4 va 5. Vi 4 < 5 diing vi tr{ nén
budc 2 duge hoan thanh va 4 duge dat ding vi trf trong day.
Buéc 2 dugc mo ta bang so do cot:

2 2 2
(3 (3 1
I 1 (3
4 4 4

B 5 B

—Buoc 3. So sanh 2 va 1, vi 2 > 1 khong ding vi trf nén d6i chd chiing
cho nhau ta dugc: 1, 2, 3, 4, 5. Vi 2 < 3 diing vi trf nén khong cin tiép tuc so
sanh 3 v6i 4 va 4 v6i 5 nifa (vi ching da ddng vi tri).

Buéc 3 duge hoan thanh véi 3 dat ding vi tri,

(2 1
1

2
3 (3

4 4
5 3

—Bieoe 4. So sanh 1 va 2, vi 1 < 2 diing vi trf nén khéng phai so sdnh 2
vé1 3 nita, vi 2 da dat diing vi tri. Budc 4 duge hoan thanh.
Buéce 4 dugc mé ta bing so dd cot 1a (I
“ 2

3
4
5
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Vi du 3: Ding thuit todn sap x€p ki€u ndi bot hay sap xép danh sich
3, 1, 5, 7, 4 theo thi ty tang dén va chi 16 cdc danh sich nhan duge 6 méi budc.

Gidi:

Tuong tu nhu vi du 2 ta ¢6 cdc budc cha thuat todn sap x€p kiéu ndi bot
dudi dang so d6 cot sau:

—Buoc 1
3 1 1 | 1
1 (3 3 3 3
5 5 (S 5 5
7 7 7 C?‘ 4
4 4 4 4 [
— Buoc 2
1 1 1 |
3 (3 3 3
5 5 (5 4
4 4 4
[ i i 7

(l i 1
3 3 3
4 (4 4
5 5
7 7 7

—Buoe 4
1

3
4
5
7

5.3. Thuat todn sdp x&p kiéu hod nhap
Thuat todn nay dugc thuc hién theo cac budc sau day:

— Phan d6i lién ti€p cic danh sich thanh hai danh sich con bang nhau
(hoac hon kém nhau mot phin tir) cho t6i khi méi danh siach con chi gom
mot phén 1.
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— Day céc danh sich con dugc biéu dién bang cay nhi phan can déi.

— Tiép tuc hoi nhéap ldn lugt cde cip danh sdch di cé thit tu tang din
thanh mot danh sach 16n véi céc phan ur duge sip theo thit tr tang dan cho
1i khi toan b danh séch ban dau dugc sép theo thi ty tang dan.

~ Ddy danh sdch hoa nhap dugc biéu dién bing cay nhi phan can doi
(ngugc v6i cay nhi phan trong budc mot). '

S6 cdc phép so sdnh cdn thiét trong thuat todn sdp xép kifu hoa nhap
mot danh sach n phén tir 13 O(nlogn).

Thuat toan hoa nhap hai danh séch theo bang duéi dang gid ma nhu sau:

Procedure merge (., L, : danh sach)

L := danh sach réng

While <ca L, va L, déu khéng réng>

Begin
Xoa phan tif nhd hon trong hai phan tf dau cia L, va L, cda danh
- sach chira né va d&t nd vao cudi danh sach hoa nhap L.
if <viéc xoa mét phan tir 1am cho mét danh sach thanh réng>
then xod tat ca cac phén t khdi danh sach kia va ndi ching vao cudi L
End

{L la danh sach hoa nhap vdi cac phén tir dudc sap theo th( tu tang dan}

Vi du 4: Sap xép kiéu hoa nhap theo bang véi L, = {2, 3, 5, 6} va
L, = {1,4). Hod nhap L, va L, dé dugc danh sick L = {1,2, 3, 4, 5, 6}.

Gidi:

K¢t qua dp dung thuat todn trén d6i véi L, : 2,3,5,6 va L, : 1, 4 dugc
cho duéi bang dudi day:

Bang hoa nhap danh sachL,:2,3,5,6val,: 1,4
Danh sach t, Danh sach L, Danh sach hoa nhap L So sanh

2 3 5 8 1 4 , 1<2
2 3 5 6 4 1 2<4
3 5 6 4 1 2 3<4
5 6 4 1t 2 3 ' 4<5

5 6 1 2 3 4

1 2 3 4 5 &
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Vidu 5: Sap xép danh sach L: 8,2, 4,6,9, 7, 10, 1, 5, 3 theo thd ty tang
dan biing cach chia doi danh sich da cho thanh hai danh sich con ¢6 s6 phén
tir bing nhau hodc hon kém nhau mot phan tir va bi€u dién céc day con nhu
vAy bdi cay nhi phan cén d6i.

Gidi: G6c cha cay nhi phan 13 L. Gia st L dugc chia thanh hai danh
sich con 1a L, va L, véi dinh con bén trai va dinh con bén phai tuong Ung.
Thi tuc d6 dimg lai khi cay nhi phan c6 céc 14 13 cic phan tir trong danh
sach L (ILI = s& 14 ciia cay nhi phan) 18y cay nhi phan d6i ngu (ddi xing)
v6i cay nhi phian xiy dung & trén thi dinh géc cha cdy nhi phan d6i xiung
chita danh sdch L dugc sap theo thd ty tang dan (xem hinh duéi). Ky hi¢u
(...) chi dinh trong, [...] chi 14.

(8,2,4,6,9,7,10,1,5,3}

{8,.2,4,6,9) (7.10,1,5,3)
}2 '4) (6.9) . }3.1) 7.3} '
- (8,2) [4] 6] 9] } 10) (1 [5) 3]
(8] (2] 71 [10]
Truc di xiing
/[2] [10]
(2. 8) [41 @ [91 (7,10) [1] 5] [3]
(2 4 a) \ (1,7.10) (3.5}
(2 468 9) \(1354

{1,2,3,4,56,7,8,9,10)



264 TOAN RUI RAC UNG DUNG TRONG TiN HOC

Kétqual: 8,2,4,6,9,7, 10, 1,5, 3 cho ta danh sach dugc sap la:
1,2,3,4,5,6,7,8.9,10.
Vi du 6: Tuong tu vi du 5 sdp xép danh sach L := b, d, a, f, g.h.z,pok
theo thit ty tir dién.
Giai. _
(b,d,afghzp.ok

/\

(b,d.afg) (h.2,p,0,k)

N N

(bd a) (f.9) (h.z,p) {o.k)

NN N N

{b,d) fal 9] (h,z) trl o} k]

N N

[b] (d] ol ]
Truc dai ximng

b} (d) (h] z]

N NS

(b.d) [a] [g] (h,z) /[p] fo] [k]
(ab,d} /(fg) (hp.2) (0.k}
(ab.dfg) - (h.k,0.p.2)

(ab,dfg.hko,p.z)
K&t qua sap xép L theo thit thy tir dién ta duoc danh séch:
a, b, d f,g.hko,p,z
Sau day chiing ta xét mot s6 thuat todn sip xép khéc.
s Sdp xép kiéu chon loc: D€ sip x&p day L := a,, a,, ..., a, ta bt dau
bang viéc chon phin tir nhé nhit trong danh sich. Phan tir nay duoc x€p lén
dau danh sach. Tiép theo chon phan tir nhé nhét trong danh sach con lai va

dat phan tr d6 sau phan tr nhd nhat & budc trude. Thi tyc nay dugce lap lai
cho dén khi toan b danh sach dugc sdp xép.
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Ap dung: Sip xép danh sich sau day bang thuat toan sap xép kicu

chon loc: 3, 5,
Gidi:
—Broc 1.
—Buoe 2:

4,1, 2.

Pat 1 len ddu danh sach ta duge 1, 3, 5, 4, 2.
Pat 2 sau 1 ta duge danh séch: 1, 2, 3, 5, 4.

— Bude 3: Vi3 di ding sau 1, 2 nén danh sach o budc 3 1a: 1, 2, 3, 5, 4.

— Buée 4: Dat 4 sau 1, 2, 3 ta duge danh séch: 1,2, 3,4, 5.

K&t qua ciia budc 4 1a két qua can tim.
o Sdp xép nhanh: DE sip xép L: a,, a,, ..., a;, thuét todn bat dau bang
viéc 1ay ra phin tir a, va tao ra hai danh sach L, gébm céc phan ur nhé hon a,
theo thif tu xudl hién cia ching trong L; L, gém céc phén tu 16n hon a, theo
thit t xudt hi¢n cla ching trong L. Khi d6 a; dugc dat & cudi danh séch L.
Tho tuc ndy ducc Iap lai mot cach dé quy cho mdi danh sich con cho dén

khi méi danh sdch chita chi mot phan tl theo thit ty xuat hién cua chiing.

Apdung: Cho L :3,5.7,8, 1,9.2, 4,6, Ding thuat todn sap x&p nhanh
dé sip L theo thit ty tang dan.

Gidi:

— Brroe I

— Butee 2:

— Butoe 3

—Buoc 4:

Tap cdc phan trnhd hon 3 1a L;: 1, 2.
Tap cdc phAn th I6nhon 314 L,:5,7.8,9,4,6
Dit 3 vio cudi danh sach L, dugc L, : 1, 2, 3.

Poi v6i danh sich Ly: 5, 7, 8.9, 4, 6 (trong budc 1)

Tap cdc phan ti'nhohon 51aL, : 4

Tap cic phan trlén hon S 12 L, 7, 8,9, 6.
Dat 5 vao cuéi danh sdch L, dugc L, : 4, 5.
D6i véi danh sich L,: 7, 8, 9. 6 (trong budc 2)
Tap cac phanttnho hon 712 L, : 6

Tap cic phantalénhon 71a L, : 8, 9.

Pat 7 vio cudi danh sach L, dugc L, : 6, 7.
Doi v6i danh sach L,: 8, 9 (trong budc 3)
Tap céc phdn tinho hon 8 1a L, : rong.
Tap céc phan tirténhon 8 la L, : 9.

Pat 8 vao cudi danh sach L, dugc L, : 8.

Vay danh sich duge sap xép theo thuat toin sdp x€p nhanh la:
L:1,2.3,.4,5,6,7,8, 9, &day: 1, 2, 3 do budc 1 tao ra; 4, 5 do budc 2 tao
ra; 6, 7 do budc 3 tao ra; con 8, 9 do budce 4 tao ra.
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§6.CAY KHUNG CUA PO THI

6.1. Cay khung cua d6 thj khéng cé trong s6

Cho G = <X, U> la mét d6 thi v6 hudng. Néu d6 thi be phan G' = <X, U'>
cia G = <X, U> (U' ¢ U) 1a mot cay, titc 1a G' lién thong khéng ¢é chu trinh
thi ta néi G' = <X, U> 1a cay khung cta dé thi G = <X, U>.

Viduy 1: Cho G = <X, U> cé dang

12 d6 thi lien thong, nhung khéng phat 1a moét cay vi né cé chu trinh.
— Néu bo canh ndi gitfa x, va x, thi ta dugc d6 thi bo phanG' = <X, U> 14

G’ 12 mot cay vi G' lien thong va khong c6 chu trinh, theo dinh nghia G'
1a cay khung cda G. Mot d6 thi c6 thé c6 nhiéu cay khung, vi du G" Ia cay
khung khac cida G.
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Pinh Iy 7: D6 thi vo huong G = <X, U> véi [XI = n 2 2 c6 cay khung khi
va chi khi nd lién théng.

Chitng minh:

Diéu kién cdn: Gia st G ¢6 cay khung G'. Ta chi ra G I lién thong. That
vay, n€u G khong lién thong thi t6n tai cap dinh x, y ma gilta ching khong
duoc néi bdi canh nio; ma x, y ciing 13 cdc dinh cia G'. Ching t0 G’ khong
lién thong, trdi véi gia thi€t G' 1a moét cay.

Diéu kién dii: Gia stt G 1a d4 thi lién thong.

— Néu trong G khéng cé chu trinh thi theo dinh nghia G la mot cay, dé
la cay khung,

— Néu trong G c6 chu trinh thi ta bé di mét canh trong chu trinh d6 ta
duge G' 1a lién thong va khong c6-chu trinh.

Keét qua dudi day cho thay s6 lugng cay khung clia mot d6 thi la rat 1on.

Binh Iy 8 (Cayley). S6 ciy khung ciia do thi K (n = 2) 1a n" 2.

Dudi day ta xét hai thuat todn tim kiém cdy khung cla dé thi khong
trong sd. '

a) Thudt todn 1 (Thudt todn uu tién chiéu sdu)

Cho G = <X, U> 13 mot dé thi vé hudng lién thong. Thuat todn uu tien

chiéu sau tim cay khung clia G = <X, U> thuc hién theo cdc budc sau day:

+ Chon tiy ¥ mot dinh trong G = <X, U> lam goc cla cay.

o Xay ding dudng di tir dinh ndy bang cich lan lugt ghép cdc canh

~ vio, sao cho méi canh mdi ghép s& ndi dinh cudi cing trén dudng di
v6i mot dinh con chua thude dudng di. Thit tuc nay chi dimg lai khi
khong thé ghép them vao bdi ky canh khéc dugc nifa, vi néu ghép sé
tao ra chu trinh.

« Néu cay duoc tao ra bdi cdc budc trén c6 tap dinh la tap dinh X cha
G thi cay d6 1a cay khung ctia d6 thi G.

« Trudng hop ngugc lai, lui lai mét dinh trude dinh dimg lai cudi ciing
clia dudng di va néu c6 thé duge thi xay dung dudng di mdi xudt
phét tir dinh nay di qua céc dinh con chua thuoc dudng di. Néu diéu
d6 khong thé 1am dugc thi i ti€p lai mot dinh nira va tai di€m nay
lai xay dung dudng di moL

e Céc thit tuc trén sau mot s§ buéc s& dimg lai va cho ta ciy khung cba
G=<X, U>. ' ‘
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Vi du 2: Dung thuat toan wu tién chiéu xau, tim cay khung ca cic dé
thi sau:

Gy: @
65)—(7) (& 5
O ——®
va Gy:
Q@ 9 ©
() —0)
Gidi:

» V6i G: Xudt phat tir dinh 1 di dén dinh 12 va dimg lai ta dugc cly
- khung cia G, ¢6 dang:

8 _@ ®__
L—@

Cay khung nay thyc hién ding mét bude theo thuat todn wu tién
chiéu sau.

G-l:
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« V6i G,: Ching han xudt phét tir dinh 1 ta ¢6 cdc cay tao ra cua timg
budc nhu sau:
Broce 1.

iy

Cay T, chua phai 12 cay khung vi con hai dinh 3 va 10 nam ngoai.

Budc 2. Ta dang & dinh 4, lui lai dinh 9 khong tao ra cdy méi. Lii ti€p
vé 8 va vé& canh néi véi dinh 3 ta duge T, nhung T, van chua 1a cay khung do
con di€ém 10 vin nam ngoai T,

D

Buge 3./ Ta dang ¢ dinh 3 trong T,. Lo tir 3 vé 8. Initr 8 vé 11, luitir 11
vé 7, 1ni tir 7 vé 2, lui tir 2 vé& 6 va i tlr 6 vé 5. Dén day ghép canh (5, 10)
vo cdy T, ta duge cay khung cua G, ¢6 dang:
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b) Thudt todn 2 ( Thudt todn wu tién chiéu rong)

Cho G = <X, U> la mot d6 thi vo hudng lién thong. Thuat todn wu tién
chiCu rong tim cay khung ctia G = <X, U> thuc hién theo cic budc sau day:
 Chon mét dinh bét k¥ trong dé thi vo hudng lien thong G = <X, U>
lam goc cha cay khung, géc gan murc 0.
+ Ghép tat ca cdc canh lién thudc véi dinh géc sao cho céc dinh ké véi
dinh g6c ndm & myc 1 véi thit tir ty .
* Tiép tuc v6i mdi dinh & mic 1, 1a ghép cdc canh lién thuoc véi
chiing sao cho cdc dinh ké véi cac dinh c6 mitc 1 khong tao ra chu
trinh va dugc nam & mic 2 clia cay véi thit tu tiry .
» Qua trinh nay dimg lai sau mot s6 budc 1am viéc (do tinh hin han
- coa do thi) va tdt ci céc dinh cha d6 thi G = <X, U> di duoc ghép
Vao cay.
Vi du 3: Ding thuat todn wu tién chiéu rong tim c4y khung ciia céc dé thi
sau day:

a) Gq:

_ (13)
b) Gy:
()
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Gidi:
a) Chon dinh 6 Iam gdc (gén nhan 0). Ghép cdc canh lién ké véi 6 va
cac dinh 2, 5, 7.9 nam trén muc 1. Xét cdc dinh trén mifc 1 thi cdc dinh 1, 3,

8. 13, 10, 11 ¢6 miic 2. D6i véi céc dinh c6 mifc 2 thi cdc dinh nam trén mifc
31a14, 12, 4.

Cay c6 goc T, dudi day chifa ddy di cic dinh cta G, ¢6 dang:

T, chinh 1a cay khung ciia G,. Hay T, viét du6i dang 6 cdu tric vi tri '
dinh ctta G, 1a

O‘@Gf
72
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b} Chon 9 lam géc. Tuong tu nhu cau a ta ¢6 cay khung cia G, laT,
co dang:

Mirc 1:

Mire 2:

Mic 3:

¢) Thudt todn 3 (Xod canh tao ra chu trinh)

Cho G = <X, U> la don d6 thi lien thong. Thuat todn xod canh tao ra

chu trinh thye hién theo cdc budc sau day:

» Neéu G = <X, U> khong cé chu trinh thi G = <X, U> Ia cay khung,

» Néu G = <X, U> ¢6 chu trinh thi bé di mot canh clia chu trinh trong
do thi d6. Thu tuc b6 di cic canh trong chu trinh chi dimg lai khi dé
thi nhén duge khong con chu trinh nita. Do d6 thi ¢6 hiu han canh
nen sau mot s6 hiru han bude thuat todn dimg va cho cay khung cua
do thi G = <X, U>.

Vi du 4: Che d6 thi G = <X, U> dudi dang
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Tim cay khung clia dé thi trén bing cach xo4 canh tao ra chu trinh.
~ Gidi: Truée hét khing dinh G ¢6 cay khung vi G lién thong. Bd canh
(b, f) ta bo dugc mdt chu trinh va nhan duge G, dudi dang

Day la ciy khung cua 46 thi G.
Chii y: Néu trong G, khong xod canh (f, ¢) ma xod canh (f, g) hoac
(c, g) thi ta ¢6 cdc cay khung khéic ngoai cdy khung G,.

18-TCAN RO) RAC
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Vi du 5: Trong cic d6 thi dudi day, hdy tim cay khung cia né bang
cach xo4 cdc canh trong cdc chu trinh ¢la dé thi.
a)G:

b) Gzl

Gidi.
a) Nhu cich gidi clia vi du 4, chon goc 1a dinh 1 ta c6 cay khung T, cla
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b) Cay khung T, clia G, véi goc ta chon 12 dinh 1 ¢6 dang:

T2:

Chd y: Thuat todn 1 vA 2 tao ra ciy khung cha dé thi dudi dang cay cé
goc. Thuat toan uu tién chidu sau cang nhiéu canh cang (St trong mdi budc
thyc hién clia thuat todn. Con thuat todn vu tién chiéu rong thi cay c6 mic,
mtic cang nhiéu dinh cang tot.

6.2. Cay khung cua dé thi ¢b trong s6

Trong thuc 1§ c6 nhidu bai toin tim cay khung bé nhat dé giam chi phi
xdy dung va van chuyén (d6i v6i bai todn giao thong); giam chi phi xay
dung va thiét k€ di¢n nang (461 véi noi cdp dién va noi tieu thy dign). Chang
han, c6 mot nguén dién can cung cdp cho n ngudi tiéu thy. Hay tfim céch
mac dien dé€ cho tdng do dai day dén 1a bé nhat. Giai bai todn nay thuc chét
Ia tim cay khung bé nhat gifta noi cap dién va ndi ti¢u thu.

Bai toan tim cay khung bé nhat:

Cho G = <X, U> 1a mét dé thi lién théng c6 trong s6 (khong am). Theo
dinh 1y 8 (Cayley) thi G ¢6 thé c6 nhiéu cay khung. '

Trong s6 cua d6 thi G 1la (G) = Z f(u), & day /(u) 1a trong s6 ciia canh u.

ueX
Khi d6 cdy khung bé nhdt cha G = <X, U> la cay khung c6 trong s6 bé nhat
trong it ca cac cay khung ciia d6 thi G = <X, U>.
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Dudi day trinh bay hai thuat todn tim cay khung bé nhét cta dé thi cé
trong s6 lién thong.

a) Thudt todn 1 (PRIM)

Bii toan:

Dau vao: G = <X, U> ¢6 trong s6 va lién thong vé6i (X = n dinh;

Dau ra: Cay khung G, c6 trong sé bé nhat.

Thudt todn.

» Chon mot canh bat ky ¢6 trong s6 bé nhat trong U, ching han dé 1a
canhu, dat U, = {u,}.

= Chon canh ¢4 trong s6 bé nhat trong s6 U \ U, cdc canh lién ké
vOi u; khong tao ra chu trinh v6i U, ching han d6 la u,, dat
U, =U; U {u,} = {u, u,}.

» Chon canh ¢6 trong s bé nhat trong céc canh U\ U, lién ké véi cic
canh trong U, ma khong tao ra chu trinh, chang han dé 1a u,, dat
Uz =Up W {ug) = {uy, up, us).

Thit tye trén dimg lai khi da chon dit n — | canh, tic 12 & budc thitn — 1
xay dung dugc tap U, =U__, U {u |} = {u, 0y, us, ..., u_,}, & day canh
u,-; 1a canh ¢6 trong s6 bé nhat trong s6 céc canh U\U__, lién ké va khong
tao ra chu trinh véi cdc canh dugce chen.

Dinh Iy 9: Cay khung tao ra theo thuat todn 1 (thuat todn PRIM) la cay
khung b€ nhat ctlia d6 thi lién thong c6 trong sé G = <X, U> véi IX| = n dinh.

Chitng minh.

Trude hét tr cach xay dung thuat todn tren 1a ¢6 G' = <X, U, > 1a cay
khung ciia G (do tinh chat 2, dinh 1y 1). Ta chi ra G’ 12 cay khung bé nhét.
That vay, gia st G" = <X, U"> 1a cay khung bé nhét cha G, wic i
{(G") =min{/(G') : G' € G, & day G 1a tap cay khung ctia G}. Ta s& din dén
mau thuan 12 on tai cay khung G™ = <X, W> bé nhét # G". That vay, vi G"
la cay khung bé nhat nén U" # U__ . Gid sit v, € U,_, nhung u, ¢ U". Khi d6
trong d6 thi <X, U" U {un,}> s& xuat hién chu trinh duy nh4t (do tinh chat 4,
dinh 1y 1). Gia st © la chu trinh dé rong <X, U" U {u}>. Vi trong
G' = <X, U,.,;> khong ¢6 chu trinh, md u, € U__, nén 3 canhu, ¢ U_, (u la
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canh trong @). Xét dé thi G = <X, W>, & day W = U" U {u} \ {u,}. RS
rang G" khong ¢6 chu trinh (vi ® 1a chu trinh duy nhét trong <X, U" W {u,}>).
Do G" = <X, U"> la cay khung nén {U"l = n — 1 (do tinh chat 2 trong dinh
Iy 1). Vay IWl =n — 1. Tir d6 ta c6 G™ la cay khung trong G. Mat khac
u, € U, nén Huy) > I(u), u, € Uy

Ta cé:

HG™= Y Hwy= Y Hw)+Huy)—l(ug)< Y Iw)=KG™
ueW uelU” T uel”

Trai v6i gia thi€t G" 1a cAy khung bé nhalt.
Dinh 1y duge chitng minh. _
Thuat todn Prim tim c4y khung bé nhat clia d6 thi lién thong c6 trong s6
vdi n dinh bang gia m3 c6 dang: ]
Procedure Prim (G: dd thj lién thdng cé trong s6 véi n dinh)
T := canh ¢6 trong 8 bé nhét.
Fori:=tton-1
begin
u:= canh cé trong s6 bé nhét lién thubc v&i mdt dinh trong T
va khéng tao ra chu trinh trong T néu ghép nd vao T.
T := T vdi u dugc ghép vac.
end  {T la cay khung bé nhéat cla G}.

Vi du 6: Cho d6 thi G = <X, U> dugi dang

Tim cay khung bé nhat theo thuat toan Prim.
Gidi: Ta trinh bay thuat toén Prim theo dang bang.
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Bude | Canh | Trongsd Cay khung bé nhét G,
chon chon canh chon

1 {c. d) 1 2 /_\ 3 /.\" _

2 c. g) 2 ® b/ c ©

3 (c, b) 3 3 1 2

4 b. N 1

5 {b, a) 2 <£> (:)

6 i 2 ) 3

7 . k) 3

8 (k. 1) 1 G} @ ® |

o 0.0 3 3 3 1

(G} = 24.
10 {a, e} 3
1 0, h) 3

Vi du 7: Dung thuat toan Prim thiét k€ mot mang truyén théng c6 gid tri
16i thiéu dé néi cdc trung tam mdy tinh dugc biéu dién boi d6 thi véi dinh 13
trung tdm may tinh, con canh néi gida hai dinh 12 dudng truyén thong ndi
hai trung tam may tinh tuong dng v&i hai dinh d6 va trong s6 cla canh la
tién thué bao phai tré hang thang.

$2000

$2200




Phdn HI. DO THI VA UNG DUNG 279

Gidi:
Budc Canh Trong s& Cay khung bé nhit G,
chon cheon canh chon
$1200
1 (b, d) $700
2 (d, c) $800
3 {b. a) $1200
4 {e, a} - §900
L 1 I{G,} = $3600

b) Thudt toén 2 (KRUSKAL)

Bai toan:

Pau vao: G = <X, U> lién thong ¢6 trong s6 vdi iXi = n dinh;
Piu ra: G, = <X, U'> cay khung ¢6 trong sd bé nhat.

Thutdt todn:

Chon canh ¢6 cling trong s6 bé nhat ciia d6 thi G = <X, U> lam canh
ctia cay khung, mién 1a céc canh d6 khong tao ra chu trinh.

Ghép thém céc canh c6 cung trong s6 bé nhat trong sd cdc canh con
lai vao cay khung, mién 13 chiing khong tao ra chu trinh véi céc canh
da cho.

Thi tuc ghép nhu vay s dimg lai néu n — 1 canh di duge chon.

" Pinh Iy 10: Cay khung tao ra theo thuat todn 2 (thuat todn KRUSKAL)
12 cay khung bé nhdt cha dé thi Lién thong cé trong s6 G = <X, U> véi
IXI = n dinh. '

(Ban doc ty ching minh)

Thuat toan Kruskal dudi dang gia ma nhu sau:
Procedure Kruskal (G: dé thi n dinh, lién thong c6 trong 50)

T:=

dé thj réng

Fori:=1ton -1
begin

u:= mét canh bat ky clia G véi trong sd bé nhat va khong tao
ra chu trinh khi ghép né vao T.
T := T vdi canh u da duge ghép thém vao

end {T ta canh khung bé nhat}
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Vi du 8: Duing thuat todn:
a) Kruskal d6i véi G,

Giai:

a) Két qua 4p dung thuat todn Kruskal d6i véi G, dé tim cdy khung bé
nhét cho & bang 1 duéi day:
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Eéng 1
Budc Canh Trong s& L
chon chen canh chon Cay khung bé nhat G,
(D2
1 (a. b) 1 O \E/
2 {b, c) 2
3 (c.D 3 7
4 {f, i} 4 O @
5 {i, h) 5
6 (f. e} -7 10 ~ 5
7 (e, d) 8 Q \JV
8 (h, g 10
{G,) = 40

b) Két qua dp dung thuét todn Prim d6i v6i G, (xem bang 2) va dp dung
thuat todn Kruscal d6i véi G, (xem bang 3) dudi day:

Bing 2
E::: g:;: ;’:,:‘g::n Cay khung bé nhat G,
1 (a, b} 1
> (. ¢) 2 @
3 (c, d) 1
4 d p) 2 @
5 (o) | 1
- 6 {o, n) 2
7 {n, m) 1 @ -
8 (m, i) 4
9 {d, h) 4
10 th. g) 2
1 9. f) 3 @
12 1, €) 2 (G,) = 35
13 ) 3 )
14 G, k) 4
15 (k, €} 3
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Bang 3

Budc
chen

Canh
chon

Trong sé
canh chon

Ciy khung bé nhit G,

(a, b}
{c, d)

(m, n)

(0.p)

(e, 1)
{g. h)
(b, ¢}
(n, o)
(d, p)

(f. 9)
9);
(k, &)

{m, i)
(k, 0)

(a, e}

b bW W W N R N R A S A -

(G = 35

Chai y: Néu do thi G = <X, U> lién thong va c6 trong s6 cdc canh khdc
nhau timg cap thi G = <X, U> ¢6 duy nhat mot cay khung bé nhat. Trong
truong hgp nay cic bude 1am viec cha thudt toin PRIM va thuat toan
KRUSKAL la nhu nhau,

- Trudng hop nguge lai, G = <X, U> trong s6 cdc canh khong nhat thiét
khdc nhau timg cap thi G = <X, U> ¢6 thé ¢6 nhidu cay khung khic nhau vé
céu tric nhung ciing mot trong s6 bé nhat.

BAI TAP

D6 thi nao trong cic d6 thi dudi day 1a cay?

gmm
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G, G,
2. Cho cay c6 gbc G = <X, U>:

Trong cay trén:

a) Dinh nao la dinh goc?

b) Dinh nao 14 dinh trong?

¢) Dinh nao la 14?7

d) Chiéu cao ctia G bang bao nhié¢u?

e) Mifc bé nhat (I6n nhat) cia G bang bao nhiéu va g6m nhimg dinh nao?
f) Cay G dugc goi 1a cay 3 — phan c6 ding khong? Vi sao?

g) Muén nhan duge cay nhi phan day du (cay nhi phan can doi) tir cay
G = <X, U> & trén can phai bo di nhimg dinh ndo? Va chi€u cao cha cay
nhi phan ddy dd, nhi phan can déi 1a bao nhiéu? '

h) Chi ra céc cay con cua dinh a.

3. Trong céc d6 thi phan doi ddy di K, ;. v6i n, m nhu the ndo thi K, ,,
la cay.

4. Cho céc cay ¢6 goc G|, G, va G, dudi day
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O O O O
G, G,
a) Goi en G|, G, va G,. | -
b) Tim mic cia mébi dinh trong G,.
5. Cay ngi phan ddy du G vé6i 1000 dinh trong. Hoi G ¢6 bao nhiéu dinh?
6. Cay nhi phan day di v6i 1000 dinh trong ¢6 bao nhiéu canh? Tim chiéu
cao cua cay.
7. Hozc 1a v& cay m — phan ddy du v6i 84 14 va ¢6 chiéu cao biing 3 hoac
chi ra khong t6n tai cay nhu vay.

8. Cay nio trong céc cay dudi day 1a can déi:

£k £k
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10.

11.

12.
13.

G,:

Cho cay m — phan ddy di T v6i 81 14 va ¢6 chiéu cao béng 4.

a) Tim can trén va cin dudi cha m.

b) Gi4 tri m 14 bao nhiéu néu T la cdy can ddi.

Cay m — phan hoan toan véi chiéu cao bing h ¢6 bao nhiéu dinh va bao
nhiéu la.

V& cay nhi phan hoan toan c6 15 dinh biéu thi mang két néi cay c6 15
bo xur 1y.

Mot ritng c6 k ciy vdi tdng s6 n dinh thi ¢6 bao nhiéu canh?

Tam sai clia mot dinh trong cay khong g6c 1a do dai cha dudng di don
dai nhat bat dau tir dinh nay.

Mot dinh goi 12 tAm néu khong ¢6 dinh nao trong cly cé tam sai nhd
hon tam sai cua dinh nay. :

Chocay T;:
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OBNONERO
OEEROIOIO,
) OO

Tim moi dinh 14 tdm trong cdc cay T|, T, & trén.

va T,

14. Ching 16 ring mot cay hoac ¢é 1 tam hoac ¢6 2 tam lién ké nhau.

15. Xay dung cay tim ki€m nhi phan cho cdc tir banana, peach, dpplc pear,
coconut, mango va papaya theo thit v tir dién.

16. Xay dung cay tim ki€m nhi phan cho céc tir: oenology, phrenology

campanology, ornithology, ichthyology, limnology, alchemy va
astrology theo thi tu tir dién.

17. Xay dung cdy nhi phan véi ma tién t6 biéu dién céc lwvoc d6 ma hod
sau day:
aya:ll,e:0,t:101, s: 100;
bya:1,e:01,t:001,s: 0001, n; 00001.
18. Xdc dinh cdi ndo 1a ma tién 16 trong cac so d6 ma sau day:
aya:1l, e: 00, t:10, s:01:
bya:0, e: 1, t:01, s:001.
19. Xéc dinh cdi nao 1a mi tién t8 trong cdc so dé ma sau:
a)a: 101, e: 11, 1: 001, s:011, n:010;
b)a:010, e: 11, t:011, s:1011.n: 1001, i: 10101
20. Dung cay nhi phin v6i ma tién t6 biéu dién cic luge d6 ma hod sau:
a: 1010, e: 0, t:11,s: 1011, n: 1001, 1: 100001.
21. Cho so dd ma
a:001, b:0001, e: I, r: 0000, s:0100, t:0IL, x:01010.
Hay tim céc tir duge biéu dién boi
a) 01110100011, b) 0001110000,
c) 0100101010; d) 01100101010.
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22. Cho cay ngl nguyén dudi day

O 000

Hay gan nhan theo dia chi phé dung cho tat ca cic dinh cha cay trén.
23. Xay dung hé dia chi phd dung cho cay ¢6 g6c va dugc sap sau:
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24. Cdc 14 cia cay c6 gbc va dugc sdp co thé c6 danh sdch dia chi phé dung

25.

26.

27.

28.

nhu sau dugc khong? Neu c6, hay xay dung cay ¢6 gdc do: .
a) 1.1, 1.1.2,1.2,2.1.1.1,2.1.2,2.1.3,22,3.1.1, 3.1.2.1, 3.1.2.2, 3.2;

b) 1.1, 1.2.1, 1.2.2, 1.2.3, 2.1, 22.1,23.1,232,242.1, 2422, 3.1,
3.2.1,32.2; :

cy1.1,1.2.1,1.22,122.1,1.3,1.4,2,3.1,3.2,4.1.1.1.

D¢ bidu dién bidu thic s hoc chifa cdc todn tir + (cong), — (trir),

* (nhan), / (chia) va T (ldy thira) (ta dung cdc ddu ngoac biéu thi thit ty

céc phép todn) bang cay c6 géc duge sip, trong dé céc dinh trong biéu

thi cic phép todn, céc 14 bi€u thi cic s6 hay cdc bién. Mdi mot phép

todn tic déng len céc cdy con bén trdi va cay con bén phai cha né déu

theo thit ty nay.

a) Tim cay ¢4 gdc biéu dién biéu thic: ((x + y)12) + (x — 4)/3).

b) Tim dang tién 16 cha biéu thic trén.

c) Tim dang hau 16 cba biéu thitc trén.

a) Hay tim cay ¢4 gdc va dugc sip biéu dién menh dé logic phic hop:
Ao (Gpvig).

b) Tim dang ti€n t6, hau 6 va trung t& cta biéu thic trén.

a) Tim gid tri chia biéu thic tién 16: +—*235/123 4.

b) Tim gia tri clha biéu thic hqu 16: 723* -4 193/ 4,

Cho hai cay c6 gdc va duge sap:

e
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29.

30.
31.
32.

33.
34,

3s.

3o.

vaTy

X4c dinh thit ty ma céc dinh cha hai cay néu ta duyét n6 theo kiéu:
a) Tién thif ty;
b) Trung thit ty;
¢) Hau thit tu.
a) Ding thuat todn sip x&p kiéu néi bot, hay sép xép danh sich
L: 3,1, 5,7, 4,6 vachird cic danh sdch nhan dugc & moi budc.
a) Ding thuit todn sip xép kiéu ndi bot, hdy sip xép danh sich
L: d, f, m, k, a, b va chi rd céc danh sich nhan duge & mdi budc.
Dung thuat todn hoa nhap hai danh sach, hdy hoa nhap hai danh sach
L;:1,3,5.7,9vaLl,: 2,4, 6,8, 10 bang phuong phép lap bang.
Hay viét thuat toan sap xé&p kiéu chon loc & dang gia ma.
Sip xé&p danh sich 7, 8, 1, 2, 4, 3, 5, 6, 9 bing thuat toan sap x€p nhanh.
M6 ta thuat toan sap xép nhanh dudi dang gia ma.
a) Tinh s& 16n nhat cic phép so sanh cdn thiét dé sip x€p mot danh sach
c6 4 phan tlt bing thuat todn sip x&p nhanh.
b) Tim s6 it nhat cdc phép so sanh can thiét d€ sip x&p mot danh sich cé
4 phén tlr bang thuat todn sap x€p nhanh.
Chitng minh rdng moét don dé thi 1a lién thong khi va chi khi n6 ¢6 cay
khung. '
Tim cay khung cta cic d6 thi K5, K, 4 va K 4.

19-TOAN ROL RAC
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37. VEtat ca cac ciy khung cta méi d6 thi duéi day:
ayG,:

b) G,: ‘ o ©
38. Cac do thi sau day ¢é bao nhiéu cay khung khic nhau?
a)K, (nz2) b) C, (n 2 3).
39. Gia sir hang hang khong cdn gidm bét lich bay dé tiét kiém tién. Néu
ban dau cac dudng bay dugc minh hoa trong hinh v& dudi. C6 thé hiy

bé cac chuyén bay ndo ma van giit duge giao thong gita hai thanh pho
bat ky.

12 thanh phd ddnh s6 tir 1 dén 12 (mébi dinh 14 mot thanh phé). Canh néi
giita cac dinh la dudng bay giita cdc thanh phd véi nhau.

40. Ching minh ring d6 dai clha dudng di ngan nhét gilta cic dinh x, y
trong mot don d6 thi lien thong bang s& myc cla x trong cay khung wu
tién chiéu réng cta do thi G véi goc chon la dinh y.

41. Hay viét thu tuc tim ki€m uu tién chiéu sau dudi dang gid ma.
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42. Rimg khung clia dé thi G la rimg chita moi dinh cta G sao cho hai dinh
thuoc ciing mét cdy ciia rimg néu gilta ching c6 mot dudng di trong G.
Chimg minh ring moi don do thi hitu han déu c¢6 rimg khung.

43. Cho dé thi G = <X, U> dudi dang

(D—®
Tim rimg khung cia no.

44. Cay khung c6 gdc cha mot do thi ¢6 hudng duefc dinh nghia la cay c6
gdc chita cdc canh cia d6 thi sao cho moi dinh cia dé thi déu la mét
diém diu miit cia mot trong cédc canh cla cay.

Tim cay khung c¢6 géc cha céc d6 thi cho dudi day:

RN
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45. Goi T; v T, 1a 2 cay khung ctia d6 thi G = <X, U>. Khoang cich gifia
T, va T, dugc dinh nghia la s& céc canh trong T, vad T, ma khong l1a
canh chung ctia chiing. ‘

Cho d6 thi G = <X, U> c6 dang

a) Chi ra 5 cay khung cta G
b) Hiy chi ra khodng céach giira cdc cip cay khung dé.
46. Cho d6 thi G = <X, U> du6i dang

2 Q 3

Tim cay khung bé nhat theo thuat toan Prim.

47, Céc con dudng duge biéy dién trén d6 thi dudi day 13 hoan toan chua
dugce trai nhua. Do dai cia con dudng duge biéu thi bing trong s6 clia
canh (km). Can phdi trai nhya nhimg doan ndo dé van c6 duong di
dugc trai nhya giita hai thanh phé bat ky ma do dai dudng (rai nhua 12
té1 thiéu?

(Mdi thanh phé 12 mot dinh)
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48. Cay khung.cuc dai clia mot d6 thi lién thong c6 trong sG 1a cay khung
¢6 trong s6 16n nhat.
a) Hay dé xuat mot thuat todn tuong nhu thuat todn Prim xdy dung
cay khung ¢6 trong s6 16n nhét trong dé thi lién thong c6 trong 0.
b) Cho dé thi G = <X, U> dudi day:

Ap dung thuat todn vira xay dung trong phéan a, hdy tim cay khung cuc
dai clia d6 thi lién thong c6 trong s6 trén. '
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49. Cho do thi G = <X, U> duéi dang;

a) Tim cay khung bé nhit ¢6 chia cic canh (e, 1) v6i trong s 4 va (g, k)
vii trong s6 4.
b) Tim cay khung cuc dai cia dé thi trén theo thuat to4n tua Kruscal.
¢) Tim cay khung bé nhat theo thuat toan Prim d6i vdi d6 thi tren.
50. Hay 1ao ra cay khung cua céc d6 thi sau day bang cach xo4 canh tao ra
" chu trinh trong dé thi:
a) Gy
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51.

52.

53.

54.

55.

36.

a) Cdn phai xoa di bao nhiéu canh khoi dd thi lién thong véi n dinh va m
canh dé nhan dugc mot cay khung?

b) Hay tim cay khung cho d6 thi K.

¢) D6 thi K, K, ¢6 bao nhiéu cay khung khdc nhau?

Tim cy khung cta dé thi don lién thong du6i day theo thudt 10dn wu
tién chiu sau: .

a)
b)
b ?
G'D
IR
n -
Hay giai thich cdch dung k¥ thuat quay lui dé tim duong di hoac chu

trinh Hamilton trong mot do thi.

Hay dé xust mot thut todn xay dung rimg khung cha mot 46 thi bang
k¥ thuat tim ki€m uu tién chiéu sau va chiéu rong.

Gia sit T|, T, T; 1a cdc cay khung ciia dé thi G. Ching minh rang
khoang céch gifia T, va Ty khong vuot qua tdng khoang céch gilta T, va
T, va khoang cach giita T, va T;.

a) Chi ra ring do thi c6 hudng lién thong trong do mdi dinh cé béac ra va
bac vao nhu nhau s& c6 cay khung c6 goc.

b) Hay dé xuit mot thudt todn xay dung cdy khung c6 gdc cua mot do
thi ¢6 hudng lién thong trong dé méi dinh ¢6 bac ra v bac vao béng nhau.
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57. a) Dung thuat todn Prim, tim cay khung bé nhat clia méi dé thi cho
duéi day:
G,:

b) Ding thuat todn Prim tim cay khung bé nht trong dé thj G di qua hai
canh (a, d) ¢6 trong s6 4 va (g, m) c6 trong sé 4.



Phan 1. 56 THI VA UNG DUNG | 297

58.
59.
69.

61.

62.

63.

Tim mot don dé thi lién thong c6 trong s6 véi mot s6 101 thiéu cac canh
sao cho nd ¢4 nhiéu hon mét cay khung bé nhat.
Hay viét thuat todn tim cay khung bé nhat trong d6 thi chita mot tap Xéc
dinh céc canh trong d6 thi don vo hudng, lién thong va ¢6 tiong 56.
Hay chi ra rang cé duy nhdt mot cdy khung bé nhat trong do thi lien
thong cé trong s6 néu trong so cua cac canh khac nhau tmg cap.
Ba cip vg chéng di t6i b mot con song. M6i ba vo déu hay ghen va
khong tin chéng khi dé anh ta ding mot minh véi céc ba kia. Lam the
p3o 6 ngudi ¢6 thé qua song bang mot chigc thuyén chi cho dwge-khong
qua 2 ngudi, sao cho khong c6 ong chéng nao & mot minh véi céc
ba khéng 12 vo minh? Hay dung 1y thuyét do thi giai bai todn trén.
Gia sir u € U 1d mot canh cta dé thi G = <X, U>, canh nay li¢n thuoc
vdidinh x € X sao cho trong s6 clia canh u khong vuot qua trong s6 cta
bat ky canh nao khdc lién thudc véi dinh x. Chi ra rang c6 ciy khung bé
nhat chifa canh u trong dé thi lién thong G & trén.
Cay khung han ché mot dé thi don G = <X, U> la cay khung c6 tinh
chdt: bac ciia mét dinh trong cay ndy khong thé vugt qua mot gidi han
x4c dinh nao d6. Cay khung nhu vay c6 nhiéu img dung trong thyc t€.
Hay tim cay khung-bé nhat ctia méi mét trong céc do thi ¢6 trong $G sau
day, trong dé bac clia mdi dinh trong cay khung bé nhat khong vuot qud 2.
G,




PHAN IV
NGON NGU HINH THUT

Chuong 9
VAN PHAM VA NGON NGU SINH BSI VAN PHAM

§1. KHAI NIEM CHUNG VE NGON NGU

Thuét toan la phuong tién giao tiép. Su giao ti€p & day co thé 1a su giao
li€p giita nguoi voi nhau, hoac gitfa ngudi v6i mdy, hoac gilia may véi may.
Ngon ngit dé con ngudi 6 thé giao ti€p véi nhau dugc goi la ngon ngit tu
nhién, chang han nhu tiéng Anh, tiéng Nga, ti€éng Viét 1a cdc ngon ngi
nhién. Nhu chiing ta da biét, cic quy téc ci phéap ci'l_a ngodn ngit tu nhién rat
phong phu, da dang va phic tap. Tuy nhién, nhimg yéu cdu nghiém ngat vé
ngif nghia trong cic ngdn ngi tu nhién chua cao, chang han nhu cing mot tir
hodc ciing mot cau ta cé thé hiéu ching theo nhitmg nghia khac nhau tuy
theo nhiing ngit canh cu thé, D€ ¢6 sy giao tiép gilta ngudi véi méy, hoic
gilta mdy v&i mdy can phai ¢ mét ngdn ngt ma cic quy tic ci phdp chat
¢h€ hon. Noi cach khéc 1a véi mot tir hoac mot cau thi nghia clia chiing phai
la duy nhdt. Nhitng ngon ngit nhu thé duge goi 14 ngdn ngir hinh thitc.

Dé xay dung mot ngén ngit hinh thic can ¢6 mot tap hop hitu han khéc
trong cic ky hiéu nao dé goi 1a bdng chit cdi. Ddy hita han céc phén tr clia
bang chit cdi duge goi 1a mot 7ir hay mot xdu trén bang chir cai. Mot tap hop
cac ur trén bang chir cai dugc goi 1a ngdn ngir.

Trong chuong nay chiing ta dé cap dén mot s& khdi niém va két qua co
bén lién quan dén ngon ngit hinh thitc.

1.1. Bang chi cdi

Cho Z 1a mét tap hop hitu han khéc tréng céc ky hiéu nio d6 ma ta goi
1a mot bdng chit cdi. Moi phan tir trong T dugc goi 12 mot &y n.
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Vidul:
~ Bo chir ¢4 clia ngdn ngil ti€ng Viét gém 26 ky ty, ky hiéu la
Y={ab,...¥y}

— Dé c6 cdc xau nhi phan ta thudng dung bang chir cdi gom hai ky hiéu
0, 1;wclaZ = {0, 1}.

1.2. X&u ky tu

NGi dén mot xdu ky ty hay mot nir trén bang chir cdi Z 1a néi dén moét
day hitu han cdc ky tu trén bang X ma ching dugc vi€t lién nhau.

Vi du 2: Beautiful 1a mot xau trén bang chit cai

Y ={a,b,c, ..., 2z}

D¢ dai ciia xau 12 s8 céc ky tu c6 trong xau dd.

Xau 010110 14 mot xau trén bang chit cai £ = {0, 1} c6 do daila 6. Véi
o 12 mét xau thi ta ky hieu il (hodc w)) 1a d6 dai cha xau d6. Ngudi ta
quy udc xau réng 1a xau c6 do dai bing 0. Xau rong dugc ky hicu bai A.

1.3. Ngén ngir

M&bi 1ap cdc tix trén bang chir cdi duge goi la ngdn ngit trén bang chir cdi
d6. Cho bang chit cdi Z, khi d6 tat ca céc tir trén bang chir céai X ké ca céc
xau rong duge ky hiéu boi ¥". Tap tdt ca cdc tir trén bang chif cdi £ ma moi
tir trong né déu c6 do dai khic 0 dugc ky hiéu bdi ' Tix d6 ta c6:
T+ = £\ [7). Céc 1ap @ va tap {*} duge xem la cdc ngodn ngil trén bang chir
cdi bat k¥. _ ' '

Déi véi mot ngdn nglt L ¢ ¥", ngudi ta thudng quan tam dén mot s vén
dé sau:

- V& mét Xau 0 € %" bat ky cho truéc, mot van dé dat ra 1a xau o ¢
thudc ngon ngit L cho trude hay khong (van dé dodn nhan)?

~ Vi xau bat ky o trong L, 1am the ndo d€ sinh ra ® (van d€ sinh)?

D6 1a nhitng van dé lién quan dén biéu dién ngon ngli. Nguoi ta thuong
biéu dién ngdn ngit nhd cac van pham (van dé sinh), hoiac cdc may hinh thic
(véin dé doan nhén).
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§2. VAN PHAM VA NGON NGU SINH BGI VAN PHAM

2.1. binh nghia van pham

Ta c6 thé hinh dung mét van pham nhu mot "thiét bi tu dong"” ma nd ¢
kha niang sinh ra mét tdp hop cidc tir trén mot bang chir cdi cho trude. Mai tir
dugc sinh ra sau mot s6 hitu han budc thuc hién cac quy tac ctia van pham.

Viéc xdc dinh mot ngoén ngir trén bang chir ¢di cho trude b thé duorc
thuc hién bang mot trong céc cach thic sau:

Cdch 1: D6i v6i méi xau thude ngon ngir dd cho ta c6 thé chon mét quy
cdch hoat dong ciia "thiét bi tw dong" dé sau mot s6 hitu han bude lam vige
né dimg va sinh ra chinh xau dé.

Cdch 2: "Thiét bi ty dong" ¢ kha nang lan luot sinh ra tit ca cic xau
trong ngdn ngir da cho.

Cdch 3: V6i mot xau o cho trude, "thiét bi tw dong™ ¢6 thé cho biét xau
d6 ¢o thudc ngodn ngit da cho hay khong.

Trong 1y thuyét van pham, ngudi ta da chimg minh duge ring, ba céch
thiic trén 12 tuong duong nhau, hay van pham lam viée theo céc cach trén 1a
tuong duong nhau. :

Vi vay, ¢ day ta quan tam dén cich thi nhit, tic 12 xét vian pham nhu la
mot "thiel bi ty dong” sinh ra cdc tir. Vi 1€ d6 ma ngudi ta con goi cdc "thiét
bi tu dong" d6 1a van pham sinh.

Viéc sinh ra cdc tir ¢6 thé duge thuc hién bang nhiéu cdch khéc nhau.
Céc tir ¢6 thé dugc sinh ra bdi cac vian pham, bdi cic 6t6mat, bai cic mdy
hinh thic nhu may Turing, ... O day ta dé cap den cach cia Chomsky dua ra
vao nhimg nam 1956 — 1957.

Dinh nghia 1: Van pham G la mot bo sip thit tur gédm bon thémh phan
<Z, A, I, R>, trong d6:

—Z, Alacéic tap hitu han, khac rong, khong giao nhau. Tap Z dugc goi
la 1ir dién co ban, mbi phan tlr ctia né duoc goi 12 ky hiéu co bdn hay ky hiéu
két thiic (terminal). Tap A dugc goi 1a nir dién hé tro, céc phén tir coa né
duge goi la cic ky hiéu hé irg hay con goi la ky hiéu khong két thic
(nonterminal). Dat V = £ w A, V duoc goi 1a fir dién ddy dii.

- Ky hieu I € A dugc goi 1a ky hiéu ban ddu.

— R 12 tap cdc quy tdc ma mbi phdn i chia né ¢6 dang o0 — B, & day
o, B 12 cdc tr trén tir dién ddy 0 V. kY hiéu — ¢ V.
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Dinh nghia 2: Cho van pham G = <E, A, I, R> va mot quy tic
r=o —> B e R.Ky hiéu * ¢ V, mit xau ¢ dang &; * o *E, duge goi la mot
vi tri clia o trong xau o = & af, , & diy © la mot xau trén tir dién ddy du V.
Khi d6 ta néi xau i = &;PE, 12 nhan duge tir xdu © = & a&, nhd viéc ap
dung quy tic r = a — P vao vi tri §; *a*&, cla trong kau o =& ak,.
Xau 7 goi 1a xau ddn ditge trige 1iép 1l xau o trong van pham G va duoc ky
hiéu 12 @ [g ", hay don gin hon la ® |=n.

Dinh nghia 3: Diy cdc xau D = (0, @y, ., @) duge goi 1a mot ddn

xudt cha xau o, W @, trong van pham G = <%, A, I, R> néu o, }= ;, vOi
i=1,2, ..k S6kdugc goi la d‘p dai ctia dan xudt D.

Din xuét clia o, tir @g trong van pham G duge ky hiéu 1a wy }-G 0y, hay
don gian hon 1a o, |- o Néu o, nhin duge tir o, bang cach dp dung quy
tic r = o — P thi ta néi quy téc r dugc dp dung & budc thit 1.

2.2. Ngdn ngif cia van pham

Pinh nghia 4: Cho vin pham G = <Z, A, [, R>va D = (0g, @, ... , W) la
mot din xuft clia Xau o, LY @, trong van pham G. Néu g =1va o € s
(tap tat ca cdc xau trén I) thi o, dugc goi la mét xdu (1) sinh boi van pham

G va khi d6 dan xudt D=(I = mo, ©y, .o, O =P)VOLP € =" duoc goi la ddn
xudt day dii trong G.

Ngon ngit sinh ra b(n vian pham G dugc ky hléu bdi L(G) va ducc dinh
nghia la:

LG)={o:oeZ val |»G(o}.
Vidul: ChoG=<%, A, I R>véi Z= {a, b}, A= {I}, R = {I > alb, ] -> ab}.
Khi d6 thdy ring: L{G)={a"b":ne N,n21}.
That vay, din xudt ddy dfi cla a"b" 1a:
= {1, alb, 2’Tb?, ..., a"'Ib""', a"b"}, hay I | a"b".

Pinh nghia 5: Hai van pham G va G’ dugc goi 1a tuwong dwong nhau néu
L(G) = L(G".

Vi du 2: Cho hai van pham G=<Z, A, LLR>v6i X = {a, b}, A= {1},
R= {I »>alb, I —"};
G =<, A I'R>v6iZ ={a, b}, A= {I'}, R"={I' > al'b, I — ab}.
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Dé thay rang, L(G') = {a"" : n = 1}, do d6 G va G' 1a hai van pham
tuong duong véi nhau (sai khac tir ).

§3. PHAN LOAI VAN PHAM CUA CHOMSKY

Chomsky phan loai van pham thanh bdn nhém trén co s& dinh nghia vin
pham ndi chung:

— Nhém 0: Vian pham ngi cau;

-~ Nhém 1: Van pham cam ngit canh;

— Nhém 2: Van pham phi ngit canh;

— Nh6m 3: Vin pham chinh quy.

Dugi day ta dinh nghia van pham tir thém 0 dén nhém 3 nhy sau:

Cho van pham G = <Z, A, I, R> Dat V = Z U A 13 tir dién ddy da,
V* 1a tap céc wr trén V, V* 1a lap céc tir ¢6 do dai khac khong, tic 1a
V*¥= VE\ M)

Dinh nghia 6: Van pham G = <X, A, I, R> dugc goi 1a vdn pham ngit
cdunéumoiquyticr € Rdéucédangr=a — B, trongdéa e VY, B e V.
Quy tac cha van pham ngit cdu goi la quy tic ngi# cdu. Ngon ngir do van
pham ngir cau sinh ra dugce goi 1a ngon ngit ngit cdu (NNNC).

Chu y: o ¢6 chita it nhat mot ky tu trong A. _

Pinh nghia 7: Van pham G = <Z, A, [, R> dugc got 1a vdn pham cam
ngit cdnh néu v6i moi quy ticr € Rdéucédangr=a - B, §day o € V*,
BeV'valal<Ipl.

Méi quy tac clia van pham cam ngit canh goi 12 quy tic cdm ngit cdnh.
Ngon ngl¥ do vin pham cam ngit canh sinh ra goi 12 mot ngon ngit cam
ngit carnh (NNCNCQ).

~ Vidu 1: Chovan pham G =<Z, A, L, R>véi
Z={a,bl,A={1},R={l—>alb,I > bla,1 > II, [ - ab}
la mét van pham'cam ngit canh. '

Vidu 2: Cho van pham G =<Z, A, R>, £ = {a, b, c}, A= {1, A, B},
I € AvaR ={l > abc, [ - aAbc, Ab —» bA, Ac - Bbc, bB — Bb,
aB — aaA, aB —» aa}. Khi d6 G 1a van pham cam ngii canh.
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Pinh nghia 8: Van pham G = <Z; A, I, R> duogce goi 1a van pham ph
ngit cdnh néu moi quy tic r € R deu c6 dang 1 = A — 0, ¢ day ky hiéu
AcAvadeV.

Méi quy tic cha van pham phi ngif canh goi la quy tac phi ngit cdnh.
Ngon ngit do van pham phi ngit canh sinh ra goi la ngdn ngit pht ngit canh
{NNPNC).

Cho xdu ® = a,a, .. a,,a, khi d6 dnh guwong clia nd la xau

O =2ad, .. 2. Anh guong clia ngon ngir L s€ 12 tap {o:oe L}.

Anh guong clia ky tyalaa = &, anh guong clia tir rdng (A) 1a chinh né.
Vi du 3: Xét vin pham G =<2, A L R>vGi Z = {a, b}, A ={I},
R = {I-> A, 1> ala, I - blb, I > aa, 1 - bb}.
G 1a van pham phi ngif canh va né sinh ra ngén ngit phi ngit canh
LG ={odloeV'].

Ching han, véi xdu o = abab, khi d6 ta c6 ® = baba va xau
@& = ababbaba c6 din xuat 1a D = (I, ala, ablba, abalaba, ababbaba = ©o).

Pinh nghia 9: Vian pham G = <%, A, [, R> goi 1a vdn pham chinh quy
néu 1ap R gom cdc quy tic c6 dang: A > aB, A > a;§dayA,Be A ae 2.

Quy tic cba van pham chinh quy goi 1a quy tde chinh quy. Ngon ngit do
~ van pham chinh quy sinh ra dugc goi la ngdn ngit chinh quy (NNCQ).

Vidu4: Gia st G =<3, A, L R>véi £= {a, b, c}, A= {1},

_ Rz{I->aI,I-—>bI,I—)cI,I;—>a,I—)b,I-+c}.

Khi dé G 1a mot van pham chinh quy.

Dé thay rang, xau a™b"c* e L(G) vi dan xuat diy di cha © = a"b'c “1a

_ (1 al, a1, .., a™L a"bi, a™b71, ..., a™b"], a"b"l, a™b%’L, .., a"bc 'L,
mb“c - ). '

Nhdn xér: T dinh nghia ta thay khai niém van pham ngit cdu la khéi
niém téng quét nhat, nghia 12 16p céc van pham 0 1a 16p rong nhdt, né chira
dung van pham cam ngi canh; 16p van pham cdm ngit canh chita Iop cic van
pham phi ngit canh; 16p cic van pham phi ngit canh chia 16p van pham
chinh quy. Vi vay, d6i véi 16p cdc ngon ngi do ching sinh ra thoa man bao
ham thifc:

NNCQ < NNPNC « NNCNC c NNNC.
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Ta cling thdy v¢ mat ciu tric ngir phdp thi cdc quy tic sinh chia cdc van
pham phi ngl canh, van pham chinh quy 13 don gidn hon ¢4 va chiing ¢6
nhi¢u ting dung trong viéc thiét k€ cac ngén ngir lap trinh va trong nghién
cttu vé chuong trinh dich, ... Vi vay, trong phén tiép theo chiing ta danh thém
sy quan tam tGi hai 16p vin pham dé, nhumg trude hét hiy xét mot s vi du
vé vian pham.

§4. MOT 5O Vi DY VE VAN PHAM

Vi du 1: Cho van pham G = <X, A, I, R>, trong d6: = = {a,, a,, ..., a_} I
bang ky higu co ban; A= {I, A, A,, ..., A} labang ky hicuhd trg; [ € A
1a ky hi¢u ban ddu; R = {I - ajA|, A] - 0,A,, A) > a4, ..., A, o
a1 Ap-1, Ay = a,} (n 2 2) 12 1ap quy tic.

‘Theo dinh nghia day 1a van pham chinh quy. Van pham niy sinh ra
ngén ngi chinh quy L(G) = {@ = a,a,...a,}.

That vay, v6i tlr @ ta ¢6 din xuat dy di trong G la:

D= aA a4, .., a8y..a A |, aa,.a].

Vidu 2: Cho vin pham G = <%, A, I, R>, trong d6 = = {X1, X5 won X )
A={I},R={l—>al, I >a:ae X}. Day ciing 12 van pham chinh quy va né
sih ra ngén ngix chinh quy:

LGy ={o: o e 2"}, ticla L(G) = L.
Ching han, v6i w = x;,X;5...x;, € Z°, ta thdy o do G sinh ra vi né ¢6 déin
xuft day da la:
D= xiL XXl % Xigee Xigeo L, Xy %z X
Vi du 3: Ngon ngit & sinh ra béi van pham chinh quy sau:
G=<Z, A LR>trongd6Z = {a}, A= {I},R={I > al}.

That vay, G lam viéc khong bao git dimg, tic la khong ¢6 xau 0 € &
va o #* ma G sinh ra, hay G sinh ra ngén ngit &. .

Vi du 4: Van pham G = <%, A, I, R> v6i = {a, b}, A = {I, B},
R={I >al,]l > aB, B - bB, B — b} ciing 12 van pham chinh quy va
L(G) = {a"d™ : n, m 2 1} Ia ngon ngir chinh quy do G sinh ra.
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That viy, véi @ = a"b™ ta ¢6 dan xuit ddy du trong G la
= (1, al, a%l, ..., a" 'I, a"B, a"bB, ..., a"b™ 'B, a"b™).
Vi du 5: Ngon ngit {a"b" : n > 1) sinh ra bdi van pham phi ngif canh
G=<Z,A LLR>v6i Z={a,b},A={I},R = {l > alb,I > ab}.
That vay, tir a°b" véi n > 1 ¢6 din xudt day dis trong G 12
D = (I, alb, 2°Ib?, ..., 2" 'Ib" ', a"b").
Vldu6 Cho ngoén ngit {a"b"a™ :n, m > 1}.

Ta xét van pham G = <Z, A, I, R> 1a phi ngit canh véi T = {a, b}
={I,A},R={l > Ia, A > aAb, A —> ab, [ > Aa}.

Khi d6 ta thdy xau a"b"a™ (n, m = 1) s& c6 din xuét ddy dii trong G la
D=, Ia, [2 ... ]a™", Aa™, aAba", a’Ab%a™, ..., 8™ 'Ab™ '™, a"b"a™).
‘Nhdn xét: Néu trong van pham G ta thay tap quy tic R boi
= {I —» al, A - bAa, A — ba, I > aA} thi ta nhan dugc van pham
G' = <Z, A, I, R"> 12 phi ngif canh sinh ra ngon ngir {a™b"a" :n,m 2 1}.
Khang dinh la ding vi:
D=(L al, a’l, ..., a™ I, a™A, a™bAa, ..., a"b" A2l a™b"a")
12 mot dan xudt ddy da cta a"b"a" trong G'.
Vi du 7: Ngon ngit L trén tir dién {a, b} gém t41 ca cdc tir khac A va méi

tir trong L chifa s6 ky tu a bing s6 ky tu b. Khi d6 L 12 mot ngdn ngit phi
ngl canh. That vay, xét van pham

G=<Z, A, I, R>, trong d6 X = {a, b}, A= {1},
R ={I->1I1,1— alb, 1 bla,] —» ab, I —> ba}.
R& riang van pham G la phi ngit canh va n6 sinh ra ngén ngir L.
Chang han, véi tit a"b™ ta cé dén xust ddy du 1a
D = (1, alb, a’Ib?, ..., a™ 'Ib™", a"b").
Véi tr ® = ababaabb c6 dan xudt ddy da la
D = (1, 1L, albl, ababl, ababalb, ababaabb). .
Vidu8: Ngonngit L = {0d : o € 7 } duge sinh ra bdi van pham phi
ngit canh: '

3

G=<Z, A LR>V6i £={ap,ay...a},A={I);

I={l—»>ala,]I >aa},acl

20-TCAN RJI RAC
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Vidu9: ChotdpZ = {a, ay, ..., 4, b}.

Khi d6 ngon nglt L = {wbo - © €Y} duge sinh ra bdi van pham
G=<Z, A LR>v6i Znhuten, A={L A, Ay, ... AL, R= {1 >1Aa, 1> b,
aA; > Ag;, bA; > abhii j= 1,2, .. k. :

D€ minh hoa ta xét trudng hop don gidn khi k = 2. Ta ¢6

| Z={a,a, bl,A={L A, A,

R={I—>1A;a,,1—>1Aa,, I—->b,a;A; > Aay, aA; > Aja,,
HA| = Aa,, a,A, = Ajay, bA| — ab, bA, — a,b}.
Gia sir v6i o = a,a, va P = wbw, khi d6 ta c6 dan xuat day di trong G I
D=(,1A,a,, l1A,a,A a;, bAja,A a,, a,bayA a,, a,bA a3, a,a,basa; = wbwm).
Vi du 10: Cho vin pham G = <3, A, I, R>, & day
L=1{a,b},A={L A, BC, D},
R = {I = ABC, AB — iADi, Dij — jDi, DiC — BiC, iB — Bi,
AB—> A C—H AL vbii, ) € 2.
Tas€chiraL(G)={ow:w e Z*}.
That vay, » = M e L(G), vi M ¢6 din xuat day da la
D = (I, ABC, ~C, M), Vay oo € L(G) véi 0 = .

Truong hop khi @ = a, ta chi ra oo = aa € L(G).

That vay, D = (I, ABC, aADaC, aABaC, a”aC, a®a® = aa = ww) la dan
xuat ddy du ciia wo = aa trong G.

" Trutimg hgp © = b, khi d6é w® ='bb ¢ dan xuit ddy dua trong G la:
D = (I, ABC, bADbBC, bABbc, b"bC, b"b” = bb).

Mot cach téng quat néu cbé © € 5" thi s& c6 mot din xuat day da cho
oo la _

- D=(, ABC, ..., ®ABeC, o"nC, oo = on).

Vi du 11: Xay dung mot van pham sinh ra tap cdc s6 chinh phuong
in":n=12,..}.

Vin = I” nén vian pham G = <Z, A, I, R> sinh ra tap {nz: n=1,2, ..}
- duge cho dudi dang sau:

Z={l},A={l, A,B,C D,EF},
R = {I > ABBDF (1)
BD — DCB (2)
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BC —» CB (3)
AD — AAE 4
EC - AE (5)
EB-—>BE (6)
EF — BBDF 7
DF > | (8)
B! %)
Al (10)
{1 (1)

Tachira L(G) = {n’: n=1, 2, ...}. That vay:
~ Khin=1:1°=1, 0=1 |
Dan xuat day dacua w la D= (1, ).
~ Khin=2:2*=4,0="
Din xual diay dit cua o 12
D = (I, ABBDF, ABBI, ABII, Alll, IHl).
~ Khin=3:3%=9,0=/
Dén xudt day du cua o la
D = (I, ABBDF, ABDCBF, ADCBCBF, AAECBCBF, AAECCBBF,

AAECBBF, AAAAEBBF, A*BEBF, A*BBEF, A‘BBBBDF,
AYBY AN, N = 1),

. rd ER 2
Mot cach téng quat véi o = 1... [ =["

[S———
n? idn

" Ta c6 dan xuit day ducho o 1a
D = (I, ABBDF, A B20-Dpp, A1 B2A=1 | Ata=" pin-Dy

2 2
!(n—l) I2(l‘l-—1)| :I(n—l)+2(n—l)+l =|n )
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§5. MOT SO TINH CHAT CUA VAN PHAM

Binh nghia 10: (Dong Iuc cha dan xudt)

Cho van pham G = <X, A, I, R> v hai ddy din xudt D = (0g, @y, ..., ©)
va D' = (g, o, ..., @,") trong van pham G. Hai dan xuét trén dugc goi 1a
dong lyc néu vy =0y va o, = o/

Pinh nghia 11: (Dan xust khong lap)

Cho van pham G = <Z, A, L, R> va dén xudt D = (0, o), ..., ®,). Din
xuat D duge goi 1a dan xudt khong Idp n€u khong tdn tai cip o, o; (i # j) ma
O, = ;.

Dinh Iy 1: D61 véi mot dan xudt bat k¥ trong van pham luy ¥, ton tai
mot dan xuat khong lap déng lhuc v6i né.

Chitng minh: Gia sit D = (0g, ®, ..., ©j~}, @}, Oy, ..., ). RS rang day
1a mot dan xudt dong luc véi chinh ng. Xét cac trudng hop sau:

— Trong D khong ¢6 cap o, o; vi i # j ma o; = c:oJ Khi d6 D chinh 1a
dan xudt khong 1ap dong luc véi né.

— Trong D ¢6 mot cdp o, = w; ma i # j. Khi d6 xét din xu4t:

D' = (wg, 0, s -y @)y Oy, ooy ).

RO rang day 1a mot dan xuat déng Iuc v6i D vi D' nhan duge tir D bing
cdch bd di ©;, @), ..., ©;) cON By, o vin gil nguyén.

Néu trong D' vin cdn cap oy, = ®, (h # p) thi 1ap lai qua trinh trén cho
16i khi trong D' gém c4c xau khéic nhau timg déi mot. Khi dé ta dugc mot
dan xuat khéng lap v6i din xust D.

Dinh Iy 2: DG6i v6i vin pham G bat ky bao gid ciing xay dung duoc mot

van pham G' twong duong véi G, tic 1a L(G) = L(G).
' Chitng minh: G = <Z, A, I, R> 1 mét van pham nao dé.

Véimbiae Ztalapky hieumsi 7 ¢ T U A,

DitZ, ={a:aeZ} v@R; = {7 >a:aeX}. Con R, Ia tap cdc quy
tic nhan duge tr R bang cach thay thé cdc ky hiéu co ban a ¢6 trong quy tic
cua R boi cac ky hiéu mdi tuong img a ¢ = U A.

Khi d6 ta xay dung vin pham G' = <X, A, I, R"> nhur sau:



Phdn IV. NGON NGU HINH THUC 309

=%,A=2,UAT=LR =R, UR,.

Khi dé ta ¢é L(G) = L(G"). .

Thét vay, trude hét ching minh bao ham thiic L(G) c L(G).

Xét bat ky P e L(G), khi d6 10n tai dan xuat ddy du

D=, ®, 0y, ..., 0 = P) trong G.

Néu trong D ta thay ddi mdi quy tic thudc R ma né duoe 4p dung boi
quy tic twong tmg trong R, thi ta duge D' = (I, 0, ®,, ..., @' = P) 1a mot dan
xudt trong G'. Tiép tuc 4p dung cdc quy tic trong R, ciia G' d6i véi P ta ¢ dan
xuit D" = (I, ©j') @y, .y & = P, s @y = P). Nhan thiy D" 1a mot dan
xuat ddy du trong G', do d6 P € L(G'). Vi P la tuy ¥y trong L(G) suy ra
L(G) ¢ L(GY).

Ta cdn ching minh bao ham thic nguge lai. L(G) < L(G). Gia su
P € 1(G"), khi d6 tén tai trong G' mot din xudt ddy di

D'=(l, @ o)., =P),6dayP e X*

Trong D' ta thay moi ky hiéu @ € X, bdi a € . Khi d6 s& nhan dugc -
D =, @, ®,, ..., &, = P) la ddn xuét cia P trong G, tic 1a P € L(G). Tu d6
suy ra L(G) ¢ L(G"). Vay ta da chimg minh dugc L(G) = L(G"), ¢6 nghia la
G tuong duong véi G'. _ ' |

Gia sir T 14 bang chit cdi nao d6. Nhu da dinh nghia, mét ngon ngir trén
bang chﬁ cai £ 12 mot 1ap ndo dé cic xau trén T, tic la mot tap con bat ky
clia X" 12 mot ngon ngit trén X.

Trén 16p céc ngon nglt ta ¢ thé dinh nghia phép ho‘p cac ngdn ngir va
pflep giao cdc ngdn ngit twong tu nhu trong 1y thuyét tap hop. Nghia la néu
L,, L, 1a cdc ngon ngir trén X thi phép hcp cia ching dugc ky hiéu la
L, w L, va duge xdc dinh bdi:

Livl,={w:® el hoic® € L,}
va giao ctia chiing dugce ky hiéu la L, M L, va duge xdc dinh b(n
LinL,={e:ocl,viecl,}.
Bay gid ta dinh nghia phép nhan ngomng® L, voi ngén ngif L, 1a ngon
ngit duoc k¥ hiéu boi L,.L, va dugc dinh nghia nhu sau:
LiL,={ap:aeLl,vaP eL,}

trong d6 af 13 ket qua ndi ghép cua hai xau o va B.
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Chit y: N6i chung L,.L, # L,.L,, hay phép nhan khéng c6 tinh giao
- hoan nhung né c6 tinh két hop, tic 1a L, .(L,.L;) = (L,.L,).L; va 6 tinh phan
b& v6i phép hop va phép giao, tic la:

Li.d,vwly)=LL,uL, L;

(LywLly)Ly=L,LywL,Ly

Li.d,nLy)=(L, L) n(L, Ly

(L, A Ly) Ly = (L. Ly) A (Ly.Ly).

Dinh nghta 12: (Tinh déng d6i véi phép hop, giao va nhén)

Gia str L,, L, 1a hai ngdn ngit bat ky dugc sinh béi vian pham va 0 1d mot
phép tinh nac d6 trén 1dp cdc ngon ngit. N&u thuc hién cdc phép tinh 6 dai
vdi hai ngoén ngit L;, L, ta thu duge mot ngon nglt mdi, ky hieu 1a L,0L,,
ngon nglr méi nay ciing dugc sinh ra boi van pham nao dé thi ta néi phép
tinh € 1&2 déng d6i véi l6p ngdn ngit do vian pham sinh ra.

Dinh Iy 3: Lop ngon ngit sinh ra bdi van pham 13 déng déi v6i cic phép
hop, giao va nhéan ngon ngit.

Chimg minh: Gia sir rang L, L, 13 cdc ngén ngit dugc sinh ra bdi van
pham G,, G,, hay L, = L(G)) va L, = L(G,). Ta céan chi ra la cé cdc van
pham G, G,, G5 sao cho:

_ L(Gy) =L, ULy L(Gy) =L, nLy; L(Gs)=L,.L,.

Giast Gy =<, AL [[,R>va G, =<2, A,, I, Ry>.

a) Ta xay dung van pham G; sinli ra ngdn ngt L, U L, nhu sau:

i G;=<E,A, 1, R>,
& day: L=, U,
A=AuA UL
R=R,UR,U (I 1,15 L}.

Ta chitng minh L(G;) =L, w L,.

That vay, truGe hét chimg minh bao ham thic L(G;) < L, v L,. Gia sit
P e L(Gjy), 3{hi d6 tén tai *dﬁn xudt day du D = (@g, 0y, ..., 0 ), 6 day wy =1,
o, =P e X =(Z; UL . Tircich xdy dung van pham G; ta suy ra 0, =1,
hoic o, = [,. ‘

Gia st o, = I, khi d6 dan xuat (0, o,, ..., @ = P) ¢6 dang (I, o,, 0,
-» ® = P) la dah xuat ddy dd cla P trong van pham G, = <=, A, I,, R >,
hayPe L, =L(G)). VayPe L, U Ly, tic A L(G;) c L, w L,
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Trudmg hop khi ©, = I, thi P e L, vado d6 P € L; U L,, ta cling ¢6
L(Gy)c L, wvL,.

Bay gid ta chitng minh bao ham thic nguoc lai: L w L, € L(Gy).

That vay, giastPe L, WL, khid6 P € L, hoac P € L,.

Chéng han, P € L, = L(G)), theo dinh nghia ta c6 din xuat diy da
D=, 0,0, ... 0,=P)viiPe %, Khi d6 dan xual D'=(1I, w, .. Oy = P)
1a din xuat ddy dua trong van pham G; viP € 5, thiPe (5w Ez) Vay
L, v L,cL(Gy).

Tém lai: L(G;) =L, v L,, nic la lop ngén ngit sinh ra boi van pham la
ddng doi véi phép hap.

b) Tir cdc van pham G,, G, ta xdy dyng vin pham G, sao cho
L(G,)=L; nL,; nhusau: _
G,=<Z, A LR>VGiE=%, NIy
A=A upul vl wl{lh
R = Rll L) RI2 () {I — 1112} - Rnl U an
sday: - T, = {Frae g} val,={bbe I} O,NT,=0
— R", 1a tap c4c quy tic nhan duge 1 tap quy thc R, bang céch thay
céc k¥ hiéu co ban trong £, ma chiing c6 mat trong quy tac cia R,
bdi ky hiéu méi d6i ngau véi né.
— R", la tap cdc quy tic nhan duoc tir tap quy tic R, bang céch thay
cdc ky hiéu co ban trong X, ma chiing c6 mat trong quy tac cha R,
- béi ky hiéu méi d6i ngau véi né.
—~ Céc tap quy tac R', R’; dugc xéc dinh nhu sau:
R'l—{;E—H:)a aeE,,beZz}
Ry = {;;—m:ae):,m 22}. |
Kiém tra lai ta thay: L(G,) = L(G) " L(Gy) =L, n L,.

Vay 16p ngoén ngit do van pham sinh ra déng ddi vdi phép giao.

. ¢) Ti céc van pham G,, G, ta xdy dung van pham Gj sinh ra 16p ngon
nglr L .L, nhu sau:

Gy=<Z. A LR> dday: =%, UZp A=A LA, U (T}
R=R,UR, U {I> L}
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Ta s€ chitng minh L(G5)=L,.L,.

Trude hét ta ch1 ra bao ham thitc L(GS) cL,L,.

That vay, xét bal ky P e L(Gjy), khi d6 trong G ton tai din xuat diy du

= L. I, oL, 0,15, s3l,, ..., P)L,, P,»,, P,o,, ..., PP, =P).

G day, doan tr 1 dén P,I, chi d4p dung cdc quy tic trong R, nén
P, € L(G) = L;; con doan tir P,®," dén P,P, = P ¢6 duge la do 4p dung cic
quy tac trong Ry nén P, € L(G,)=L,. VayP=P,P, € L, .L,.

Vay, bao ham thic L(Gs) € L,.L, di dugc chimg minh.

Ti€p theo ta chitng minh bao ham thitc nguoe lai: L,.L, < L(Gy).

GiastPe L, L, dodétontaiP, € L, P, € L, sao cho P = P,P,. Vi
P, € L, = L(G)) nén ldn tai dan xuat day di D, = (I}, 0}, @,, ..., & = P))
lrong G, vi P, ez’ P2 € L, = L(G,) nén cung ton tai dén xudtl ddy du

D, =(1,, 0, ®;, ..., 0, '=P,) trong G, v6i P, e 22 .

Lap dan xuat D = (I, [,1,, o ,1,, ©,],, ..., P|I,, P,0,, P|o,, .., PP, = P).
Day la dan xuat ddy di trong van pham Gs vaP=PP, € T = (£, U %,)",
hay P € L(Gs). Vay tacd L,.L, < L{Gg).

Toém lai: L,.L, = L(G,).I(G,) = L(Gs). .

Vay 16p ngon nglr do vin pham sinh ra déng d6i véi phép nhan.

Db 1y dugc chimg minh.

Ta minh hoa dinh 1y trén bang vi du sau day:

Vidu 1: Cho van pham G, =<Z, A, [, R > véi:

={a,bh; A ={I;}; R, = {I, > al,b, [, - ab}
va 62 =<Z,, A,, 12, Ry>v61 Z, = {c};
A= {L}, Ry ={l, = cl,, I, - c}.
Xay dung vin pham G, = <2, A, I, R> sao cho
L(G;) = L(G,) U 1AG,) va G, sao cho L(Gs) = L(G)).L(Gy).

Tadabict: L(G))= {a"":a"" €3, n21};
L(Gz)={cm:cm EE;,mzl}. ’
2) L(Gy) = L(G) W L(Gy = {a"",c™in, m > 1}

Ta xay dung van pham G; nhusau: Z=2, W £, = {a, b, c};
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A=A v AU LT AU A, duge goi la ky hiéu ban ddu cua G;;
R=R,UR,ul{l=I,1>1L}

Ta ching minh L(Gs) = L(G,) U L(Gy) = {a™b", ™ : n. m 1.

— Xét bao ham thic L(G5) € L(G)) v L(G,).

Gia sit P € L(G,), titc t6n tai dan xuat day da D=, w,, 0y, ..., », =P),
& day w, = I, hoac o, =1, va P € ", Trudng hop @, = I;, khi dé

D=(L1, o, =alb, o, =Lt ., 0, =a" '1p"", 0, =a"b"=P)ladin

ddy dd cha P = a"b" trong Gl, nén P € L(G ) hay P € L(G)) v L(Gy).
Truomg hop o, = L, khi d6 D= (L, I, o, =cl, @y = ¢ My o 0y = ™',
®,., = c™ = P) 1a din xuat ddy di clia P rong G, hay P € L(Gy), tc la
P e L(G) v LG, '

Vay: L(G;) ¢ L(G)) v L(Gy) (1)

— Xé1 bao ham thic nguoc lai: L(G,) w L(G,;) < L(Gy).

Gia stt P € L(G,) W L(G,). Khong gidm tinh 16ng quat, gld st P e L(G)).
Khi d6 dan xuat ddy da cua P trong G, c6 dang

D'=(,, o =alb, o, =a’lp, .., 0,=a"b"=P)vaPe I".
Tix D' ta ¢6 dan xuat ddy da cha P 1a D trong G; 1a
D={L 1,0, =alb o,=a|t, .., 0, =a"b"=P).
Vay P € G;. Trudng hop P e G, chimg minh tuong tu.
‘Tém lai ta co: LG)v L(G,) < L(G3) (2)
Tir (1) va (2) ta 6 L(G3) = L(G yu L(G,).
b) Xay dung G5 =<Z, A, I, R> sao cho

L(Gs) = L(G,).L(G) = {a"b"c™ im, n 2 i}

Ta xay dung G4 nhu sau:
=%, U, ={abchA=A Ui {I}, 1 & A WAy
R=R,UR,u{I-> L}
— Chimg minh bao ham thiic L(Gs) < L(G,).L(G,).
Gia s& P € L(Gs), khi d6 ton tai ddn xuat day da D cua P trong G5 la
D = (I, 1L, al b, a’1,b%L,, ..., a"b"L, = P\ L, PicLy, Pyc?Ly, ..., Pic™ = P\Py)
g day: P, =a"" € L(G,): P, =c¢" € L(G,). hay P=P/P; € L(G,).L((_:z).
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Vay bao ham thiic L(Gs) < L(G,). L(G,) dugc chilng minh.
— Chimg minh bao ham thitc nguge lai: L(G,).L(G,) < L(Gs).
That vay, gid sit P e 1(G,).L(G,) hay P = P,P,, & day: P, e L(G,);
P, € L(G,).
ViP, e L'(G]) nén 1on tai dan xuit ddy do
D, ={,, 0, =al)b, o, =a’I|P’, .., 0, =a"b"=P) rong G,, §day P, € Z;".
P, € L(G,) nén ciing ton tai dan xuat ddy du
D, = (1, cly, ¢’L,, ..., ¢™ = P,) trong G, 5day P, e £,".
Lap din xust D = (I, LI, al;bl,, a’;b’L,, .., a"™", = P,L,, Pcl,,
Pic’L, .., Pie™ = PPy, & day: P, = &% € L(G,); P, = ¢™ e L(G,) hay
P=P,P, € L(G).L(G,).
Vay bao ham thitc L(G).L(G,) < L(G;) da d‘uqc chiing minh.
Tém lai, véi Gs x2y dung nhu trén ta c6: L(Gs) = L(G).L(G,).
Chi y: Vi Z; n Z; = & nén & day ta khong xé1 van pham G, trong
dinh 1y 3.

BAI TAP
1. Cho bang chif cai £ = {0, 1}. Ta ky hiéu = 1a tap tat ca cdc xau (ké ca
Xau roéng (A)).
Hay viét ngon ngit £ dudi dang 1iét ké theo thit ty d6 dai ting din va
trong cdc X4u c6 ciing dé dai thi theo thi tu tir dién.
2. Tim cdch biéu dién hivu han cho cic ngon ngif v6 han sau:
a) L = {A, ab, aabb, aaabbb, ...}.
b)L,={A,0,1,00,01, 11, 000, 001, 010, 011, 100, 101, 110, 111, ...}.
3. Ngon ngit L va L, trong bai tap 2 c6 biéu dién thong qua van pham.
Hay xay dung hai van pham dé.
4. Cho cic van pham sau day:
1) G=<Z, A, I, R> véi tap quy tic sinh 12
R = {I > ABC, AB — iADj, Dij - jDi, DiC - BiC, iB — Bi,
AB > A, Co A} véii,je {a, b} =2,
2) G=<Z, A, 1, R> véi tap quy tic sinh 12
R={1->1I1->alb, I - bla, [ - ab, | - ba}.
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10.

11.

3) G = <I, A, I, R> véi tap quy téc sinh la
R={I—>al.l—>a:aeX}.
Trong céc van pham trén: ~ )
a) Van pham nao la van pham chinh quy, van pham ndo la van pham
phi ngif canh, van pham nao la van pham ngit cau?

b) Viét lai timg van pham dudi dang ddy di theo dinh nghia cbha van
pham.
¢) Tim cdc ngon ngir do cic van pham trén sinh ra.
ChongénngiL = {oo o e {0, 1}, & 13 anh guong cla ®}.
Xay dung van pham phi ngif canh G sao cho L(G) = L.
Cho ngon ngit L = {a"b"c¢™ : n,m > 1}.
Xay dung van pham phi ngii canh G sao cho L(G) = L.
Ngon ngit L trén 1 dién {a, b} gom 14t ¢a cdc xau khong rong ma trong
xau dé s6 ky 1u a va s6 ky tu b 1a bang nhau. Vi sao ngon ngl L. 1a ngon
ngif phi ngit canh? _
Cho van pham phi ngit canh véi tap quy tac sinh la
"R = {I—)ala,l-—)aa:ae):={a1,a2,...,an}}.
a) Tim ngén nglt do van pham sinh ra.
b) Hiy chi ra din xudt ddy du clia xau o = a;3,a34,2,2,333,a; lrong van
pham trén.
Cho ngdn ngfr'L: [wbw : © € 3 = {a), ag, ..., ay, b}‘}.
Xay dung mot van pham phi ngi canh G sao c¢ho L(G)=L.
Xay dung cdc van pham chinh quy sinh ra cic tap cac s0 tu nhién
L,=11,2.3, ..n}vatapl,={ifa=b then ¢} tuong Ung.
Cho cdc van pham: -
1) G, v6i tap quy tic R, = {1 = al. 1 > Ib, [ > alb, I > c}.
2) G, véi tap quy thc Ry = {1 > L1 a,1->b).
3) G, v6i tap quy tic Ry = {I - aA, I > bB, I->¢, A— Ia, B — Ib}.
4)G, véitapquy tic R, = {I > AB A—>lc,A—>a B dB, B - b}.
5) G, véi tap quy tic Rg = {1 — lal, I > b}.
6) G, v6i tap quy tic Rg = {1 — all, I - b}.
7) G, véi 1ap quy téc R, = (L > AA, A —> aAa, A = bAb, A - c}.
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a) Hay phan loai 7 van pham trén theo nhém 0, 1, 2, 3 cia Chomsky.
b) Tim L(G) (i= 1,7) va goi tén ngodn ngif theo phan loat trén.

12. Bai todn I1: Cho van pham G = <Z, A, I, R>. Hay xay dung van pham

G'=<Z A, T, R"> sao cho L(G') = L{G), hay G' = G.

Ta xay dung G’ = <Z', A", I', R"> theo cic budc sau:

- Buéc 1: Dat2' =7%;

— Buéc 2: ChonI' =1;

— Bu6e 3: DAt A' = AU X, & day T = {@lae Z}(7 1a phan tir doi
ngiu clia a, di nhién 2 ¢ AU I); _

~ Buéc 4: DitR'=R UR, & day R = tap céc quy tac trong R ma moi
ky tra € I duge thay boi @ € Z; con R ={a —> ala e =} . Khi d6
G =G.

Ap dung bai todn 1 dé tim cdc van pham twong duong G' v6i céc van

pham G cho trong céc bai tr 4 dén 1 1.

13. Bai todn 2: Cho hai van pham G, = <, A [, R>va G, =<2, Ay, L, Ry>.
Xay dung van pham G = <%, A, I, R> sao cho L(G) = L(G)) v L(G,).
Céc bude xay dung G nhu sau: ‘

- Budc I:batZ =%, UL,

- Budc 2: DatA=A U A, v {I}

— Bubc 3: Dat: R=R,UR, U {I > 1,1 > L.

Khi d6 ta ¢6 L(G) = L(G,) U L(G,).

a) Phét biu bai toan 2 cho trudong hop téng quat: Cho cic van pham
G =<2, A, I,R>(G=1n) Xay dung G = <Z, A, I, R> sao cho

n
LG = | JLG).
i=1
b) Cho hai van pham G, = <Z,, A, I;, R;> v6i Z, = {a, b}; A, = {I,};
Ry = {I; > al)b, I; —» ab, I, ba} va G, = <%,, A,, L,, R,> véi
Ly={c,d,h}; Ay = {I, A Ry={, > Lh, I, > A, A - cAd, A — cd].
Xay dung G =<Z, A, [, R> sao cho L(G) = L(G,) v L(G,).
¢) Cho G3 =<3, A3, [;, Ry> vai T = {0, 1}; A; = {1;, A, B);
Ry={l; >0, >A A—> 1A, A—>B,B—0B,B - 0}.
Xay dyng G = <Z, A, I, R> sao cho
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14,

15.

L(G) = (G v L(Gy) v L(Gy),
¢ day G, va G, dugc cho trong cdu b.

d) Hay xay dyng viin pham G = <X, A, I, R> sao cho L(G) = UL(G ),
i=1
v6i G, cho trong bai 11,
Bai todn 3: Cho hai van pham G, = <X, A, I}, Ri> va G; =<5, A5, L, Ry>.
Xay dung van pham G = <Z, A, |, R> sao cho L(G) = L(G).L(G,).
Viéc xay dung G duge thuc hién theo céc bude sau:
— Buéc 1: D@ =3, U, |
— Budc 2: Dat A=A VA, U {lL
— Budc 3: DatR=R, VR, U {I > |}
Khi d6 ta ¢é L(G) = L(G)).L(G,).
a) Phdt biéu bai toan trén cho trudng hop tng quat: Cho G, =<, A LR
(i =1,2,....n). Xay dung G =<Z, A, I, R> sao cho
L{G) = L(G,).L(G,)..L(G,).
b) Xay dung vin pham G sao cho L(G) = L(G,).L(G,), 6 day G, va G,
duogc cho trong cau b cha bai 13.
¢) Xay dung van pham G sao cho L(G) = L(G;).L(G).L(G,), 0 day G,
va G, duge cho trong cau b clia bai 13, con G, cho trong cdu ¢ cha
bai 13.
d) X4y dung van pham G sao cho
L(G) = L(G,).L(G,) U L(G3).L(G)).L(G,),
& day: G,, G,, Gj la cac van pham & phén b va ¢ cta bai 13.
¢) Hay xay dung van pham G sao cho
L(G) = L(G).JAG,).L(G).L(G )L(Gs) L(Ge).L(G7),
aday G, (i = 1,7 } duge cho trong bai 11. '
Bai todn 4: Cho hai van pham G, = <%, A, I, R>va G, = <%y, A;, L, R>.
Xay dung van pham G = <Z, A, 1, R> sao cho L(G) = LG L(Gz)
Viéc xay dung G theo cac budc sau day:
— Buéc : Dat L =%, N Xy,

— Buéc 2: Dat A=A, VAU iUy uU {1};

— Buéc 3: DatR = R, UR, U {I>1];} R UR", & day:
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16.

3 = {5 lae Et}' 52 = {Elb € 22};
R, = t4p 1at ca céc quy tic trong R, ma rﬁc}i ky twa e £, déu duge
thay tuong ting véi ac X

~

R, = tap tét ci céc quy tic trong R, ma moi ky tu b ¢ 22 déu dugc
thay bdiky tw b e 2y}
R'= [ab>balaex, bel,);

R"= {gg—nllae Z 022}.

a) Ap dung bai todn 4: Cho:
Gy = <E, AL I, R> véi: Z) = {a, b}; R| = {I; = al|b, I; = ba};
A= {1}
G, = <2y, Ay, 1, Ry> vai: 22 ={a,b,c}l;
' R, = {I; > Lic, I, > al,b, [, - ba};
A, = {1}
Xay dung G = <Z, A, I, R> sao cho L(G) = L(G,) N L(G,).
b) Phat biéu bai toan 4 trong trudng hop téng qua:
Cho G, =<Z, A, I, R>(i = 1 n). Xay dung G = <X, A, I, R> sao cho

[(G) =L(G)) " L(G)) N ... " L(G,) = ﬂL(Gi).
i=1

¢) Xay dung cac van pham phi ngit canh G, G,, G;. Ti€p theo xay dung
G sao cho L(G) = L(G)) N L(G;) N L(G5).
Cho: G, =<X,A, I, R> véi:
T, ={ah A = (LR, = {1, > al,, I, > a}.
G, = <Z,, Ay, I, Ry> véi:
Zy={a,bj; Ay={L}; Ry ={l, > al,b,I, > a}. -
a) Xay dung G = <Z, A, 1, R> sao cho:
1) L(G) = L(G)) W LGy
2) L(G) = L(G) N L(Gy);
3) LG) = L(G)) v LGy v LU(G)) n L(Gy).

b) Xay dung van pham tuong duong véi cdc van pham G trong cau a.l,
a.2vaali.
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Cﬁuong 10
. OTOMAT HUU HAN
VA NGON NGU POAN NHAN CUA NO

§1. OTOMAT HUU HAN (FINITE AUTOMATA - FA)

Otomat hitu han ¢6 thé xem nhu "mdy triru tuong” d€ doén nhan ngon
ngit. Ching ta sé thay rang 16p ngon ngir duge dodn nhan boi 6tomat hitu
han 12 kha don gin, d6 chinh la 16p ngon ngit chinh quy do cac van pham
chinh quy sinh ra.

1.1. Dinh nghia 6tdémat hiu han

Dinh nghia I: .

Otomat hitu han 1a bo M = <Z, Q, 8, qy, F>, trong do6:

% 1a tap hitu han khéc réng cdc ky higu vao;

Q 1a tap hitu han khdc réng cic trang thai;

qo € Q duge goi 1a trang thai ban dau; -

F < Q duoc goi 12 tap cdc trang thdi két thic;

- 3 duoc goi 1a ham chuyén c6 dang:

1. Néu ham chuyén 12 dnh xa 8: Q x £ — Q, khi d6 M dugc goi la
dtémat don dinh (Deterministic Finite Automata, viét tat 1a DFA).

2. Néu ham chuyén 1a dnh xa &: Q x Z - 22 khi d6 M duoc goi Ia
otémat khong don dinh (Nondeterministic Finite Automata, viét tat
1a NDFA).

Ta ¢6 thé mo ta cac budce 1am viée cta 6tdmat hitu han M=<Z,Q,8, Qg F>

khi cho x4u vao ® = X(XyX3 ... X, € %" nhu sau:
| Xau vao w: X} X3... Xpyp X

T n

n
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Khi bit dau 1am viéc mdy & trang thai ddu g, vA ddu doc dang nhin vao
6 ¢6 ky hi¢u x,. Ti€p theo may chuyén tix trang théi g, dudi tdc dong cta ky
hiéu vao x, vé trang thai mdi 8(qy, x,) = q; € Q vi ddu doc chuyén sang
phai 1 0, tic nhin vao 6 ¢6 ky hiéu x,. Sau d6 6témat M lai tiép tuc chuyén
tir trang thai q, nhd ham chuyén 3 v& trang thai maéi

Qz = 8(Qy, Xp) = 8(8(qp, X|), X3) = gy, X;X,) € Q.

Qui trinh d6 € ti€p tuc cho t6i khi ddu doc nhin vao ky hiéu x_ véi
trang thai clia may 13 q,—, = 8(qg, XX, ... X,_{).

Ham chuyén lai dwa mdy vr trang thai q,_| duéi tic dong cta x,, vé trang
thai q, = 8(q,-1, X)) = 8(qq, X(X, ... X,) € Q, khi d6 otomat dimg lai. Néu
q, € F thi ta néi rang 6tomat da dodn nhén x4u . Trong trudng hop nguoc
lai thi néi rang 6tdomat khoéng doén nhin xau o. l

TapLM)={0: @ e = ma 8(qq, o) € F) dugc goi 1a ngon ngit duoc
dodn nhdn bdi otémat M. Tap trang thai Q trong qua trinh tinh todn duge coi
nhu la by nhd cia mét 616mat. Vi Q 1a hiu han nén M duoge goi 1a 6tomar
hitu han. o

1.2. Phuong phép bidu didn 6témat hitu han

Cho otémat thuc chat 1a cho ham chuyén cha né. Haim chuyén cé thé
cho dudi dang bang chuyén, hoac cho dudi dang dé thi.

a) Phuong phdp cho bdng chuyén

Trang . Ky hiéu
thai X X3 Xy
q, 8(q;, x) 8a, %) | - .. 8(q), X,) |
92 8(qy, X¢) 3(qy, x3) —_— 8(g,, X,))
93 6(‘513, X)) d(q3, X,) 3(q;, Xn)
dx (g X)) 8(qy, Xp) 3(qy» X,)

Néu M = <Z, Q, 8, q4, F> 13 6témat don dinh thi 8(q;, X) la mét trang
théi trong Q, con n€u né la 6témat khong don dinh thi 5(q;, xy) 1a mét tap céc
trang théi trong Q.
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Vi du 1: Cho otémat don dinh M = <Z, Q, §, q,, F> vdi Z = {0, 1},

Q = {9o 91> 92. 43}, F = {qo}. trang théi ban déu 1a qy, con ham chuyén cho
duéi dang bang: )

Ky hi¢u vao
Trang thdi )
_ _ 0 1
o 92 _ 4
q, q3 4o
I qy q3
qs ' q, 9>

Cho xau vao o = 110101.

Qua trinh hoat dong cua 6témat M dién ra theo quad trinh sau:
8(qg, 1) = q» 8(qy, 1) = qq, 3(qq, 0) = 4z
3(qy, 1) =qa, 8(q;, 0 =q,, &(q;, =gy e F.

Diéu dé ching té 6tomat M dodn nhan xau © = 110101. Day trang théi
cta M khi cho x&u vao = 110101 duge biéu dién nhu sau:

o= 1 1 0 1 0 1
t ) ) T T T 1
B> @ Y9 ©> QG> > g
Hay qua trinh trén tuong duong vdi dién dat sau:
d(qg, 110101) = 8(3(qq, 1), 10101) = 8(q,, 10101)
= 8(3(q,, 1), 0101) = 8(qy, 0101)
= 8(8(qq, 0), 101) = 8(q,, 101)
=8(8(q,, 1).01)  =d(q;, 01)
=3(3(q5 0, 1) =8, =gqqeF.
Vi du 2: Cho 6tomat don dinh M = <%, Q, 8, qq, F> véi T = {0, 1},

Q = {qp. 45> 92, 93}, o 12 trang thdi ban ddu, con F = {q;} 1a tap trang thai
két thiic.

Ham chuyén trang thii duge cho béi bang sau:

21-TOAN ROI RAG
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Ky hiéu vao
Trang thdi
0 1
Qo q) ' )
q; q3 9o
9, o d3
ds q3 93

Gia sir xét cdc xau @ = 10110, ®, = 110, w3 = 1001 1. Hoi ring 6t6mat
M c6 dodn nhan céc xau d6 hay khong?

a) Day trang thdi ctia 6tomat M khi cho o, vao la:

w, =1 0 | 1 0
e
W>h P> >B>GEE

Do dé 6témat M doan nhén xau o, = 10110.

b) V6i xau vao w, = 110, khi d6 day trang thai M d6i v6i xéu vao o,
s€ la: '

W, = 1 1 0
R
Pp>w>P > EF
va 6témat ciling doan nhéan xau ®, = 110.
¢} V6i x4u vao w, = 10011. Ta lap ddy trang thii cua 6témat M ddi véi
w, nhu sau:
0= 1 0 0 1 1
(N N A I N |
PP >R EF
nén may M khéng doan nhan xau vao o, = 1001 1.

Tir cdc vi du trén ta thay qua trinh doan nhan mot x4u nao doé déi vdi
otomat M don dinh 1a qua trinh bién déi trang thdi cudi ciing cGa Htdomat co
phai 1a trang thdi két thic hay khong. _

Ta c6 thé mo ta qué trinh dodn nhan xau vio cla otémat don dinh M
nhu sau:
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Thudt todn mé phong 6tomat hise han dodn nhdn xdu vdo:
e Diu vao: '
— Mot xau o, két thic bdi ky hieu hét tép (File) 1a eof.
— Mbt dtomat hitu han M v6i trang théi ban dau g, va tap trang thii
két thic 1a F.
e Didura: "Ding" néu M dodn nhan xau ®;
"Sai" néu M khong dodn nhin xau o.
e Thuit todn:
Begin
S:=qo
C := ky hiéu tiép theo;
While C <> eof do

begin

$:=5(S, C),

C := ky hiéu tiép theo;
end;

if Sin F return (True)
else return (False);
End.

Vi du 3: Cho o6témat khong don dinh M = <E, Q, 3, qq F> voi
T = {0, 1}, Q = {do- 95> Q2- Y3} qp 12 trang théi ban dau, F = {q,, q,} 1a tap
hop trang théi két thiic.

. Ham chuyén & : Q x £ — 22 dugc cho & bang sau:

Ky hiéu vao
Trang théi

0 1
9Qe {qg, qs} {go, Q1 }
G 7 qQz
42 qQz qs
43 qQa %}
94 ds qQs

Sau day 13 qua trinh dodn nhan mot xau vao ca midy M.
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V1 doi véi otomat khong don dinh thi ham chuyén 8 khi mdy ¢ trang
thai q va tin hiéu a la 8(q, a) ¢ Q nén s& xuat hién tinh trang & nhanh. Hé
cho tién ta ¢6 the 1ap ddy trang thdi ciia mdy ing v6i xau vao dudi dang cay
ma goc clra nd la trang thai ban ddu q,. Trong cay nay néu cé mot dudng di
tir géc gy d€n mot ld chifa trang thdi két thic thi ta ndi ring may M doén
nhén xau vao dang xét. Nguoc lai, néu khong c¢6 mot 14 nao trong cay chia
trang thai két thiic thi ta néi M khéng dodn nhan xau vao dé.

Chang han, khi xau vio o, = 01001 d6i véi mdy M thi ta c6 cay doan
nhin xau w; nhu sau:

Trong cay rén ¢6 mot dudng di tir g, dén q, € F nén xau o, = 01001 la
xau dodn nhéan duge bdi may M.

b) Phuong phdp cho 6tomat bang do thi chuyén

Cho 6tomat hitu han M = <X, 3, g, F>. Him chuyén 8 ¢6 thé cho biing
d6 thi chuyén ¢6 hudng theo nguyén tic sau: Méi trang thi q € Q 1a moét
dinh ctia d6 thi. Néu a € £ va tir trang thdi q; chuyén sang trang théi g; do
ding thic 8(q;, a) = q; (d6i v6i otomat don dinh) thi s& c6 mot cung ¢6
hudng tir dinh g; sang dinh q; v trén cung d6 duge gén nhin a.
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Néu 3(qy, a) = {q_il. q;,. -4 jk} (d6i v6i 6tomit khong don dinh) thi tir
q; sang q; . 4, - 4y, ¢6 k cung gdn cing mot nhan a.

Dinh vao clia dé thi chuyén I3 dinh dng v6i trang thai ban dau g,. Cac
dinh ¢6 céc trang thai két thic dugc khoanh bang vong tron kép. Céc dinh
con lai khoanh béi vong tron don.

Vi du 4: Cho otomat don dinh M = <Z, Q, 8, qo. F>, Z = {01},
Q = {4y 9> 9 O3} F = {qp}, ham chuyén 8: Q x £ — Q dugc cho dudi
dang do thi chuyén nhu sau:

* qQ

1

{

1

Vi du 5: Cho 6tomat khong don dinh M = <Z, Q, 8, gy, F>, £ = {0.1},
Q = {49y 9;» 42> 43} F = {9y, g4}, cOn ham chuyén 6: Q x £ — 2% cho dudi
dang do thi nhu sau:

0.1 0.1
0 0
1

g1

D6i v6i otomat M ta dua vio khdi niém “chuyén dich A" duge dinh
nghia nhu sau:
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Ham A-Closure(T) cho tap trang théi dat dugc tiY cdc trang thiis € T
qua phép chuyén dich A duy nhat. Lop T c6 thé chi gdm mot phén tir. N6
dugc tinh nhu sau:

DAy tat ¢4 trang thai trong T vao Stack,
bat A~—Closure(T) 14 T
While <stack khong réng> do
begin
|dy t ta phan tir trén cung clia stack ra:
for <méi trang thai ma c6 dudng di t(rt dén u ¢6 nhan > do
if <u khong thugc A~Closure(T)> then
begin
thém u vao A-Closure{T);
dat u vao Stack:
end,
end;
Thudt todn mo phdng 6témat khéng don dinh dodn nhdn xdu vao:
* Ddu vao: Mot xau vao o, ket thic bdi ky hieu hét file 1a eof. Mot

otomat khong don dinh N vdi trang thai ban ddu q, va tap
trang that két thic F < Q.

e Daura: Tra 10i "True” n€u N dodn nhan x4u o; "False" trong trudng
hop nguoc lai:
¢ Thuat toan:

Begin
8 = A~Closure{gy);
C = ky ty tiép;
While C <> eof do
begin
S := *~-Closure{Move(S,C));
C = ky tu ti€p;
end; .
it S  F & then reture True else return False
End;

Chii ¥ rang, ham Move(T, a) 12 tap trang thdi ma N c6 thé dat duoc khi
thyc hién dich chuyén véi ky hiéu vio a tir mét trang théi thuoc T.
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1.3. Su tuong duong gilia &tdmat don dinh va khong
‘don dinh

Theo dinh nghia ctia 6témat don dinh M va 6tomat khong don dinh N
thi M ciing 12 N nén 16p céc ngén ngit dodn nhan dugc boi M ciing la 16p
ngon ngit doan nhan boi N. Ky hiéu céc 16p ngon ngir dugc dodn nhéan bdi M
va N tuong tng 1a L(M) va L(N).

Pinh Iy 1: L6p ngon ngir doan nhan duge bdi 6tomat don dinh trung vdi
16p ngon ngit doan nhan duge bdi 6tomat khong don dinh.

Chitng minh: Theo dinh nghia otomat don dinh va 6tomat khong don
dinh, thi 16p ngén ngit dodn nhan duge bdi 6témat don dinh nam trong 16p
ngon ngit doan nhan duge bdi 6tomat khong don dinh. Ta chiing minh bao
ham thifc nguoc lai: Lép ngon ngir dodn nhan duge boi otomat khong don
dinh nim trong 16p ngon ngit do 6témat don dinh doén nhan. That vay, gia
slipe ¥" dodn nhan duoc bdi dtomat khong don dinh N = <Z, Q, 8, g, F>
hay p € L{N),

Ta x4y dung 6témat don dinh M = <X, Q', &, sy, F'> dodn nhéan p nhu sau:
=5 Q=2%s={qghF={UcQ:UnF>ZLcnd:QxL->Q
duoc xdc dinh nhu sau:

' VYU eQ,Vx e Zthid'U, x)= | J8qx
qel

Vdi M dinh nghia nhu trén thi ta cé:
p € L(M) hay L(N) < L{M). _
" Vi du 6: Cho 6tomat khong don dinh N = <%, Q, 8, q), F> véi £ = {a, b},

Q = {sg 8,1, F = {s,}, con ham chuyén & Q x X — 2 dugc cho boi bang
chuyén sau:

» Ky hi¢u vao
Trang thai
a b
So {sgs sy} S
S ' %) {sgs 5}

Khi dé otomat don dinh tuong tng vdi 6tomat khong don dinh N dugc
x4y dung nhu sau:

M=<Z, Q, 8. qp F>v6i &' = Z = {a, b}; Q' = {q;. @, q3. qa}, 0 daty '
qQ; =@, 45 = {sg}, Q3 = {5}, dg = {8, s;}.con F' = {q;, q4}.
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Ham chuyén &' cho duéi dang bang chuyén sau:

L Ky hiéu vao
Trang thdi
a b
q ) 2
9 q; d3
q3 % Qs
Q4 4 94

Ta ¢6 L(N) = L(M) hay N tuong ing v6i M.

§2. NGON NGU CHINH QUY VA BIEU THUC CHINH QuY

2.1. Ngén ngi chinh quy

Gia st £ 12 bang chif hitu han khong réng, =" 1 tap tat ca xdc xau (ké ci
Xau rong) dugc xay dung trén .

Nhu da dinh nghia tru6e day thi =% = 3\ (A},

Tap con E =" duge goi ta mét ngon ngit trén bang 5.

Trén tép tat ca cdc ngodn ngil ta cé thé dinh nghia cac phép toan hop,
g140, phin bu, nhan va 1ap cdc ngén ngit.

‘Trong cdc phép todn trén, ta dic biét chi ¥ ba phép todn sau day:

a) Phép hop: Cho hai ngon ngit E|. E, trén tap Z, ta dinh nghia phép
hopE, VE, = {0 : » € E, hoac © € E,}.

b) Phép nhan: Cho hai ngon ngit E|, E, trén %, phép nhan E, v E, la
ELE,={af:a e E, B cE,} .

¢} Phép lap: V6i ngon ngit E trén £ ta dinh nghia phép lap cha E 12

E'=EUE’UE’U..= | JE".&day E"=EE_E (n lén).
n=]:
Gid sir X = {a|, ay. ..., a,}, ngon ngir & vangon ngit {a} (i=1,2, ....n) .
dugc goi 1a ngon ngit so cdp trén .
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Binh nghia 2:

a) Cac ngbn ngil so cap trén 2 goi 12 ngon agti chinkh quy trén X.

b) Néu E va F 12 hai ngon ngit chinh quy trén £ thi E U F. EF va E*
cung la ngdn ngi chinh quy trén 2.

¢) Khong ¢ ngon ngir chinh quy ndo khac trén X ngoal cac ngdn ngir
chinh quy duge dinh nghia trong cac budc a) va b) ¢ trén.

Thoeng thudng dé dién dat cic ngon ngit chinh quy ngudi ta dua vao bidu
thic chinh quy.

2.2. Biéu thirc chinh quy

Trén bang T ta dinh nghia biéu thiic chinh quy theo cdc budc dé quy sau:

1) @ 12 biéu thitc chinh quy, né biéu dién ngodn ngit réng.

2) Néu a € ¥ thi a la biéu thic chinh quy, né bicu dién ngon ngit {a}.

3) N&u r, s 13 hai biéu thirc chinh quy trén % bi¢u dién hai ngon ngir R
vi S trong ting. Khi dé: | -

e (1) \ (s) 4 biéu thic chinh quy biéu dién ngon ngli R U S.

e (r).(s) 12 bicu thitc chinh quy biéu dién ngong ngit R.S.

¢ ()" 12 biéu thic chinh quy bidu dién ngon nglt R
Tir dinh nghia vé ngén ngit chinh quy va bi€u thic chinh quy trén X
tacod: ' _

Pinh Iy 2: Moi ngon ngit chinh quy trén bang £ d¢u nhan duge tir cic
ngén ngif hitu han bang cach ap dung mét s6 hitu han lan cac phép todn hop,
nhan va lap.

Pinh Iy 3: Mot ngon ngir trén T la chinh quy khi va chi khi né biéu dién
duoc bdi mét biéu thie chinh quy.

Chii y: a) Mot ngon ngir chinh quy 12 v6 han khi va chi khi biéu thic
chinh quy biéu dién né c6 diu + (phép lap).

b) Lép tat ca cdc ngodn ngir chinh quy trén X 14 16p-bé nhdt chia cac tap
hini han va déng d6i v6i cde phép toan hgp. nhan va lap.

2.3. Thudt todn Thompson

Bai toan: Cho mot biéu thirc chinh quy. Hiy xay dung 6tdmat khong
don dinh N doén nhin ngoén ngit chinh quy tit biéu thic chinh quy da cho.
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Thudt todn:
Dau vao: Mot biéu thitc chinh quy r trén bo Z.
DPau ra: Mot 6tomat N dodn nhan ngon ngit L(r).
Sdu day la mo ta thuat todn cia Thompson: '

Truée hét tich bi€u thic chinh quy r thanh céc biéu thitc chinh quy
thanh phan ry, r,..., 1. Sau d6 dp dung luat 1, luat 2 dé x4y dung cic 6tdmat
khong don dinh N;, N,,..., N, twong iing doan nhan cdc ngén ngit L(r,),
L(r,),.... L(r). Cuéi ciing dung luat 3 dé xay dung 6témat khéng don dinh N
dodn nhéan ngdn ngir L(r).

— Ludt 1. D61 véi ky higu A, xy dung 6tdmat khong don dmh N doan
nhén ngén ngit {"} nhu sau:

Start A

véi i 12 trang thai ban ddu con f 1a trang thai két thic.
~ Ludgt 2: V6i a € Z, xay dung 6tomat khong don dinh doén nhan {a}
nhu sau:

Start a
D -©
v6i i la trang thai ban ddu, f 12 trang thdi két thic.

— Ludr 3: Gia sir N(s), N(r) 13 cdc 6tdmat thanh phén dng véi cac biéu
thie chinh quy s var:

a) D6 véi biéu thite chinh quy (s) U (1) ta xay dung 6témat khong don
dinh N dodn nhan ngon ngit S U R nhu sau:

Start

O day: i la lrdng thai ban dau; f 1a trang thai két thiic cia N va N nhan duoc
bang cdch t6 hop hai 6témat thanh phan N(s) va N(r) theo so dé bang
chuyén trén.
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b) D6i véi biéu thiic chinh quy (s).(r) thi 6tomat khong don dinh N doan
nhan ngon ngit chinh quy S.R dugc cho dudi dang bang chuyén sau day:

Start »(D Nis—» () -——N(r)

v6i: 112 trang thai ban déu; f 12 trang thai ket thic va N nhéan dugc tir N(s) va
N(r) bing cdch 14y trang thai ban ddu clia N(s) 1am trang thai ban dau cla N,
trang thai két thic ctia N(r) 1am trang théi két thiic clia N va dong nhat trang
théi ket thiic ciia N(s) vdi trang thai ban ddu cua N(r).

¢) Doi voi biéu thic chinh quy ()" biéu dién ngon ngit chinh quy R*
ta xay du‘ng otomat khong don dinh N dodn nhan R* theo bang chuyén
dudi day:

-

Start —-—b? ~_) N(r) O_ @
A

e

& day: i la trang thai ban dau; f 1a trang thai két thiic clia N.

2.4. Tinh chét cua ngdn ngl chinh quy

Dinh Iy 4: Lop 1t ca cdc ngon ngl chinh quy trén T la déng dai véi céc
phép todn: hgp, nhan (giao), hiéu, 14y phan bii, nhan ghép va lap.

Chitng minh: Tinh doéng d6i v6i cdc phép todn hop, nhén ghép va lap
chiing minh theo dinh nghia biéu thic chinh quy.

Ta ching minh tinh déng déi véi cdc phép todn con lai sau day:

* Phép hiéu:

R, va R, la hai ngon ngit chinh quy trén Z. Gia st R = R| \R,, 0 day:
R, = L(M,) (M, la otomat dodn nhan R, véi M, = <Z, Q,, §;, q;, F\>);
R, = L(M,) (M, 12 6témat dodn nhan R, véi M, = <Z, Q,, §;, q,, F>>).
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Ta xay dung 6tdmat M dodn nhan R nhu sau:
M=<2,Q,08.¢9,.F>v6iQ=Q, xQ,,
Qo =09, 9 € Q@ F=F, x (Q;\Fyk
con &: Q x Z —> Q duoe xac dinh nhu sau: _

&((q. q'). x) =<&,(q. x), 8,(¢", x)> vSiq & Q.4 eQxel

Kiém tra lai ta ¢6 L(M) = R, hay R 13 ngén ngt chinh quy trén 2.

e Phép lay phan bu:

N¢u R la ngén ngir chinh quy trén % thi ta ¢é R ciing ngdén ngit chinh
quy trén X.

That vay, gia st M = <X, Q, 8, ¢y, F> 1a 6témat dodn nhian R. Khi dé
otomat M' = <X, Q, 8, gy, F> v6i F' = Q\ F 1a 6tomat dodn nhfm ngon ngit
R. hay R la ngén ngd chinh quy trén 2.

* Phep todn giao gilra hai ngon ngit chinh quy R, va R,

ViR, "R, = R; UR, nén tinh dong d6i véi phép giao duoe suy ra tir
tinh dong doi véi phép 1odn hgp va phép ldy phan bi.

binh ly duge ching minh.

2.5. Quan hé gilia 6tdmat hiiu han véa ngon ngd chinh quy

Binh nghia 3: Van pham G = <X, A, 1. R> duoc goi 1a van pham chinh
gy sty rong néu moi quy tac trong R déu c¢é dang A — aB, A —» a hoac
A > M aday AL B e A a e Z, A3 ky hicu xau réng.

‘D& dang nhan thay rang:

Dinh Iy 5: DO1 v6i moi van pham chinh quy suy rong G bao gid cling
xay dunp duge van pham chinh quy G' sao cho L(G') = L(G) \ {*}.

Binh nghia 4: Van pham chinh quy suy rong la van pham chinh quy
mdu néu né khong 6 quy tic A — a.

Dinh Iy 6: D6 v6i vin pham chinh quy suy rong c6 thé Xay dung duoc
van pham chinh quy mau twong duong véi né.

Chumg mink: Gia st G = <Z, A, I, R> 1a van pham chinh quy suy rong
Thém ky hi¢u K vao A va dat A' = A u {K].

Daéi v6i mdi quy tac A — a € R thay bdi cap quy tic A —» aK. K — A ta
dugc R'. R6 rang van pham G' = <Z. A", [, R’> la van pham chinh quy miu
va L(G) = L(G").
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Pinh nghia 5: Cho van pham chinh quy mau
| G=<Z,A L R>.
Khi d6 G ¢6 thé biéu dién qua d6 hinh duge dinh nghia nhu saw:
Cic dinh clia dé hinh 1 cdc ky hiéu hd trg trong A. D61 v6i cap dinh A,
B € A, s8 cung di tir A sang B s& bang s6 quy tac ¢6 dang A —» aB cta G.
Méi mot cung dugc déanh diu boi ky hiéu co ban a € £ trong quy tic wong
tng. Dinh tmg véi ky hiéu ban dau 1 goi 12 dinft ban ddu. con dinh A ing v6i
quy tic A — / gol 1a dinh kél thiic.
Pa do thi vira duge dinh nghia-nhu trén goi 4 dé hinh cua van pham.
Vi du 1: Cho van pham chinh quy mau:
G=<Z,A,LR>v81Z={a b,c.de fl;:A={A B C D}
R={l—>aA, Il >bA . A—>dA A—-bC. C—cB B> bA,
CoeD. CH»IMD,Baell>NBo>ADS N
P4 hinh cia G ¢6 dang nhu hinh dudi day:

Pinh diu 13 I, cdc dinh két thic 1a L, B, D. Néu Ag, Aj,..., A, la dudng
trong da dé thi ctia van pham chinh quy mau da cho sao cho véi méi i = 1,n
c6 cung di tir A, sang A, dugc ddnh dau bai ky hiéu a; thi ta néi rang dudng
dachosinhraxauaga, ... a;

Pudng bat ky ¢é do dai 0 theo dinh nghia né sinh ra xau . R rang xau
x sinh ra boi mot dudng bat ddu tir dinh A va ket thic & dinh B khi va chi khi
A )= xB (ky hiéu |= nghia la hodc dan dugc tir A hoac trung véi A).

Ta goi dudng Ay, Ay ..., A, 1a chu trinh néu Ay = A va 1a dudng day
dii néu A, = I con A 1a dinh két thiic (tic A — 7 1a mot quy tac trong R
cua G).

Tir céc khdi niém trén ta suy ra: Tap dan xudt ddy di trong van pham G
vi tap cdc dudng ddy di trong da d6 thi cia G ¢6 wong dng 1 — 1, dong thai
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xau X € L(G) khi va chi khi x dugc sinh ra boi dudng ddy da trong da d6 thi
cua G.
Chit y: D61 v6i van pham chinh quy suy rong khong phai 13 mau thi
ciing tuong v nhu trén ta xay dung dugc dé hinh cia né.
Vi du 2: Cho G = <Z, A, I, R> 1a van pham chinh quy suy rong véi .
= {I > al, I - aB, B — bB, B - b}. D4 hinh cfia G dugc xay dung nhu
sau: Dua G vé van pham miu G' bang cdch thay quy tic B — b bdi hai quy
tic B -» bK va K > A, D8 hinh cia vin pham mau G' ciing 14 d6 hinh clia G

c6 dang duéi day:
a Qb
a b
S 20 -®

& day I la dinh ban dau, K 1a dinh két thic.

Dinh nghia 6: Tuong tu nhu dé hinh cfia van pham chinh quy suy réng,
ta ¢6 thé dinh nghia dé hinh ctia 6t6mat hitu han theo nguyén tac sau day:

— Céc dinh cia dd hinh I3 cdc trang thai clia 616mat.

— Néu trong 6tomat M = <X, Q, 8, qp, F> ma 8(q, a) = q' v6iq € Q,
a € Z thi trong d6 hinh tir dinh q dén dinh q' 6 mot cung va trén cung dé
dugc gan mi a, q, 12 dinh ban ddu.

— Pinh q ciing dugc goi la dinh ban ddu néu umg véi no ta ¢b 8(qy, #) = q.
Céc dinh danh diau bang céc trang thai két thic goi 13 céc dinh két thic
(# la’ky hiéu bién bén tréi).

Khdi ni¢ém mot xau sinh ra béi mét dudng, khéi niém chu trinh, khai
niém dudng day du... cling duoc dinh nghia nhu trong dé thi clia van pham
Otomat suy rong. | )

Chit y: Tl dinh nghia d6 hinh cia 6tdomat hitu han ta suy ra: Mot xau
sinh ra bdi dudng ddy dl trong d6 hinh cla 6témat khi va chi khi xau dé
dugc dodn nhan béi 6tdmat d6. Ngoai ra, 6t6mat doén nhin x4u réng khi va
chi khi giao giifa tap cdc dinh ban dau va tap c4c dinh két thiic trong ¢6 hinh
1a khic rong.

Tir khai niém d6 hinh cha van pham va dé hinh coa 6témat hiu han ta
suy ra dinh 1y sau day:
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Pinhly7:

1) P6i véi van pham chinh quy suy rong bat ky c6 thé xay dung dugc
otémat hitu han tuong duong véi nd.

2) Péi véi 6tomat hiru han bat ky c6 thé xay dung duge van pham chinh
quy suy rong tuong duong vdi nd.

Tir cdc két qua trén ta c6 dinh 1y quan trong sau day:

Dinh Iy 8:

1) Lép céc ngon ngit chinh quy tring véi 16p ngon ngir do van pham
chinh quy sinh ra.

2) Ngon ngit trén bang T 12 dodn nhan dugc boi 6tomat hitu han khi va
chi khi ngén ngit d6 1a ngén ngil chinh quy.

BAI TAP
1.  Otomat M duge cho dusi dang bang chuyén:
. K¥ hiéu vao
Trang théai

0 1

do q; qy

9 o G 9o

) q; R Qs

q3 a 92

94 4, a4

Vi trang thdi ban ddu va trang thai k&t thac 1a g,

a) Viét ddy di theo dinh nghia ctia M.

b) M 1a 6témat don dinh hay khong don dinh? Vi sao?

¢) Dua 6tomat M vé dang d6 thi chuyén.

d) Kiém tra lai su dodn nhan cha M d6i v8i cic xau sau:
®, =001110111000;
Wy = 110111101111.

theo dinh nghia L(M) = {0 : ® € ¥~ va o(qq, @) € F}.
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2

Otomat M duge cho duéi bang chuyén:

_ 'Ky hiéu vao
Trang thdi

a b
Qo {90, a5} {90, gy}
q, & 94
92 2 9
qs Q4 %
q4 s &
Qs as &

Vi trang thdi ban dau 12 q, con trang thai két thiic 1a g, va qs.

a) Viét day di M duéi dang dinh n'gh'fa.

b) M la 6tomat don dinh hay khong don dinh? Vi sao?

¢) Viet M dudi dang d6 thi chuyén.

d) Mo 1a su dodn nhén c¢ha M déi véi xau o theo cich xay dung cay
doan nhan vdi:

o =a"ba” (véinz=1),

®=ab" (n=1,mz2),

o =b"" (n>1,m=3).
Cho cdc 6tomat hita han dudi dang d6 thi chuyén nhu sau:
a) M.

0 1 0
(3 1+
B8
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4.

6.

a) Viét ddy di theo dinh nghia M, va M, dudi dang bang chuyén.
b) M6 ta ngon ngit dodn nhan cia M, va M,.

Cho cic 6tomat hitu han duéi dang dé thi chuyén:

My '

a

0,1
@ 1 () 1 8

Tim L(M;) i =1, 2, 3, 4).

'Tim 6tdmat hitu han doan nhan céc ngbn ngil sau:

aL={o:oe {0,1}*vaoco6chins60valésd 1},
bL={a"b":nz1,m=1}.

c)L={000: v e {0,1}*}.

d)L={wll: o < {0,1}*}.

e) L= {00000, : w, € {0,1}* i=1,2}.

f)L = {a"b™a’:n, m, > 0}.

gL={llo:o € {0,1}*}.

Xdy dung 6tomat don dinh twong duong voi 6tdémat khéng don dinh
cho trudc.

Cho o6témat khong don dinh M = <Z, Q, o, q4, F>. Xay dung 6tdmat don
dinh M' =<2, Q', &, sy, F'> sao cho L(M") = L(M) hay M' = M.

22-TOAN RCI RAC
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Xay dung M' theo cdc budc sau:
Bude 1: ' =Z; .
Buge 2: Q' =29 (tap tat ca cac tap con cia Q);
Budc 3: sy = {qu};
Busc4: F={U:UcQmaUnF=zJ};
Bude 5: o' Q' x ¥ > Q' xdc dinh theo cong thiic:

FU.x)= | Jolgx) v6iU e Qvax e X

gel

V6i M' xac dinh nhur trén ta ¢6 L(M") = L(M).
Ap dung bai todn trén hay xay dung cac 6témat don dinh tuong duong
vGi cac 6tomat khong don dinh duge cho trong cac trudng hop sau:
a) M-

. Ky hiéu vao
Trang thai
a b
So {sg, 81 S)
51 ¢ {So: 31}
Vi trang thai ban dau 1a s, trang théi két thic la s,.
a) M,:
. Ky hi¢u vao
Trang thai .
' a b
So {Sg. 53} S|
8 %) 85
Sy 9 %,
Vi trang thdi ban dau 1a s, cdn trang théi két thic 1a s,
¢) M.

ab ab ab
((% b b
—_— Su - 81 '—"@
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d) M,

7. Cho cac van pham chinh quy san day:
G, =<X,A,I,,R>véi R, = {I, -» al, [, - aB, B —» bB, B— b} va
(.}2 - <22 Az. .[2, Rz) V(lﬁ RZ = {Iz — Clz, 12 — d}.
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a) Tim L(G,) va L(G,).
b) Xay dung cic otdémat M, va M, doan nhan L(G,) va L(G,) tuong iing.

¢) Cho cdc 6tomat M, M,, M;, M, nhu trong bai 4. Hay xay dung cac
van pham chinh quy G, sao cho L(G)) = L(M;).i=1, 2, 3, 4.

8. Thudt todn Thompson xdy dung 6témat khong don dmh tir mét biéu thitc
chinh quy.

Hudng ddn:
1} V&i ky hiéu A:
Otomat dodn nhan {A} ¢ dang

2)Véiac | I .
Otomat doén nhan {a} c6 dang
a .

3) Gia sir N(s) va N(r) la hai 6tdbmat ¢6 thanh phan #ng véi cic biéu thitc
chinh quy s var.

a) Otomat dodn nhan ngdédn ngit chinh quy S w R, & day L(N(s)) =
L(N(r)) = R, ¢6 dang sau:

: N(s} :

— Q)
NC N(r) C .

b) Otémat doén nhan ngon ngif chinh quy S.R ¢é dang:

N(s) N{r)

J:O .-;O

—O
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¢) Otomat doan nhan ngoén ngit chinh quy $* = L(N(s))* ¢6 dang:

¥

Ap dung thudt todn Thompson lam cdc bai tdp tir bai 9 dén 20.

9.

10.

11.

00 1a biéu thic chinh quy nd chi dinh tap {00}.

a) X4y dung vin pham chinh quy G sao cho L(G) = {00}.

b) Xay dimg 6tomat hitu han M dodn nhan {00}.

(0 + 1y* 12 biéu thifc chinh quy chi dinh moi xau O va 1.

a) Hiy x4y dung van pham phi ng@ canh G sao cho L(G) = (0 + 1)*.

b) Xay dung 6tomat hitu han doan nhan ngén ngﬁ chinh quy (0 + 1)*.
Cho ngon ngit chinh quy L duge xéc dinh boi biéu thic chinh quy
(0O + 1)* 00 (0 + 1)*.

a) Xay dung van pham phi ngit canh G sao cho L(G) = L.

b) Xay dung 6tomat hitu han doan nhan ngon ngir L.

~ Luu ¥: Biéu thitc chinh quy (0 + 1)* 00 (0 + 1)* chi dinh tap tat ca cac

12.

13.

14.

xau 0 va 1, trong d6 c6 chia 00.

Biéu thiic (0 + 1)*011 chi dinh tap cdc xau 0 va 1 két thic bai O11.

Xay dung otomat M dodn nhan ngon ngit chinh quy trén.

Biéu thitc 0* 1* 2* chi dinh tap céc xau gém mot s¢ s6 0, ti€p dén mot
s6 s0 1 r6i dén mot s6 s0 2.

Xay dung stomat M dodn nhén ngoén ngit ¢ biéu thirc chinh quy trén.
Xay dung 6témat don dinh dodn nhén ngén ngit L cho trong céc trudng .
hop sau trén bd chir cdi X = {0, 1}:

a) L = tap moi x4u trén bo {0, 1} va két thic boi 00.

b) L = tap moi xau trén bo {0, 1} c6 chita ba s6 0 lién tiép. :
¢) L = tap moi xau ma ky hiéu thit ba (ké tir mit phai)1a 1. -
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d) L = tap moi x4u ma bat ¢ xau nao cb do dai 5 déu ¢é cnta it nhat
hai s6 0.

15. Cho cac 6tomat:

M;:
’ b

M;:
b

a) Tim L(M) véii=1,2.
b) Dung thuat toan Thompson xay dung cic 6tomat N, N, N, sao cho:
L(N) =LM;) v L(M,);
L(N;) = L(M,).L(M,);
L(N3) = L(M,)*.
16.- Cho 6tdmat M|, M, nhu trong bai 3. Hay xay dung otomat M sao cho:
a) LIM) = L(M ) v L(M,);
b) L(M) = L(M, ).L(M,);
c) LIM) = L(M, y*.
17. Cho cdc 6tomat M, M, vd M, nhu trong bai 4. Hay xay dung 616mat M
sao cho;
a) L{M) = L(M,) U L(M,) U L(M,);
b} L(M) = L(M3).L(M,).L(M3) w L(M,);
¢) L(M) = L(My)*:
d) LIM) = (LM ) w L(M,)*.
18. Cho M, (i= 1,6) trong bai 6. Xay dung 6témat M sao cho:

6
a) LMy = | LMy,

i=|

&
b) LIM) = [ JL(M;));
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¢) L(M) = L(Ms)*.
19. Cho cdc 6tomat M|, M,, M, tuong tng c6 d6 thi chuyén fa:

— O —O—0

a) Tim LM} (i = 1, 2, 3).
b) Xay dung cac van pham G, sao cho L(G;) = L(M)) (i =1, 2, 3).
¢) Xay dung M sao cho:
1) L(M) = L(M) v LMy} w L(M;3):
2) L(M) = L(M;).L(M,).L(M,);
3) L(M) = L(My)*.
d) Tir G,, G,, G, xay dung trong phdn b. Hay xay dung van pham G
sao cho: :

1) L(G) = L(G,) W L(G,) w LGy
2) L(G) = L(G,).L(G,).L(G,)).
¢) C6 nhan xét gi vé 6tomat M trong phan c.1, ¢.2 v6i vian pham G trong
phan d.1, d.2 tuong ng.
20. Cho otdomat M, va M, duéi day:
M,
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. . - a .
w5\ -
—® O——06
Xay dung 6tdmat M sao cho
LM) = (L{M,) v L(M).L(M,) w L(M,)*)*.
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Chuong 11
OTOMAT DAY XUONG
POAN NHAN NGON NGU PHI NGU CANH

D6i v6i céc 16p van pham duge phén loai theo Chomsky, 16p van pham
phi ngit canh cé vai trd quan trong nhat trong viéc img dung dé xay dung cic
ngon ngit 1ap trinh va chuong trinh dich.

Trong qu4 trinh dich tir chuong trinh ngudn ra chuong trinh dich, ngudi
ta sir dung c4u tric ci phdp cha van pham phi ngif canh d€ phén tich cdc xéu
vio. Cdu tric ci phdp clia mét xau vao duge xdc dinh tir chudi cic dan xuat
suy tir xau dé. Dua vao chudi cdc ddn xuét d6, bo phan tich ci phdp coa
chuong trinh dich s& cho biét xau vao dang xét c6 thudc vao xau do vin

~pham phi ngit canh sinh ra hay khong. N6i cach khic 1a, vdi xau vao o va
mot van pham phi ngit canh G. Hoi ring ® € L(G) hay khong? Néu ¢6 thi
hdy tim c4ch biéu dién @ bang van pham, tic 1a tim cdc quy tac sinh cla van
pham phi ngif canh dé sinh ra x4u ©.

§1. VAN PHAM PHI NGU CANH
VA CAY DAN XUAT CUA NO

1.1. Pinh nghia vén pham phi ngil cénh va quy tac vé
ky hiéu

Bo G = <X, A, I, R> dugc goi 12 van pham phi ngit canh néu:

— ¥ 1a tir dién co ban, cic phédn tr cia né goi 13 phan tir co ban hay phan
ta két thic;

— A 12 tir dién hé trg, cic phén tir cha n6 1 phdn tir hé tr¢ hay phdn tir
két thic;

— I € Alaky hiéu phu va duge goi l1a ky hiéu ban dau;
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— R la tap cdc quy tic sinh (goi tdt 1a quy tac) c6 dang:
R={A—>0:AcABe(TUA) )

Dé dé dang cho viéc dién dat cdc phan tiép theo ta dua vio mot s6 quy
UoC sau:

— MBoi ky hi¢u trong tir di¢n hé trg A 12 mot chif cdi in hoa nao d6 va ¢é
the ¢6 cd chi s6. Vidunhw A, B,C, A, A;, ..., B, By, ..., C[, G ...

— Maéi ky higu trong tir di¢n co ban Z 1a mot chit thudng a, b. c. doi khi
cachisé nhua,, a,, ...

— Cic chitin hoa X, Y, 7. ¢6 thé ca chi s6 dé chi cac ky hi¢u thudc bang
tir dién ddy did V = £ U A. Nhu vay X, Y, Z ¢6 thé 13 ky hiéu co ban hoac
ciing ¢6 thé 1a ky hiéu phu.

— Céc chir cdi thudng w, u, v, w, x, y, z ding d¢ ky hiéu cic xau trong 3.

— Céc chi o, B 1a cdc xau trong tir dién dady da V = Z U A, e 13 cdc
xau 6 the chia ci cac ky hiéu co ban va céc ky hiéu phu.

1.2. Cay dan xuét ddy di trong van pham phi ngit cdnh

Binh nghia cdy dan xudt (suy dién, phdn tich) ddy di:

Cho van pham phi ngit canh G = <Z A, I, R>.

Cay dan xuat ddy du trong van pham phi ngit canh 13 mot cay duoc
thanh lap tr mét dan xudt ddy di ndo dé trong G. Méi xau x € £ ma | F(‘,x
s€ tuong dmg vai mot sO cay dan xudt diy du ndo d6. Xau x duoe goi 1a két
qua cua cdy dan xudt ddy dg, ta ¢6 thé dinh nghia Cdy dan xuat diy da
nhu sau:

Cay dan Xue‘il ddy du trong van pham phi ngit canh G = <Z, A LR>1a
mot cay thoa mén bon yéu cau sau;

I. G méi dinh duoc gan mot nhan. Nhin gén ¢ dinh la céc ky hicu trong
1ap Z W A {7} Géc coa cay duge gdn nhin 1a 1. '

2. Méi dinh trong duoc gdn nhan [a mot ky higu ndo d6 trong A.

3. Méi dinh ngoai (14 cia cay) dugc gdn nhin 13 mot ky higu trong tap
S U (A, o

4. Néu dinh m duge gdn nhin 1a A € A, ¢dn cic dinh ny, 0y ..., n la
cdc con cua dinh m theo thit wr ur trdi sang phai va dugc gén nhan X,
Xoo oo X twong ng thi A — X0 X,, ..., X, 1a mét quy tac trong R cua van
pham G. '
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Né&u doc tat ca nhdn ¢ céc 14 (14 duge gan nhan trong ap Z v {A}) theo
thd tu tir trdi qua phai ta s€ nhan dugec mot xdu nao do. Xau do la mét phan
tir trong L(G) va duge goi 1a két qua dan xuat day du cua G.

Vi du 1: Cho van pham phi ngit canh G = <X, A, I, R>, £ = {a, b},
A={L A}y vaR={I—>la.Il-> Aa, 1->aAb 1 - ab}.

Cay din xuat diy di clia xau a"b"a"™ 1a cay:

m lan <
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Vi du 2: Cho van pham phi ngit canh G = <X, A, I, R>, trong dé:
Z=1{a),a, ...,a,},
A={l}vaR={I > ala,] 5> aa},a e X.
Chow =aja, ... a,, taky hiéu & =aga ... aa,
Khi d6 xau 0 ® = aja, ... an_lan'anan_] ... aya; € L(G) va cay dan xuat
ddy di ciia n6 c6 dang

an—‘I al'|—1.
/CD\
a, : ' a,

Vi du 3: Cho van pham phi ngif canli G = <Z, A, 1, R>, trong d6:
Z={a,ay ..., a,l,
A={LALA,, ... A}, '
R={loaALA > aA, . A >aA, A >},
L(G)={aa, ... a }.

Cay din xudtcla w =aja, ... a_la:
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1.3. Su nhd@p nhdng trong ngén ngl phi ngl canh.

Cho vian pham phi ngit canh G = <5, A, 1, R>, 1a néi van pham G la
nhdp nhdng néu tén tai mot xau o 12 két qua cla hai cay dan xuat ddy da
khic nhau trong G.

Ngon ngit do van pham G sinh ra 1 ngén ngit nhdp nhdng néu G 1a vén
pham nhap nhéng.

Vi du 4: Cho van pham phi ngit canh G = <Z, A, I, R>, trong d¢6:

CS={ta*),A={I},R={I>1+LI> ¥ 1>a),
& day k¥ hiéu + 1a phép cong, * 1a phép nhan.
Xau a + a * a 1a két qua cha cy dan xudt ddy di (thuc hién phép * tnséc):
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Xau a +a * aciing la két qua cha cay dan xuat day di (thuc hién phép +
trudc):

RO rang xdu a + a * a la két qua cha hai cdy dan xudt khic nhau trong
cung mot van pham phi ngit canh. Néu o € L(G) 1a két qua cha nhiéu cay
dan xuit day du, thi xau o ¢6 nhiéu cdch phan tich ¢t phap khdc nhau. Méi
mét cay la mot cach phan tich cii phdp. Vin pham trong vi du nay 12 viin
pham phi ngit canh nhap nhing.

§2. GIAN LUQGC CAC VAN PHAM PHI NGU CANH

Trong mot van pham thi ngit canh c6 thé ¢6 nhiéu yéu t5 thira, vi du c6
nhimg ky hi¢u khong hé tham gia vao qué trinh sinh cdc ngon ngi, hoac c6
nhiing quy tic dang A — B chi lam mat thoi gian trong qua trinh hinh thanh
cac xau cia ngdn ngil. Vi 1€ d6 cén loai bd nhimg y&u t5 du thira khong ¢6
ich trong viéc sinh ngon ngi, sao cho viéc loai bé dé khong lam anh huong
161 qud trinh sinh ngon ngit. Piéu dé cé nghia 1a chi c4n giit lai céc ky hiéu
va cdc quy tic ¢6 ich trong vin pham G ma ching thuc su la can thiét trong
qua trinh sinh ngon nglt ma thoi.

2.1. Ky hiéu cé ich vé ky hiéu thira

Cho van pham phi ngit canh G = <Z, A, 1, R>. X duoc goi la ky hiéu ¢6
ich néu t6n tai dan xuit 1 FOLXB Fw, ddayo,Be (ZUA*, Xe T UAva
w e ¥,

Neéu ky hiéu X khong thod min diéu kién trén thi X duoc goi 13 ky hiéu

thira. Nhu vay X 12 ky hiéu thiva néu tr X khong thé ddnra mot xau w €
Ky hiéu X c6 tinh chat nhu the con dugc goi ta ky hidu vé sinh. Né&u tir ky
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hiéu ban ddu I khong dan duge mot xau ndo c6 chita ky higu X thi ta néi ky
hiéu X la ky hiéu khong dén dwoc. Nhu vay, mot ky hiéu 1a thira néu né 1a ky
hi¢u v6 sinh hodc 14 ky hi¢u khong dén’duoc.

Bé dé I (loai ky hiéu vo sinh)

Cho van pham phi ngit canh G = <X, A, I, R> véi L(G) # &. Ta c6
thé xay dung dugce van pham phi ng@r cinh G' wong duong véi G, ¢ day
G'=<Z, A, I,R>saochomdi A € A'c6 mot xau w € £ dé fow

Chitng minh: Tt tap quy tic R ctia G ta xay dung A’ nhur sau:

— Néu trong R ¢6 quy tic dang A - wv6i A € A, w € X thi két nap A
vao A"

- Néu A - XX, ... X, laquy tac lrong R ma X; € X hoic X la bién da
duge k&t nap vao A' thi dua A vao A'.

Cit 1iép tuc xét cac quy tic trong R ta sé xay dung cdc ky hiéu cho tap
A'. Vi R la hitu han nén qua trinh s€ duge dimg lai sau mét s6 hitu han budc.
Khi dé ta xay dung duge tap A'.

Ta xay dung ti€p tap quy tac R' gém cdc quy tic Irong R ma cic ky hiéu
cO mat trong dé déu thuéc tip Z W A",

Bo dé 2 (loai ky hiéu khong dén duogc)

Cho van pham phi ngilt canh G = <Z, A, I, R>, ta ¢6 thé xay dung duge
van pham phi nglt canh G' tvong duong v6i G, 0 didy G' = <Z', A", I, R™> sao
chovoimdi X e Z'U A déutdntai o, B e (T A)déchol |~0.XB.

Chitng minh;

o Xay dung tap ' va A’ nhu sau:

Pua ky hiéu [ vao A'. N&u mot bién A da duge két napvao A'va A — o
(0 day a0 € (£ A")) thi ta két nap cdc k¥ hiéu bién trong o« vao A', con cic
ky hiéu két thiic trong o thi két nap vao X',

Thi tuc k&t nap trén s& ngimg khi khong con bd sung théem duge bat ky
ky hiéu nao vao cic tap Z' va A,

» Tap quy tacR' duge xay dung nhu sau:

R’ bao gédm moi quy tic trong R ma cdc ky hiéu thudce tap ' U A’ Véi
cach xay dung dé ta ¢6 L{G) = L(G"), trong d6 G' gom cic ky hiéu dén duoc.
Tir hai bé dé trén ta ¢6:

Dinh Iy 1: Moi ngon ngit.phi nglt canh khong réng déu ¢é thé duge sinh
ra tit mot van pham phi ngir canh khéng ¢6 k¢ hiéu thira.
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Vi du 1: Cho van pham phi ngit canh G = <%, A, I, R>, & day £ = {a},
A={L A, B},R={I > AB,I - a, A - a}. Van pham G sinh ra ngon ngi
L(G) = {a} (14p gébm mot xéu a),

Van pham phi ngit canh G' nhan duoc tit G bang cich 4p dung céc két
qua trén la vin pham phi ngi¥ canh khong ¢4 ky hiéu thira va ¢6 dang:

G =<, A, LR>v6l £={a}, AA={I}, R ={l - a} va rd rang
L(GY) = {a} = L(G). :

2.2. Cac A- quy tac (A chi x&u réng)

Cho van pham phi ngit cinh G = <X, A, I, R>. Néu trong R ¢6 quy tic
A — A, A € Athitandi trong G c6 A— quy téc.

Bay gio ta tim céach loai cic A— quy tic khoi 1ap quy tic R cia van
pham G.

Néu L(G) khong chia tir A thi ¢6 thé loai hét A— quy téc trong R ta dwoc
R'va G' = <Z, A, I, R> vin tuong duwong véi G = <Z, A, 1, R>. Néu
A € L(G) thi ta khong thé loai hét toan bo cic A — quy tc.

Dinh Iy 2: Gia sit G = <X, A, I, R> 1a van pham phi ngii canh va
L = L(G) 1a ngo6n ngit ciia van pham G. Khi dé L\ {A} dugc sinh ra béi cdc van
pham phi ngif canh G' = <Z, A, I, R"> khong chia céc ky hiéu thira va khong
chita cdc A— quy téc.

Chimg minh:

¢ Tir tap A ta xay dung A' nhu sau:

Ky hiéu A € A duogc goi 1a k¥ hiéu triét tiéu néu tén tai din xuat A '— A,
Ta c6 thé xédc dinh cdc ky hiéu triét tiéu bing phuong phép sau:

—~ Néu A — A Ia mét quy tic trong R thi A 13 ky hiéu triét ticu.

— Néu B - o la mot quy tac trong R ma o gdrﬁ céac ky hiéu triét tiéu thi
B ciing 1a ky hi€u triét tiéu. Lap lai qud trinh trén cho t6i khi trong A Khong
cdn tim duge céc ky hiéu triét tiéu méi. Bing cdch loai tat ci cic ky hieu
tri¢t itu tim duge trong A ta s€ nhan duge tap A’ ma trong n6 khong con ky
hiéu triét tiéu.

+ Tap R' duge xac dinh nhu sau: :

Néu A — XX, ... X, 1a mot quy tic trong R thi ta dua vao R' quy tic
dang A - o0, ... o, trong dé:
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- Néu X; la ky hiéu khong tri¢t tiéu thi dat o, = X,

— Neéu X 1a ky hi¢u triét tiéu thi dat O = A

— Néu moi X, 12 k¥ hiéu triét tiéu thi thay o, = A, véimoii=1, ..., n.

Khi dé L(G") = LIG)\ {A}.

Vi du 2: Cho van pham phi ngit canh G = <Z, A, I, R>, trong d6:

Z={a,bl,A={A,BLR= {IF—)AB,A—) aA,A—>AB—>bB B— Al

Hay loai bd A~ quy tic ra khoi van pham phi ngit canh trén.

Gidi:

Rérang A € L(G).

Theo dinh 1y trén thi cac quy tic A — A va B = A ¢6 thé duge loai
truge tién. Sau dotr I > ABmaB > AvaA > Anéntacél —- A, I 5 B.
Cingtr A>aA, B>bBvaA > A B->Aatacécicquytic A > ava
B — b. Tém lai: :

={I->AB,1>A,I->B A—>aA, A—>a B bB B b}.

RO rang van pham G' = <Z, A, I, R'} khoéng ¢6 A— quy tic va
L(G) = LIG)\ {A}. Mudn G ~ G, do A € L(G) nén cé4n bé sung thém quy
ticl - A vio R

2.3. Cac quy tdc don

Cho van pham phi ngit canh G = <Z, A, I, R>. Néu quy téc trong R ¢6
dang A — B, 6 day A, B € A thi ta n6i A — B 12 quy tic don. Quy tic don
¢ tac dung lam kéo dai qud trinh sinh ra ngdn ngl, vi vay ta sé tim cach loai
quy tac don ma khong 1am anh hudng t6i qué trinh sinh ra ngon ngit clia van
pham di cho.

Chit y: Quy tic A —> a v6i A € Avaa e T khong phai 1a quy téc don.

Dinkh Iy 3: Moi ngon ngi phi nglt canh khong chita xau réng déu c6 thé
sinh ra tf mot van pham phi ngit canh khong ¢6 ky hiéu thira, khong c6 cdc
A — quy tac va quy tac don.

Chitmg minh: Gia sir cho van pham G = <Z, A, I, R> 14 van pham phi
ngi canh va L = L(G) 1a ngon ngit phi ngit canh do G sinh ra. Ta xay dimg
van pham phl ngit canh G” = <, A", I, R™> sinh ra ngon ngit L\ {A} = L(G"),
trong d6 G khong c6 ky hiéu thira, khong ¢6 A— quy tic va quy tc don.

Theo dinh ly 2, tr van pham G ta x4y dung dugc vian pham
G'=<Z, A", I, R*> la van pham phi ngit canh sao cho L(G') = L\ {A}, trong

23 -TOAN ROIRAGC
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d6 A' khong c6 ky hiéu thira, con R’ khong c6 A- quy tic. Pat A" = A", Xay
dung quy tac R” nhur sau:

Pua 4t ca cac quy tac khong don ctaR' vaoR".

Néu trong R' ¢c6 A > B v6i A, B € A', khi dé sé ton tai dan xuat
[ }aAB | aBB FoawB, & day o, B e (ZUA), we X doA gom cic ky
hiéu khong thira. '

Vay thay cho A — B ta dua vao R quy tic I - 0 AR va A - wdéu i
cdc quy tac khong don nhung chifc ning sinh ngén ngif tvong duong vdi quy
tac A — B.

RG rang L(G') = L(G') = L\ {A}.

Vi du 3: Cho van pham phi ngit canh G = <Z, A, I, R>, trong dé:
2={al,A={LL A B},R= {I~)I+A,I—->A,A—>A*B,A—>B,B—>a}.

Hay loai cdc quy tac don trong van pham trén.

Taxaydung G =<S, A, LR>Vv6iR" = {I >+ A, A —> A'B,B - a,
1>A'B,A > a 1— a}khong con quy tic donvaG=G .

§3. VAN PHAM CHUAN CUA CHOMSKY

Dinh nghia 1: Van pham phi ngit canh G = <, A, [, R> dugc goi 13 van
pham chudn cia C homsky néu moi quy tac trong tap R déu cé dang A — BC
hoac A—a, 06day A, B,Ce A, ac X. '

Dinh Iy 4: D61 v4i van pham phi nglf canh G = <X, A, I, R> bao gio
ciing t6n tai mot van pham phi ngi canh dang chudn G, = <X, A, I, R;>
tuong duong véi ng, tic 1a L(G) = L(G)).

Chitng minh: Gid st G = <Z, A, I, R> 1a vin pham phi ngit canh nao dé.
Theo dinh 1y 3 thi c6 thé gia thiét trong R khong chita cic A— quy tic va quy
ticdonA >BvéiA,Be A, |

Ta c6 thé gia thiét trong R chi gém cédc quy tic cé dang A — a, hoic
A—> BB, .. B (6diyae X conA, BB, ....B, € A).

Néu G khong thoa min cédc diéu kién trén thi trong G con quy tic dang
A — X, v6i X 1a mét xau goém cé cdc ky kiéu chinh va cdc ky hiéu hé tro.
Trong truéng hgp nay, ta xay dung G' theo G sao cho L(G) = L(G") va
G' thoa man diéu kién R' = {A > a, A - BB, ... B, } nhu sau:
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1) V6i méi a € ¥ ta dat twong duong véi ky hieu mdi a. Sau do dit
A=Aui{a:ael}. '

2) Trong tit ci céc quy tic ‘cha R ma-trong d6 v& phéi cia quy tac
¢6 chita ky hiéu chinh a € X thi trong quy tac do ta thay a boi a ta dugc R.

batR =R u{a—>a:aeZl.

Khi dé ta nhan dugc van pham G' = <%, A, 1, R'> tuong duong véi
G nhung R' chi gém quy ticdang A > a, AcA,aeZ;A—>BB,...B
A BedA,i=12,.

Vay ta ¢6 thé gia thiét van pharn G <X, A, I, R> chi chifa cdc quy tac
dang A —ahoaic A—> BB, ... B, trong do6

ae Z;A, BB, ....B, € A
C6 hai trudng hop sau xay ra d6i véi G:
Truomg hop {. Néu tap R gém céc quy tic dang:
A—>a A—>BC,acZconA B CeA

Khi d6 dinh 1y duge chimg minh.

Truomg hop 2. Néu tap R gém céc quy tic A —» ahoac A —» BB, ... B,
véin > 2, thi A > BB, ... B, c6 thé thay bdi cdc quy tic A —> BK,,
K, - B)K,, K, & B)Ks, ..., K3 = BoK o Ky = BB, & day
K,. K, ..., K, 12 k¢ hi¢u phu méi. '

pat A =AU {K, K, ... K ). R, = {A > a, A> BK|, K, > B)K;,
KZ - B3K3’ “." Kn—3 - Bn—ZKn—2’ Kn—2 - Bn—an}

Khi dé G, = <%, A}, I, R;> ~ G = <Z, A, I, R> thoa mén di¢u ki¢n dinh
Iy. Pinh 1y da duge ching minh.

Vi du 1: Cho van pham G = <Z, A, I, R>, trong d6: Z = {a, b}, A= {I, A},

={l—>aAl,l >a, A —>IbA A —>1,A— ba}.

Ta xay dung van pham G, = <X, A, L R;> twvong duong véi van pham
G sao cho G, 1a dang chudn Chomsky Truéc hét ta xay dung van pham
G' _<Z,A',I,R>va {1, A, a, bl,R ={l—>a I aAl A > IbA,
A->ILA>ba,a—>ab-o b},_ trong d6 R' gém céc quy tic ¢6 dang
A—>aviA—->BB,..B,viiaeZconA, B, B, ....B, € AL

Tiép theo ta xay dung vin pham chudn Chomsky G, =<Z, A|, L, R;>¢6
Z={a, b}, R]—{I—)aI—+aB1.B1—>AIA—>IB2B2—>bAA—)II
A—) ba.,a — a, b - b).
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R rang L(G) = L(G,). Vi L(G) = L(G), suy ra L(G) = L(G,) véi G, 1a
van pham & dang chudn Chomsky.

Vi du 2: Van pham phi ngit canh G = <X, A, I, R> v6i T = |a, b},
A= {I.A,B};R:I—)bA,I—)aB,A—)bAA,A—>aI,A—>a,B—->aBB,
B—bl,B— b}.

Tim dang chuan.

Gidi:

Xay dung van pham G' = <X, A", I, R"> véi;

=f{a,b},A'=AU{d, b} ={LAB 3,b),

R'= {I—->bA 1-2B A >bAA A —>al, A—a B> BB
B—>bl,B>b,a —>a b-ob).

R& rang L(G") = L(G).

Tir G' ta xay dung dang chuin Chomsky G, =<%, A}, I, R ;> nhu sau:

Z={a,b},A ={LLA B, 4, b,F,,F,)},

Ri= {I>bA I —>aB A >aF,F - AA, A > 3l A — a,
B— aF, F,—>BB, B> blLB—>b,a >a, b -> b}.

R5 rang L(G') = L(G,) hay L(G) = L(G)).

§4. OTOMAT DAY XUBNG
(PUSHDOWN AUTOMATA)

Nhu ta da bict, I6p céc ngdn ngit chinh quy do van pham chinh quy
suy rong sinh ra ciing tring véi Ip cdc ngén ngit duoge dodn nhan béi 6témat
hitu han (don dinh hoac khéng don dinh).

Tuong tu ching ta sé thay trong chuong nay 1a 16p ngon ngit phi ngiv
canh do céc vin pham phi ngit canh sinh ra s& trung véi 16p cic ngon ngir
dugc dodn nhan bdi 610mat ddy xudng khong don dinh.

Déng luu y chi c6 16p 6tomat day xuéng khéng don dinh mdi ¢§ thé
dodn nhan hét I6p ngén ngir phi ngir canh. Con 6tomat ddy xuéng don dinh
chi ¢6 kha nang dodn nhan duogc 16p con thyc su cta 16p ngon ngii phi ngir
canh ma thoi. Tuy vay, 16p ngon ngit duge dodn nhan boi 16p cic 6tomat ddy
xudng don dinh 12 khd rong, né bao gém phan 16n cac ngén ngt 1ap trinh
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hién nay. O day ching ta chi dé cap 16i 61omat ddy xuéng khong don dinh,
goi tit 1a NDPA hay gon hon 1a PA.
4.1. Otédmat ddy xudng

PA bao gém mét biang vio, mot ngan xép va mot bo dicu khién nhu
hinh dudi day:

Xy Xz e X4 Xn Bang vao
q >

B& didu khién Ngan

' AEp

Otomat ddy xudng ciing nhu 6tomat hitu han ¢é bo diéu khién 1a tap hiu
" han cdc trang thii. Pau doc cha 6témat cho phép doc 1an lugt cac ky hi¢u
trén bang vio tr trai sang phai. Ngodi ra PA con ¢6 thém bang lam viéc
{(ngan xé&p) hay stack, nhd ¢6 né ma bo nhd cha PA dugc ting lén so véi kha
nang nhé clia 6témat hitu han, Ngan xép duge 18 chifc theo nguyén tac ky
hiéu vao sau thi ra trude (gidng nhu 6 nap dan). Khi dua k¥ hiéu vao ngan
xép thi k¥ hi¢u d6 duoc trd thanh ky hiéu ddu cha ngan xép. Khi ngan xép
doc thi ky hiéu dé 1a ky hiéu trén ciing va khi k¥ hiéu dé dugc doc xong thi
n6 s& bi loai khdi ngan xép. Mot ngan x&p nhu vay con duoc goi 1a mét danh
sach ddy xudng.

Budc chuyén cia PA:

Cén cit vao trang thdi hién tai ca bo diéu khién, ky hiéu vio ma ddu
doc dang quan st 13 ky hiéu ddu clta ngan xé&p, 6tomat ddy xudng s€ chuyén
sang mot trang thdi mdi ndo d6 va dong thdi ddu doc ¢6 thé duge chuyén
sang O bén phai. Néu ddu doc chuyén sang 6 bén phai thi ta gei qud trinh
trén 13 mot bude chuyén. Nguge lai, néu ky hiéu vao khong anh hudng t6i
budc chuyén thi ta goi d6 1a budce chuyén "nhdm mat” va trong budc chuyén
dé dau doc van dimg yeén tai chd. Thuc chét clia bude chuyén "nhdm mat" la
su fam ngiing quan sat bang vao dé€ chan chinh lai ngan xép.
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(6 hai cach dodn nhan x4u vao cia PA:

Cach 1: Xau vao duge doc xong va PA chuyén dugc vé mot trang thdi
két thic nao dé.

Cach 2: Xau vao duge doc xong va ngan x€p trd thanh réng.

Sau nay ta s& chi ra hai céch dodn nhan trén 13 tuong duong.

Vidu 1: Cho vin pham phi ngir cdnh G = <Z, A, I, R>, v&i = = {0, 1, c},
A={I},R={I->010,I—> 1I1,I - c}.

Dé nhan thay ring, cac xau c6 dang wew (Véi w € {0, 1}, W 1a xau
viét cac ky hiéu cla xau w theo mot thit tu ngugce lai) duoc sinh ra bot van

pham G. Chang han, d6i véi xau w = 010011 thi xau we % = 010011¢110010
s€ ¢ dan xuat ddy du sau day:

D = (1, 0I0, 01110, 0101010, 010010010, 01001110010,
0100111110010, 010011¢110010) hay wew € L(G).

Mat khic x&4u we W ¢6 thé duge dodn nhan bdi PA nhu sau:

Trude hét dat xau x = wew lén bang vio. Pdu doc dich chuyén tr trai
sang phai. Ban dau ngan xép réng. PA ¢6 hai trang thdi p, q, trong dé p 1
trang thai ban dau. Khi & trang théi ban ddu p, ddu doc doc ky hiéu trén bang
vao la 0 hodc 1 va né dua ky hiéu d6 vao ngan xé&p. Trang théi ctia PA lic dé
van la p. Pdu doc dich chuyén sang bén phai 1 6 va doc ky hiéu & 6 méi nay.
Néu ky hiéu nay 1a 0 hodc | thi PA dua ky hiéu dé vao ngan x¢&p, trang thdi.
chia dtomat van 1 p va ddu doc lai duge chuyén sang phia phai 1 6.

Qua trinh d6 véin (i€p tuc cho 1di khi ddu doc gap ky hiéu c. Khi dé
otdmat s€ chuyén trang thai p sang trang thai q va ddu doc chuyén sang phai
1 6. Tai thoi di€ém nay ngan x€p xuat hién xau w. Ky hiéu bén phai nhat cha
‘W nam trén cling cia ngan x&p, con trang thai ciia 6tomat 1a q. Pdu doc dang
chi 6 bén phai ky hiéu c. Néu ky hiéu chia 6 nay 1a ky hiéu & 6 trén cung cua
ngin x€p thi PA loai ky hiéu trén clng ra khoi ngan xép, ky hiéu dudi né
dugc ddy lén vi tri ddu clia ngan xép, PA chuyén ddu doc sang phii 1 6, con
trang thdi van 13 q. Qud trinh d6 ¢t ti€p tuc vi c6 hai kha nang xay ra:

1) PA doc hét xéu x va ngan xép trd thanh réng thi PA dimg lai va doén
nhin duge xau x = wew .

2) Céc ky hi¢u & ngan x€p chua bi lbz_li hét thi ddu doc gap ky hiéu trén
xau vao khac ky hi¢u trén ciing ciia ngan xép. Trong trudng hop nay PA
khéng doan nhan xau x.
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Tém lai, ta da xay dung dugc 616mat ddy xudng dodn nhin ngon ngif
phi ngir canh gém va chi gom céc xau c6 dang we W .

Nhan xét: Nho c6 ngan xép ma PA c6 kha ning nhé dugc nia ddu cua
xAU X = we W véi w c6 d6 dai tuy ¥ va sau d6 né so sénh dan véi nira cudi
W cha x. Otémat hitu han khong c6 kha nang nay.

Bay gid ta dinh nghia mot cach hinh thic 6témat ddy xudng nhu sau:

Pinh nghia 2: Mot 6tomat day xu(’)ng PA 1a mot bo sip thi tu
M=<Z,Q, T, 3, qq. Zy F>, 0 diy:

¥ 1a tap hitu han, khéc réng cac ky hi¢u vao;

Q 12 tap hitu han, khéc réng céc trang thdi sao cho Z N Q =,

I" 1a tap hitu han, khédc réng céc ky hicu ma ta goi la cdc ky hic¢u cia
ngan xép;

7, € T 12 ky hiéu dac biét, goi 1a k¥ hiéu ddy cva ngan x€p (con goi la
k¥ hiéu ddu cuia danh sach ddy xudng);

Qo € Q la trang thdi ban dau;

F < Q la tap trang thdi ket thic;

& T u (A x Qx ™ — 297" Ia ham chuyén chia M.

Buéc chuyén ctia PA:
a) Pang thiic dang:
&a, q,7Z) = {(q,, 'Y])a (92 12)s - (Qpys Ym)}’
wong d6Z e [,ae 2, q € Q v, € I (i = 1,m) duoc goi 1a mot bude
chuyén ciia PA. Né dang & trang théi q, doc ky hiéu a ¢ bang vao va Z la ky
hiéu & dinh ngan xép. Khi d6 n6 chuyén sang trang thdi q;, thay ky hiéu Z
& dinh ngan xé&p bang xau ¥y; (i = Lm), déng thoi chuyén ddu doc sang bén
phai 1 6. Quy udc ring khi dua y; vao ngan xép, ky hiéu bén trai nhat cla y;
sé nim & phan duéi, con ky hiéu bén phai nhét cia v, s€ ndam ¢ 6 ddu
ngan x&p. -
_b) Diing thiic ¢6 dang:
8", 4, Z) = {(qy, ¥1) (@2 Y2 - s (U Vi)
dién ta mot budc chuyén "nhém mét" ciia PA: Otomat & trang thdi q, ky hiéu
Z & dinh ngan x&p. Khi dé PA chuyén trang thai q vé g; va thay Z € I’ 6 dinh
ngan x&p boi xau y, (i =1,m), con dau doc thi khong dich chuyén.
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4.2, Ngén ngd doén nhén cua PA
O mot thai diém, tinh huéng tic thdi ciia PA xéc dinh bdi ba yéu 16:
DXawael trong ngan x€p (v6i quy ude 13 k¥ hiéu bén trdi nhat
(bén phai nhat) clia o ndm ¢ ddy (& dinh) ngan xép).
2) Trang thdi g € Q.
3) Phdn xau vao x € £ chua dugc doc dén trén bang vao (véi quy udc:

ky hi¢u bén trdi nhat ctia x 1a ky hiéu s& duge doc ti€p). Hinh trang hién thoi
cta PA ¢6 thé mé ta nhu & hinh duéi day:

—

- - X >

|

Hinh trang hién thoi clia PA taky hiéu A K thi K = (X, q, av). Qua trinh
dodn nhan xau vao © € X cta PA 1a qud trinh bién déi hinh trang bat ddu tix
hinh trang ban déu (w, q¢, z,) thong qua cdc din xuat truc tiép (|~:) va dan
Xuat gidn tiép ( |—)'dugc dinh nghia nhu sau:

Binh nghia 3: Gid st ¢6 hai hinh trang K = (o, q.v)vaK'= (o', ¢, v').

1) Ta noéi hinh trang K' dan xuit tryc tiép tir hinh trang K (ky hiéu
K }: K') néuco o = Xy, V= vok, v' = vym thoa man:

x € T {A], 0 = o, déng thoi (q', m) € 8(x, q, k).

2) Ta ndi hinh trang K' dan xu4t gidn tiép tir hinh trang K (ky hiéu K f- K"
néu c¢6 mot day cic dan xuat truc ti€p K = Ko Kph o K 0 day K, | K,
(i=0,1,..,1-1) | _

Su dodn nhan ngon ngit cliia PA ¢6 thé thuc hién duge theo haj cach.
Gia st M 1a mot PA. Ky higu T(M) 1a tap cdc ngdn ngir dodn nhan duge boi
M theo tép trang thai két thic. Null(M) 1a cic ngon ngif doan nhan duge bdi
M theo ki€u ngin xép (stack) réng. Ta c6 thé dinh nghia T(M) va Null(M)
nhu sau: ' '
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TM) = {0 : w € £ saocho (0, 4y, Zo) F(A g, V) véiqe Fve I

NulliM)={o:m e %" sao cho (0, Q. Zg) |-(A, qQ. M véiqe QF

Luu ¥y ring, néu doan nhan ngdn nglr theo ngin x€p féng thi trong
M=<Z,Q,T.8,qq Z> cho F= .

Bay gid ta phét biéu va chimg minh dinh 1y trong tam sau:

DPinh Iy 5: D6i v6i moi ngon ngit phi ngli canh L c6 160 tai mot otomat
ddy xudng khong don dinh M dodn nhén L.

Chimg minh: Gia sir G = <X, A, I, R> 12 mot van pham phi ngit canh
sinh ra ngdén nglt phi ngit canh L. hay L{(G) = L.

Ta xay dung otomat day xuéng khong don dinh M =<, Q, T, 8, g, 7, F>
doan nhan L voéi:

T la bang cdc k¥ hiéu vao (chinh 1a Z cha G);

Q = 1{9¢. 4y, 9.} 1a tap cdc trang thii;

=3 v AU {%} latap cic ky hidu ngan x&p;

Zo = 12 ky hiéu dau cua ngan xép;

4o € Q 12 trang thai ban dau;

F = {q,} 12 tap trang thai két thiic;

Ham chuyén 8: £ U {a} x Q x I" = 297" dinh nghia qua cic biéu
thic sau: _

1) (A g E) = {(d, W) E o> weR EeA we '} (W laky hieu
xau dugc thanh lap i xau w véi thit ty nguge lai (anh guong)).

2) 8(a, 4,, 4) = {(q,. A}} 461 v6i moi a € Z.

3) 3(A, qy, %) = (4, D).

4) &(A, gy, D = {(q,, P}t

Ky hi¢u % la ky hiéu ddy ngan x€p, khong thudc tap Z s A,

Gia sir w € L = L{G), khi d6 v6i w ¢6 ton tai dan xuit diy du trong G
D= (Luwgv,uut,v,, .., ul'uz...un_,gn_lvn_l,yl, Uy, ..., u, = w). O day
EeAueX vieLUA(lSi€sn—~1)vay, e X .

Dua vio cdc quy tac cha G sir dung trong dan xuat day di D cia xéu
W = U, ... u,, Otomat ddy xudng M doan nhan w theo nguyén tic sau:

Trén bang vao ciia M ta dit xau w = v u, ... u,,.

Dua trén M dp dung ham chuyén trong céc bi¢u thic 4, 1, 2 ta ¢6
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(W, Qg Zo) = (W, G, D 2 (W, q,, %) = (uu, ... u,, q,, %1
|'m3 (Ut e Uy, Gy, B 918 G1) F2: (Upus oy, gy, % ¥4 8,
chi y 0, v, 1a xau thanh 1ap tir xau u,, v, theo thi ty ngugc lai.

Gia sl céc quy tac 1i€p theo (sau quy tac [ > u & v)trong D1a &, > Z, e R
(=152 ..,n-2)v6i & € A Z, € LU Asaocho Zy, =u,,&, v, Khi
dé M sau thai diém thuc hign quy tic [ — u&,v, nd c6 hinh trang
(usuy ... uy, q,, %V, &,). Hinh trang cia M khi 4p dung quy tic & — Z,
(1=1,2, ..., n~2)bi¢n d6i nhu sau;

(Uyus..u,, q), % v ) Y (U, % 9,2,) =

= (s Uy Gy B VG00,) [ Uy iy Q) % 908) Fo
b ke a1 % ¥y (as) | *)

Trong D ta sirdung quy tdc £, > Z,, €e Rvdi Z v, =u, la co_
hinh trang cua M la:

(Uo. g1, %V, 18, ) |'m: (uy, qy, % {’n--lzn—l) =

= (U a4 %) 1 (g1 %) F: (s g, %) (**)
Tir (*) v (¥*) ta ¢6 dan xuat gidn ti€p clha w trong M 12
(W, qo, Zg) F (A Qg %)
ma q, € F nén doan nhan duge xau w. Dinh 1¥ da duge chiing minh.

Bay gid ta chi ra su dodn nhan cha 6tomat ddy xudng M theo tap trang
thai két thiic va theo ngin xé€p rong 13 tuong duong nhau.

Dink Iy 6: D61 v6i méi otomat diy xuong M, déu 16n tai mot olomat
day xuéng M, sao cho Null(M,) = T(M,).

Chitng minh: Gia sit M| = <Zl, Qi Ty, 8., qb, Z4, Fy> 1a otomat ddy
xuéng nao doé.

Ta xay dung 6tomat ddy xuong M, = <22 Q.. Iy, 8y, qo, Zo , Fy> sao
cho Null(M,) = T(M ).

Muén vay ta dua thém vao ky hiéu trang thdi méi q{, q’z g Q, va ky
hiéu ngan kéo méi % ¢ 17, va dat:

2= X
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Q,=Q v {q]. g5}
L=0u{%):
QG =
/% =%
F, =&; |
S Zu Al xQ; x r, — 2 dugc dinh nghia nhu sau:

5,0 af. %) = {(a}. %, Z{)}

Sy(X,q, ) =8(x, . 0} véix € Z,q € Quael,.

(A, g, o) nfuqeQ,\F.,.ael

62(”\’ q! (1) = {

8(n. 4. %) = {(a}, M)} viiq € F,

8y(n qb. ) = {(dh, A} véia e Ty o (%),
Bay gid ta chi ra Null(M,) = T(M)).

(A, q, X)W {(q'z, A)} nfuqelk,ael)

Gia sir w € Null(M,), khi d6 theo cich lam vig¢c cha M, thi ta ¢6 mot

day cac hinh trang sau:
M, M,

M, 2
w. 2. Zh=w.qh.% F K, F Ko B K=taqn)

Vi 122, K= (W g v Wi € Iy, € Qpve I3 (=12, .. 0.

Theo cach xay dung ciia M, thi

K, = (w, ah, %Zh). K, = (A, g), A) vaw e Null(M).

Tirdé 3 i < t sao cho:
M,
Ki=(n,q; % V‘i) |'1 (A, qé, %V;+1)s
trong d6: q; € F, v\, v'j,, € FT va
M,
K, = (wj, g;, %v') I—: (Wis1s G V')
agday: w, € E;,qj €Q,, V] € Ty.
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Ciing nhu K; = (A, g3, %v'), dday v, e T (i<j<t).

T d6 (w, qf, Zy) Firq, Bv)vidoq e Fysuyraw e T(M)).

Tém lai ta ¢6 bao ham thite Nuli{M,) < T(M,).

Bao ham thitc nguqé lai T(M,) < Null(M,) dugc suy ra truc tiép ti cich
Xay dung M, tir M,.

Dé két thic phan nay ta chiing minh dinh 1§ sau day:

Dinh Iy 7: DOI v6i mdi 6tomat ddy xudng M bao gid cling xay dung
duge mot van pham phi ngif canh G sao cho Null{M) = L(G).

Chimg minh: Gia st M = <%, Q, T, 8, q,, Z,, F> 1a mot 6tomat diy
xudng. Theo dinh Iy 6 ta can chi ra ¢6 viin pham phi ngit canh G = <%, A, I, R>
sao cho Null{M) = L(G). Khéng gidm tinh téng quat gia st A ¢ Null(M). Ta
xay dung van pham G & trén nhy sau:

ZlaXciuaM;

A=l v {{q. 2, 9:): 9.4, € Qa e TUZ};

[ 1a ky hiéu hé 1o ban dau cha G;

R =R, U R,UR,, dday:

Ri={I-(qa,q9:9eQ.ael},

Ry= {(t, o, 1) -> X(t3, A, G M1y s G )oos
(Q2: oy X @y, L) i e {1, 2, ..}, q € QU £1i<n),
itz € Qx e B (A} v (ty, oyo, o) € 8(x, 1, ).

Ri= {th o) > X1, A) e 8k, t,a) v e T, 1), 1, € Q,
x e X {al}.

Nguoi ta da chi ra duge véi G dinh nghia nhu trén la van pham phi ngi
canh ma L(G) = Null(M), tic 1a 16p ngon ngit do G sinh ra dodn nhan bai
otomat diy xuong M.

Dinh Iy 8: Lop ngon ngit chinh quy 12 mot tap con thuc sy & trong ngoén
ngilt phi ngit canh.

Chimg minh: Ta chi can chi ra mot ngén ngt phi ngit canh (do van
pham phi ngi canh sinh ra) nhung khong phai 1a ngon ngit chinh quy. Mot
trong nhimg ngoén nglr nhu vay 1a ngon ngi cla van pham phi ngif canh sau
day sinh ra: .

G=<X,ALR> &dayT={a b}, A={I}vaR = {I > alb,  —» A}.
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R& rang L(G) = {a"b" : n 2 0} 12 ngon ngit phi ngi canh. Ta chi ra L(G)
khong phat la ngon ngit chinh quy. ’

That vay, gia s&r L(G) 12 ngon ngit chinh quy, khi d6 s& ¢6 mot 6tomat
hitu han tat dinh M doan nhan né: M =<, Q, F, qq, o>,

Gia sir N = QI la s& trang thai trong M va M sé€ dodn nhén xéu a b,
Khi diing x4u a"b" nhu mot dau vio clia M ta ¢6:

q) =0(qg.a), Q2 =0((;,a), ...
qx =0(qn_;+a), qny) =0(QN.b)-.
qan =0(daN-. D).
Trang thai két thic 12 q,y.
Ma M chi ¢é N trang thai. Theo nguyén ly Dirichlet, it nhat ¢6 hai trang
théi trong N + 1 trang théi trong ddy qg.,q,...,q, phai dong nhét bang nhau.

Gia st q; va q; 2 hai trang thai dong nhat d6, v6iN > j>1i > 0. Suy ra

gj=o(g;.a')t=j-1

Suy ra vong dan tr q; quay lai chinh né nhan dugc bang cich ding dau
viio a 10ng cong t 1dn (xem hinh vé).

__s'a____b_.,m --b

Budng di tao bdi xau a"b"
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Xét xau dau vao la a™'bN. Xau nay khong dugc M dodn nhan vi
khong cé dang aNpN, Tuy nhién, khi ding xau nay nhu mét ddu vao cuia M
ta van s€ ket thic ¢ chinh trang thai g,y nhu trude. D6 1a vi t k¥ tr a trong

X4u nay s€ tao thém mot vong dan nita tir q' trd lai chinh nd.
Chinh mau thudn nay chimg t6 L(G) = {a"b": n=0,1,...} khong phai 12

ngon ngilr chinh quy. Vay ngon ngit chinh quy 1a tap con thyc su clia ngén
ngif phi ngit canh.

L}

§5. PHUONG PHAP PHAN TiCH TAT DiNH
TREN LSP NGON NGU PHI NGU CANH

Trong ly thuy€t ngdn ngi, mot trong nhiing van dé ngudi ta quan tam la:
Cho L 1a mét ngén ngf, o 1 mot xau ndo dé trén bang ky tu Z. Lam thé nao
dé biét dugc © € L hay khong?

Dudi day ta xét bai todn trong khuén khé van pham phi ngit canh véi
phuong phap phéan tich Top —~ Down, Bottom — Up va phuong phap phan tich
tat dinh. S

Phan tich Top — Down va Bottom — Up ¢6 nhuoc diém 12 khi dua xau
vao d¢ dai n thi s6 buéc ma thuat todn can phai phan tich 1a C" (C - hing s&
nao da).

N6i céch khdc, khi chi€u dai caa x4u vao ting thi thoi gian phan tich,
cla thuat todn tang rat nhanh. Vi vay, trong phdn nay chiing ta dé cap tdi bo
phan tich lam viéc hiéu qua hon, cu thé thdi gian phan tich t6i da 13 C.n
(n la d dai xau vao, C la hing s6). Nhung cach phan tich nay chi lam viéc
dugc v6i mot 10p con cic van pham phi ngit canh (16p con van pham phi ngit
canh nay chifa kha nhiéu ngon ngit lap trinh). LSp ngon ngit ¢6 thé dung
phén tich tat dinh la 16p van pham phi ngit canh khong nhip nhing va khéng
c6 quy tic lap tréi.

5.1. Phén tich tat dinh

Che van pham phi ngit canh G =<, A, [, R>va A € A. A goi la dé quy
trdi néu trong R ¢6 t6n tai A > Aa véi o € V. Ta ciing goi A - Aa la
quy tac d¢ quy trdi. Ta c6 thé thay quy tic dé¢ quy trdi bang cic quy tic
khong dé quy trdi nhung véan tuong duong vé mat ngoén ngit. Ching han, néu
trong G c6 mot quy tic dé quy trdi A —> Ao va mét quy tic khong dé quy
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trdi A —> B, & day gia thi€t xau P khong bt ddu bdi A, thi ta ¢6 thé thay cap
A — Ac vd A —> 3 bGi ba quy tac khong dé quy trai sau:
A= BALA S aA ViAo A

Chit y: Néu sau mot s& budc din xudt truc tiép méi xudt hién quy tac dé
quy trdi thi viéc thay thé khong don gian.

Co s¢ clia phuong phdp phan tich tat dinh 14 phan tich Top — Down va
otomat day xudng.

» M6 hinh ctia phén tich tdt dinh, gém:

— Mét bang vio, chifa xau cdn phan tich véi ky hiéu két thic clia xau la $.

— Mot stack (hay mot danh sach ddy xudng) chia céc ky hiéu cha van
pham va day dugc danh dau boi 3.

— Mot bo phan diéu khién chita chuong trinh phan tich va bang phén
tich M, & day M 1a mang hai chiéu M|A, a] v6i A 1a ky hiéu khong ket thiic,
a la ky hiéu két thic.

Mot dau ra (xem hinh dudi day):

Xau vao
[_ws
Stack
X I .
Y ¢ Phuong trinh phén
7 tich tat dinh — Ra
S » Bang phan tich M

e Hoat dong cua bo phdn tich tdt dinh _

Hoat déng cta bd phan tich tdt dinh H duogc xdc dinh tr ky higu X trén
dinh stack va ky hiéu vio a clia xau vao. Cdc kha ning sau ¢6 thé xay ra:

Néu X la ky hiéu két thic:

1) X =a =$, bo phan tich dimg, phéan tich thanh cong.

2) X = a # §, b6 phan tich 1ay X ra khoi stack va dich con tro xau vao
sang phai 1 o.

3) Néu X la ky hiéu khong két thuc, bo diéu khién s& xét vi tri M[X, a]
ctia bang phan tich M. Vi tri nay c6 thé la:

— Mot quy tic dang: M[X, a] = X — uvw. Trong trudng hop nay lay X
ra khoi stack va thay vao dé 1a wvu (u nam trén cung cta stack), bo phan
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tich thuc hién chic nang mé réng cay va in ra quy téc vira dugc sir dung la
X — uvw, .
- Néu M[X, a] = error (vi tri [6i), bo phan tich s& goi ham khoi phuc I6i.
Ta c6 thé mo ti thuat todn tat dinh nhu sau:
Thudt todn:
Dau vao (input):  Xau vao w va bang phan tich M ciia vin pham G.
Daura (output): Néu w e L(G) thi dua ra din xuat trdi nhat cta w,
néu khong sé thong béo 16i.
(0 trang théi dau stack dugc dat ky hiéu I$ con xau vao 1a w$)
Repeat
Dat X la ky hiéu cOa dinh stack va a 1a ky hiéu tiép theo;
if X =3 then X la ky hiéu két thuc
if X = athen
Lay X tir dinh stack va loai a ra khoi w
else error()
else {X khdng phéi 1a ky hiéu két thic}
ifMX,af = X — Y,Y,... Y, then
Begin
L&y X it stack:
Bua Y,Y\,... Y, vao stack; {Y, & dinh}
End

else error();
Until X = $; {stack réng}

Ta xét vi du minh hoa sau day:

Vi du 1: Cho van pham phi ngit canh G = <%, A, I, R>, & day:
Z={x,v.2},A= {I,A},R:{I—>XA,A—>z|yA}.

G ¢6 dodn nhan xau vao xyyz € L(G) hay khong?

Stack input Output
$1 xyyz$

$AX xyyz$ ' 15 xA
$A yyz$

$Ay yyz$ A yA
A yz3 ‘

$Ay yz$ A—yA
$A -‘ 2

$z z$ Aoz
$ $
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Vay xyyz € L(G) va cay dan xuat trdi (Top — Down) c6 dang:

| /A\
y /A\
¥ A

X
Xau xyyz € L(G) dodn nhan dugc boi phuong phap phan tich 14t dinh.

5.2. CGc ham FIRST, FOLLOW

Phan tich Top — Down ddi hdi van pham khong cé dé quy trdi (vi néu c6
thi ta c6 thé dung thuat todn dé xod deé quy tréi, tic 13 thay quy tic d¢ quy
trai bing quy tac khong dé quy trdi, nhung van pham vén tuong duong).

Dai voi phan tich tat dinh ngudi ta chi sit dung van pham khdng dé quy
trdi va khong nhdp nhdng. Thé nao 1a van pham khong nhap nhang?

Ta xét vi du vé van pham sau day: .

Cho G=<Z, A, I, R> trong d6: Z = {x,y,z}, A= {1, A, B},

R = {1 > AIB, A - xAly, B > xBlz})

Poéan nhan xau vao xxxz € L(G) hay khong?

Stack Input Output Céy dan xust
$1 xxxz$

$A 0z 1A

|
| A
$Ax pives I Ao xA
$A xxz$ - x/\

$AX xxz$ A —> XA
$A xz$

/A\

X A
$Ax xz$ A xA /\
A z$ X A

24-TOMN ROI RAC
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Cay dan xudt trén khong phai 13 c.ay dan xuit Top — Down (vi l4 ¢6 chita
A e A) clla XXXz,

Vi khéng c6 quy taic A — z nén viéc dodn nhan khong thuc hién dugc
va thuat toan dimg lai khong cho két qua.

Tuy nhién, néu ta dodn nhén theo trinh tu sau day thi thuc hién duoc:

Stack | Input Output Cay dan xuat
$1 xxxz$ 1
$8 xXx2$ 158 |

$Bx xxxz$ B - xB

B
B xxz$ /\B
X
$8x xxz$ B—xB /\
$B xz§ X B
$Bx xzd /\
X B

$8 z$
Boz |

8-> xB

$z z$
$ $

Cay dan xuat trén 1a cay dan xudt Top — Down cha xdu xxxz.

Hién wrong trén goi la hién tuong quay lui (Back ~ tracking). Van pham
¢6 hién tuogng quay lui khi 4p dung phuong phdp Top — Down ciing goi 12
van pham nhap nhéng.

Lam the ndo d¢ biét dugc mot van pham phi ngit canh 1a khong nhap
nhang. Mudn giai quyét diéu d6, ta cin dua vao khdi niém ham FIRST va
FOLLOW. |

¢ Dinh nghia ham FIRST

Gia su trong van pham cé quy tic dang A — & 15,0 ... £,. Khi d6 1a
dinh nghia:

First(A) = t4p cic ky hiéu két thiic ¢ vj trf ddu tién clia xau cé thé din
xuat duge tr & (i = 1, k). Néu A — *A thi A e First(A).

Cdch tinh ham First:

1) Néua € Z, & € (X U A)* thi First(a&) = {a}.

k
2)Neu A > &Ig;! ... | & thi First(A) = | JFirst(&,).

i=1
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e Dinh nghia ham Follow

Follow(A) = tap cac ky hiéu két thiic A ma ching c6 thé xuat hién ngay
bén phai A ¢ trong mét s6 dang cau, tic 1a tap cac ky hiéu két thiic a sao cho
tai dan xuat dang [ — *oAaP d6i vdi o, B 12 cdc xau bat ky. Néu A la bén
phai nhat trong dang cau thi thém $ (k¥ hi¢u két thiic) vao Follow(A).

Cdch tinh ham Follow:

Néu céc quy tac clia van pham c6 dang X; > EAn, (i = 1, k) thi

Follow(A) = LkJFirst(ni')
i=I

5.3. Diéu kién dé van pham phi nglr canh khdng nhép
nhang va khéng dé quy i

Gia sir van pham G = <Z, A, [, R> ¢6 cdc quy tac A — alff. Van pham G
1a khong nhap nhang va khong dé quy trdi néu né thoa man hai diéu kién sau:

a) First{o) M First(B) = &

b) First(A) m Lollow(A) = &

Xét mot vi du sau:

Vidu l: Cho G =<Z, A [, R>, trong d6: 2 = {x, y, z}, A = {I, A},
R={l>xA, A—>zlyAl.

Trong van pham nay c6 quy tac dang: A — z | yA.

Ta ¢6: First(A) = First(z) W First(yA) = {z} v {y} = {z, v}, & day
Firsi(z) M First(yA) = {z} n {y} = &, thod mén diéu kién a.

Ta lai cé First(A) = {y, z} va Follow(A) = {*}. -

Vay First(A) n Follow(A) = {y, z} N {*} = &, thoa man diéu kién b.

Van pham trén la van pham khong nhap nhing va khong dé quy trii.
Do dé c¢6 thé dodn nhan dugc xau xyyz € L(G) bai phan tich tat dinh (xem
bang phan tich & vi du trén).

Vido 2: ChoG=<Z A1 RS, trong dé: £ = {x, vy, z}, A= {I, A, B},
R={l-»AlB, A — xAly, B - xBiz}

Trong R ¢ chita quy tac I — AIB.
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Ta tinh First(I} = First(A) U First(B)
" = { First(xA) U Firsi(y)} U { First(xB) U First(z)}
=ixlwiytviz) ={zy. 2}
Tuy nhién, First(A) = {x, y}, First(B) = {x, 2} suy ra
First(A) » First(B) = {x, y} n {x, z} = {x} = &, vi pham diéu kién a.

Do Follow(i) = {*} nén First(I) » Follow(I) = & thoa man diéu kién b.

Van pham trén 13 nhap nhing, sy nhap nhing & day la do din xudt tir
[ - A hay I - B la khong rd rang.

Ta c6 thé xay dung mot van pham G' ~ G nhung G' khong nhap nhdng
trong vi du sau:

Vidu 3: ChoG = <Z, A, I, R> nhu trong vi du & muc 5.2. Hay x4y dung
G' ~ G ma G' khong nhap nhing.

Gidi: Xy dung G'= <X, A L R>, trong d6: ' = {x,y,z} = =, A'= {], C},
R'={I - CIxl, C —» y}z}.

Ta ching minh G' = G.

That vay ta da biét trong vi du trude day 1a xau xxxz € L(G) véi cay dan
xudt trai (Top — Down) (xem hinh duwdi day).

x/\B

™~

Ta chi ra xxxz € L(G").
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Stack Input Output Cay dan xuat
$1 xxxz$ . I
$ix ‘ oz 1 —xl /\
$1 xxz$ X I

$1x X%z} [—xl /\
$i xZ$ X ;
$ix xz$ I—>xl /\

$1 z$ . X 1
$C z$ 1-»C |C
$z z$ Coz l -
$ ) z

Chitng t6 xxxz € L(G).
Dé dang chi ra diéu ngugc lai.
Ta chimg minh G' 13 van pham khong nhap nhang. Trong G' ¢6 céic
nhém lénh: '
First(I) N Follow(I)= @ -
First{C) m Follow(x])= &
Coviz {Flrst(y) N Follow(z)= &

I—)C’.xl:{

First(C) m Follow(C)= &
First(I) = First(C) w First(xI) = {y, z} w {x} = {x, y, z}
First(C) M First(xI) = {y. z} N {x} = &, thoa min diéu kién a.
Follow(I) = {"}.
Vay First(I) m Follow(I) = {x, y, z} n {*} =R, thoa min diéu kién b.
Talaicé:  First(y) = {y}, First(z) = {z}.
Vay: First(y) N First(z) = &, thoa man a
First(C) = {y, z}
Follow(C) = {/}.
Suy ra First(C) M Follow(C) = &, thoa min b.

Vay G' la khéng nhap nhéng (dé phan tich ct phdp trong vdn pham ta
nén va chi nén su dung G". '
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BAI TAP
1. Cho van pham phi ngi¥ canh G = <Z, A, I, R> v6i
R={[—>aAlLl—>a,A—>IbA,A—-I A ba}
Lay x4u o = aabbaa.
a) Xay dung cay dan xufit ddy du cha o trong van pham trén.
b) Cho mt cay dan xuél con ctia cay dan xudt ddy di & trén.
2. Cho van pham phi ngit canh véi tap quy tic sinh gém cdc quy tic:
I I>I1+LI->1*L1-al.
Tim cay dan xuat dy di cia x&u © = a*a*a trong van pham trén.
3. Baditodn I (Xay dung vin pham phi ngit canh chuén)
Cho truée van pham phi ngit canh bt ky G = <X, A, [, R>.
Xay dyng van pham phi ngit cdnh chudn G, = <Z, A, I, R,>, titc 1a van

pham ma moi quy tac ¢6 dang: A - BC, A > a, & diy A, B,C e A,
cona € Lsaocho G, =G.

Ta xay dung G, = <Z, A, [, R > theo cédc bude sau:
Buoc I: Xaydung G'=<Z, AL R>~G =<, A, I, R>.
a)A'=Au E.c’rday §={;:a62}.

bR =RUR, o day R = tap cic quy tac trong R ma moi ky hitua e &
déuduqelhaybfjigsf;cbn ﬁ={£—>a:a52}.

G xay dyng nhu trén & twong Ung v6i G va moi quy tic trong R' déu c6
dang A — BC, hoac A — B|B,... B, (n 2 3), hoic A — a vi a — a,
6day A.B,C,B,,B,,...,B,,a e A'viac 5.

Buoe 2: Xay dung van pham phi ngit canh chudn G, =<Z, A, [, R,>.
a) Ay =AU (F,, Fy, . F ). |
b)R;={a >a:ae X} U{A—>al UlA—>BEF,F, > BF, ..

Fo3 = ByoFis, oy > BB ).
Liw y: Trong R, thi tap {; —>a:ae Z} chinh 13 R, tap {A — a} chinh
1:"1 14p quy tic tuong duong véi quy tic khoéng chudn A — a (k&t hop véi
a — a), con tap {A > B/F,, ..., F_, > B_B,} chinh Ia tap quy tic
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chudn twong duong vé mat sinh ngon ngit v6i quy tic khong chuan

A—->BB,..B,(n23).

R6 rang G, = G' ~ G va G, la dang chudn cén tim.

Vi du: Cho van pham phi ngit canh G = <Z, A, I, R> véi Z = {a, b},

A={1},R={l>alb,1—>abj.

Hay xay dung van pham phi ngit canh chudn G, = <X, A, L R>~G.

Ap dung bai toan 1, tim cdc van pham phi ngif canh chuin ciia céc van

pham phi ngi¥ canh Gy, G,, G3, G4. Gs, G va G; trong bai tap 11 chuong 9.
4. Bai todn 2 (Loai ky hi¢u vo sinh) '

Cho van pham phi ngit canh G = <Z, A, I, R>. Xiy dung vin pham phi

ngit canh G' = <Z, A, [, R™> ~ G nhung trong G' moi X € A’ déu 1a ky

hi¢u hitu sinh, tific 12 ton tai dan xuat oXp l— ®, & diy © € ¥ con

o, B e (V)*.

Buoe | Xay dung A' theo thi tuc sau:

— Két nap [ vao A’

~NéuA > omioe X thikétnap A vao A}

— Néu A —» © ma moi k¥ hiéu trong 8 hodc 12 thuéc Z hoiic 1a thude A’

thi k&t nap A vao A"

Biede 2: Xay dung R’ theo thu tuc sau:

Duyét tit ca céc quy tic trong R, quy tac ndo c6 v€ trai va v& phii gom

toan ky hi¢u thuge £ A’ thi két nap vao R'.

Do s6 quy tic ctia R 12 hitu han nén thi tuc nay s& dimg lai khi duyét hét

cdc phdn tir trong R vitaco R

Sau hai budc lam viéc ta ¢ G' =<2, A, I, R"> |4 van pham phi ngit canh

khong ¢6 ky hiéu vo sinh va G'~ G.

Vidiu: Cho G=<Z, A, L, R> v6i T ={a}, A={L, A, B},

' R={I>AB. 1> a, A —»al.

Xay dung G' = <X, A", |, R'} khong c6 ky hi¢u vé sinh va G’ = G.

Buwoce |-

+1— AB va A —> a cho ta A 13 hitu sinh cdn B la vo sinh. Dua A vao A’

va loai B khoi A

+1 - a, chitng 16 112 hitu sinh, dua I vao A'tacé A'= {1, A}.



376 TOAN RO RAC UNG DUNG TRONG TIN HOC

Buoc 2:
+ Quy tic I > ABkhong kétnapvaoR'viB g TU A = {[, A, a}.
+QuyticA>aval—>akétnapvaoR, ticlaR = {I > a, A > a}
vicacky hi¢uA,a,Te ZUA.
Van pham G' = <Z, A", I, R> ~ G va G' khong ¢6 ky hiéu vo sinh.
a) Ap dung bai toén 2, hay loai ky hiéu v6 sinh trong cdc van pham phi
ngil canh sau:
1)G, véitapquy tac R, = {I > A, 1 > a, A > AB, B - b};
2)G, véitapquytacR,={I > A, I»>a,A—>aB A —>bl,A—b,

B —> AB,B— Ba, C > Al C-» b};
3) G, v6itap quy tic R; = {I - AB,1 - CA, B> BC,B —» AB,

A —a, C—aB, C- b}.
b) Viét giai thuat tim A’ trong bai toén trén.
5. Baitodn 3 (Loai ky hiéu khéng dén duge)

Cho van pham phi ngit canh G = <Z, A, I, R>. Xay dung van pham phi
ngit canh G' = <X, A", [, R> = G ma trong G’ khong ¢6 ky hiéu khong
dén duge, hay G' toan ky hiéu dén duge, tic 1a véimoi X € ' U A' ta
luénco 1 |- aXp, dday o, P e (T wA),
G' =<2, A", I, R> duge xay dung theo cac budc sau:
Buoc 1. Xay dung ' va A"
— Két hop 1 vao A';
— Xét quy tic A — 8 vdi A € A'. Vi quy tic ndy, két nap nhimg ky
hi¢u k€t thiic ¢é mat trong 6 vao ', cac ky hiéu khong két thiic trong 0
két nap vao A
Thu tuc nay dimg lai khi duyét hét céc quy tac trong R.
Buoc 2: Xay dung R’ theo thu tuc sau:
Duyét tat ¢4 cic quy tic A — © trong R va két nap cic quy tic nay vao
R’ néu tit cd cdc ky hiéu c6 mat trong quy tic déu thudc vao tap ' U A’
Sau hai buée lam viée ta nhan duge G' = <T', A, I, R"> = G, trong d6 G'
gom toan ky hi¢u dén duogc.
Vi du: Cho van pham phi ngit canh G = <X, A, 1, R>véi Z={a}, A= {[LA},
R={l—>a A—a}.
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Xay dung G' = <%, A, I, R'> khong c6 ky hi¢u khong dén dugc va
G'=G. : . '

Bugc 1: Duyét cic quy tic 1 > a, A > ataco ' = {a}, A" = {[}
(ky hiéu A bi loai vi khong dén dugc}.

- Butc 2: Chi ¢ quy tic I = a 1a gém cdc ky hiéu thuge ' © A’ = {1, a}
nén R' = {I — a}.
Tém lai G' = <T, A', I, R’> ~ G va G’ gom toan ky hi¢u dén dugc.
Ap dung bai todn 3 dé loai cac ky hiéu khong d€n dugc trong cdc van
pham phi ngit canh G,, G,, G; trong cau a bai 4.

6. Van pham phi ngt canh G = <Z, A, I, R> dugc goi 1 van pham phi ngt
canh khong c6 k¥ hiéu thita néu vé1 moi ky hicu X e V=2 U A déu 12
ky hiéu c6 ich, tic la ky hiéu thoi man dén xudt I | oXp | o, véi
meE*;a,BeV*.

Bai todn 4: Cho van pham phi ngit canh G = <Z, A, 1, R>. Xay dung van
pham phi ngit canh gém céc ky hiéu c6 ich G' = <¥', A', I, R™> tuong
duong voi G.
G' dugc xay dung theo cac budc sau:
Biese 1: Xay dung van pham G, = <Z|, A}, [, R;> gébm céc ky hiéu hitu
sinh tuong duong véi G (Bai todn 2 — Loai cac ky hi¢u v6 sinh).
Bioc 2: Xay dung van pham G' = <X, A, L R>= G = <X, A, L R>
ma G' gém toan ky hiéu dén duge (Bai todn 3 — Loai cdc ky hiéu khong
dén dugc).

" Khi d6 G’ 1a van pham phi ngit canh gém toan ky hiéu c6 ich va twong
duong vai G.
Vi du: Cho vin pham phi ngit canh G = <Z, A, I, R> v6i = = {a),
A={,A,B},R={I>AB,I—>a A —a}l.
Xay dung G' = <Z', A, I, R'> ~ G va gdm toan ky hiéu c6 ich (1Gc khong
con k¢ hiéu vo sinh va ky hiéu khéng dén dugc).
Butre 1: Ap dung thuét todn loai ky hiéu v6 sinh ta duge G, = <), A, LR >
voiZ, =S ={al; Ay ={LA; R ={l>a, A —>al ’
Buoe 2: Ap dung thuat todn loai ky hiéu khong dén duge trong G, ta dugc
G =< A LR>=G,, v6iZ =X, ={al; A= {[}; R"={[ - a}.
RS rang L(G") = L(G,) = L(G) = {a}.
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Ap dung bai todn 4 dé xay dung cdc van pham phi ngit canh gém toan
ky hi¢u c6 ich va tuong duong, véi cdc van pham phi ngit canh G,, G,,
G; cho trong céu a bii 4.
7. Xay dyng cdc van pham phi ngir canh khéng cé k§ hiéu thira twong
duong v6i cdc vian pham phi ngit canh sau:
a) G, v4i tap quy tic
R, ={ >ABC,A—>B,B—>2a,B—>b,I->cab};
b) G, vdi tip quy tac
Ry={I5>B, B—»>C Coc¢ > ACLI— ab);
¢) G, véi tap quy tac
Ry={I—>AB,B—>a B—C1-b};
d) G, v6i tap quy tic .
Ry={I->A,1>a, A AB B b};
e) G5 v4i tap quy tac
Rs={I->AI->B A—>aB A—>bl,A—>b B— AB,
B— Ba,C— AL C— b};
) G, v6i tap quy téc
Ry={1>AB, I >CA B—>BC,B->AB,A—a,C—>aB C— }.
8. Baitodn 5 (Loai A—quy tic)
Cho van pham phi ngif canh G = <Z, A, I, R>. Xay dung van pham phi
.ngr canh G' = <Z, A, [, R> ~ G (sai khic nhau xau A néu A € L(G))

nhung G khong ¢6 A—quy tac, tic 1a trong R' khong c6 quy tic A — A
(A € A).

Trude hét, ta dua vao khéi niém ky hiéu triét tiéu:

— Néu A > A (A € A) thi A 1a ky hiéu triét tiéu truc tiép;

- Néu A — 6 ma 0 gém mot xau toan ky hiéu triét tiéu, tic 1a A | A
thi A goi la ky hié¢u triét tidu gidn tiép.

Thudt todn dige mé td nhir sau:

Xét céc quy tac trong R.

Buoc [: NéuR c6 quy taic A — A thi loai quy tic nay ra khéi R.

Birde 2: Néu trong R khong ¢6 quy tic ndo ¢6 ky hieu triét tieu gian tiép
thiR"=R\N{A 5 A} vaG'=G.
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Budc 3:

— Néu trong R ¢6 quy tic A —» 0 = XX, ... X, macd X, laky hieu triét
tiu gidn tiép thi ta thay quy thc A — XX, ... X, boi céc quy tic
A—XX,.. X, vaquytic A > 0=XX;... X; . X 41 K-
_Néu A - 8 = X,X,... X, mmoi X, (i = 1 n) déu la ky hiéu triét ticu
gidn tiep th khong dugc thay X; = A (i= 1 n),

Thuat toan dimg lai khi da duyét hét céc quy tac trong R vataco R’ gom
cdc quy tic khong c¢6 A—quy tic va G' = <Z, A, I, R™> ~ G (sai khéc nhau
Xau A). : :

Vi du: Cho van pham phi ngit canh G = <Z, A, ], R> v6i T = {a, b},
A=A B},R= {I—>AB,A—)aA,A—)A,B~—)bB,B—>A}.

Xay dung van pham G' = <Z, A, I, R'> = G khong cé A—quy tac.

Trude hét loai céc quy tic don A — A va B > A khoi R. Tir cac quy tic
I->ABvAB > A, A — Atathém vio quy tic I - A va I — B. Cung wr

A —> aA, B—>vaz‘aA—)A,B—>Alathayvz‘locécquytécAaavé
B—b.

Nhu vay,tac6 R'= {1 > AB,1 > A, > B, A —aA, A >a B—-Bb,
B — b}. R3 rang G' khong ¢6 A—quy tac va G' ~ G (sai khac nhau xau A).
Ap dung bai toan 5 dé xay dyng van pham phi ngit canh khong c6
A—quy téc tuong duong vdi cic van pham phi nglt canh sau:
2) G, v6i R, = 1> alb, 1 > aABb, A > B, B>, A—>cl.
b)széfiRz:{I—>A,I—)B,A—)C,‘A—>D,B—->D,B—)I,C—)I,
C5>aCoOADLDobIoLIoc AL
¢) G, v6i Ry = {1 = albl, I -> blal. T > A}.
9. Bai todn 6 (Loai quy thc don)

Cho van pham phi ngit canh G = <Z, A, I, R>. Xay dung vin pham phi
ngit canh G' = <X, A, I, R'> khong ¢ quy tic don va tuong duong voi G.
Truéc hét, ta c6 thé gia thiét G 1a van pham gdm céc ky hiéu c6 ich (vi
néu khong ta ap dung bai todn 1, 2 d€ dugc van pham tuong duong véi
G g6m toan ky hiéu ¢6 ich).
Véi gia thiét trén, néu A — B 1a mot quy tac don rong G voi A, B € A
thi ta luon luon ¢é dan xuét: - :

1} «AB | oBp L o, véic, Be(EAA) conwe X
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Nhu vay, ta ¢6 thé thay quy tic don A — B boi cap quy tac khéng don
I > oAl va A - © ma van bdo dam tinh tuvong duong vé sinh ngon
ngit cla van pham. -

Vi vay, tap quy tic R’ dugc xay dung nhu sau:

R' =R, UR,, & day R, = tap tdt ca cac quy tac khong don trong R; con

R; la tap cic cap quy tac khong don dugc thay the bdi cic quy tic don
trong R.

Rérang G' = <X, A, I, R’> = G = <X, A, [, R>, trong dé R' khong con
cdc quy tac don.
Ap dung bai todn 6 dé xay dung cdc vin pham phi ngi¥ canh khéng c6
quy tic don tuong duong véi cac van pham phi ngit canh sau day va so
sanh d¢ dai cla din xuat diy da cha cing mot xau trong hai van pham
c6 quy tic don va khéng c6 quy tic don:
a)G voiR, ={I>1+A 1> A A->A*B,A > B,B—a}.
b)G,véiR, = {1 >A+B A—>B*C A—>B,B—>a,B—>C C—b}.
)Gy voiR;={I>B,I>C B> 0B B— IB B— 011, C— 0D,
Co>IC,Co>AD>0C,D— ID}.
G voiR,={l > T+LI>T.T>F*T, T—>FF—aF—>b).
10. Cho mot van pham phi ngif canh ¢6 cdc ky hiéu thira, ¢6 quy tic don va
c6 A—quy tic. Hay dung cdc thuat todn trong céc bai todn 2, 3, 5 v 6 dé
xay dung van pham phi ngir canh tuorig duong v6i né nhung khong cé
ky hiéu thira, khéng c6 quy téc don va khong cé A—quy téc.
11." Xay dung otomat ddy xuong khong don dinh dodn nhan céc ngén ngir L
trong cac truong hop sau: ,
a)L={wch :o € {0,1}7, & 13 anh guong clia & con ¢ ¢ {0, 1).
DL={od:oe {0, 1]).

OL={o:we {abl vanl, =0, ).
dL={0:0e {a,b} vaol, =20, ).
G day w‘x chi s6 ky hiéu x ¢6 mat trong o;

eYL={1"0":n>m>0).
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12.

13.

14.

15.

Chiing minh ring I6p ngon ngit doan nhan bt Otomat day xuong khong

don dinh rong hon thuc sy 16p ngOn ngit do otéomat day xudng don dinh
doan nhan. .

Hay dua céc van pham phi ngi canh c6 quy tic dé quy trdi vé van pham

tuong duong khong c6 quy téc d¢ quy trdi:

a)G, ViR ={I>I+A I>A A>A¥*B, A-—>B B—>a};

b) G, véi R, = {I>Aa,l>bA—>Ac, A—>Id A—>el

Xay dung mot thuat gidi vé xod d¢ quy tréi trbng mot van pham phi

ngit canh.

Thudt todn phén tich tic trén xuéng (Top — Down)

Input: Vian pham phi ngir canh G = <Z, A, I, R> khong d¢ quy trdi va
xdfuw=aa,..a, € =

Output: Cay din xudt tir trén xudng cia o (@ € L(G)) va bio 161

néu khong xay dung dugc cay din xudt tir trén xudng cia @
(o ¢ L(G)).
Thudt todn xdy ding cdy ddn xudt cua o nhu sau:
Budc 1: Goce cha cy Ia I va dua con tré chi vao ky hiéu dau tién a, cha
X4u ©.
Buoc 2: Gia sit X 1a dinh hién tai va con tré dang trd vao ky hiéu hién tai
trén .
— Néu X e A thi chon quy téc c6 v& trdi 1a X trong R, chéng han chon
quy tac X — O« :
+ Né&u 6 = A thi dinh tiép theo 13 dinh bén phai cla X;
+ Néu 0 # A va 0 = X, X, ... X, thi dinh ti€p theo 1a X,.
— NéuX € Z, ching han X = a thi so sdnh a véi ky hiéu hién tai trén o:
+ Néu ky hiéu hién tai trén o 1a X thi dinh ti€p theo la dinh bén phai
cta X va con trd dich sang phai mot ky hiéu trén xau w;
+ Néu ky hiéu hién tai trén o khic a thi quay vé dinh xét truge do va
1ap lai budc 1.
Tha tuc trén, sau mot s6 budc 1lam viéc s& dimg lai va ¢6 hai kha nang:
1) Xay dung dugc cay din xuat tir trén xudng clia xau o, tic la cay ma
khi doc céc 14 tir trdi sang phdi ta thu dugc x4u o (irudng hgp nay
o € L(G)).
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2) Néu duyet moi kha ning ma khong xay dung dugc xay phan tich cla
xau w thi bao 161 va o g L(G). .
Vidu:Cho G =<Z, A 1,R> v6i L = {a, +, *}, A= {L, T, F},
R={l>T+LI>T, T>F*T, T->FF—al.
Tim cay dan xuvat tir trén xudng cha o = a*a*a.
Trudc tién ta ddnh s0 céc quy tic cha R:

I->T+1 (D) [>T (2)
T—>F*T (3) T—>F (4)
F-—a (5)

Goc 1a @ va con tro chi vao ky hiéu ddu tiénclla : a*a*a

Do I € A nén chon quy tac (2) ta cé ciy din xual

Do T € A nén chon quy tic (3) va cay c6 dang
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Vidinh a € Z nén so sdnh a véi ky hiéu hién tai ciing 13 a-cho nén dinh

vy

1i€p theo la * va con trd dich sang phai mo ky hiéu: a*a* a hay * 1a
ky hiéu hién tai.
Do dinh * € I nén dinh tiép theo la dinh ® va dich con tré sang phai

Yy

mot ky hiéu, ky hiéu hiéntailaa: a*a*a

Do T € A nén chon quy tac (3) 1a ¢6

Do a € T nén so sdanh véi ky hiéu hién tai ciing 14 a nén dinh tiép theo

MM

la * va dich con tro sang phai mot ky hiéu: a*a*a
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Do * € = va * ciing 14 ky hiéu hién tai nén dinh ti€p theo 1a {T) va dich

YYYVY

con trd sang phai mot ky hiegu: a*a*a

ViT e A nén chon quy tic (4) va ta c6 cay

a

Dinh tiép theo la a. Via € £ va a ciing 13 ky hiéu hién tai cudi ciing trén
® nén thuat todn dimg lai va ciy cudi ciing 1a cay dan xuét tir trcn xudng
cham=a*a*ahay o € L(G).



Phdn V. NGON NGU HINH THUC 385

16.

17.

18.

19.

20.

Ap dung thuat todn tim cay din xudt tir trén xudng (bai 15) dé giai bai
to4n khi cho van pham phi ngit canh G véi
R={I->T+LI->T,T»>F*T,T>FF—aF-b}
vacdc xdu: o, =a*b+b+ajo,=a*a*a+b*b*b.
Tim cdy din xuét tir trén xudng cla ® = aacbc va o = aaccbb déi
véi van pham phi ngit canh G véi 14p quy tic sinh
={l > alblLI >al, I —>c}.
Tim cay dan xudt tir trén cudng trong van pham phi ngit canh G véi lap
quy tic sinh R = {I > alb,I > c} chacédc xdu w =a b’ va o=a 2ch’.
ChoG=<Z, A ILR>v6i: £={a,b,c},A={LLA}.
= {I—>aA, A >c, A—>DbA}.
Cho xéu o = ab’c va xau o = acbc. Ding thuat todn tim cay dén xuat ti
trén xuong dé cho biét xau nao do van pham & trén sinh ra?
Thudt todn phdn tich tir dugi lén (Bottom — Up)
Input: Van pham phi ngit canh G = <Z, A, [, R> khOng chita quy tac
dequyA> A A Mvaxlum=aa,..a € =
Output: Cay din xudl tir duéi 1én ciia xau o (né€u © € L(G)); nguoe lai
thi bdo 16i (tiic w ¢ L(G)).
Hudéng dan: Thudt todn dm;c mo td nhu sau:
Bucc 1: Duyét lan lugt cac ky hieu clia xau  1én dinh danh séch (stack):
a) Néu cdc ky hiéu duge quét 1én dinh danh sich 1a v€ phai cia mot quy
thc trong R thi thu gon né béi v€ trdi cla quy tac d6. Néu c6 nhicu
quy téc c6 cing v€ tréi thi danh s6 céc quy tic d6 d€ lua chon.
b) Nguoc lai, néu khong cé quy tic ndo ¢ v€ phai 1a cic ky hiéu dugce
duyét 1én dinh danh sdch thi gat ky hi¢u 1i€p theo cha o lén dinh
danh sidch va quay lai a).

Thi tuc nay tiép tuc chtmg ndo chua gat hét cdc ky hiéu ciia © 1én dinh
danh sach.

Bude 2: Néu da gat hé’t céc ky hiéu cia o 1én dinh danh sdch ma khong
¢6 mét thu gon nao duge thye hién thi quay lai buéc chuyén dich trude
dé dé chon quy tac thu gon ti€p theo va quay lai budc 1.

Butde 3: Qué trinh thu gon thuc hién tir 14 chita k¥ hiéu thuoc I dén cic

dinh trong chia ky hiéu thuf)c A va cudi cung 1a goc duge thu gon bdi
ky hi¢u L. .

25.-TOAN ROI RAC
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Néu ta doc cdc 14 tir trdi sang phai ma ta thu duoc xau o thi cay do
chinh 1a cay din xudt tr dudi lén cla x4u w (trong truong hop nay
o € L(G)).

Bitoc 4: Néu moi lua chon c6 thé da duoc thye hién théng qua bude 1, 2, 3
ma van khong xay dung dugc cay din xuat tir dudi lén cita o thi thuat
toan bdo 16i va o ¢ L(G).

Vi dy: Tim cdy dan xuat tir dudi lén cha ciu © = ababa trong van pham
phi ngit canh vdi tap quy tic

R={1—~&>ABA @ b BB, aba}.

— Gat a vao dinh danh sdch, trong tap quy téc R khéng cé quy tic nao
c6 v€ phai 14 a.

— Gat ti€p b vao dinh danh sich, ta dugc ab, quy tic c6 v& pha1 laabla
quy téc (2): A —> ab nén thu gon ab bdi A ta duge cay

A (2)

N

a b

— Gat ti€p a vao dinh danh sdch ta duoc

a b

va a khong thé thu gon dugc bing bat k¥ quy tic nao trong R nén ta lai
gat ti€p b vao dinh danh s4ch ta ducc

A (2)

a b

— Thu gon ab bdi A ta dugc cay:

A A @
a/\ha/\b
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— Gat ti€p ky hiéu a cudi ciing trong @ vao dinh danh sich ta duge

A \ A @

a b a b

va khéng cé quy tac nao trong R 06 thé thu gon dugc nén ta quay lai
budc chuyén dich truée d6 va bo di bude thu gon ab bdi A ta duge cay
A (2) ' '

/\ aba

a b

— Thu gon aba bdi B va dp dung quy tac B -> aba ta dugc cay
| A B (20

N

— Cudi cung thu gon AB boi I sé€ nhan duge cay
I (2} (3} (4)

b a b

A A &3

N

a b a b a-
va doc cdc 14 tir trdi qua phai ta dugc ©® = ababa. Vay o e L(G). Cic
quy tac va thit tr thize hién 14 (2), (3), (1) va (1).

Ap dung thugt todn phdn tich tix dudi lén d€ gidi cdc bai 1gp 21, 22, 23,
24, 25. -

21. Cho van pham phi ngit canh G véi tap quy tic
R ={I—-> ABC, A -»a, B— ab,C-»c}

Tim cay dan xudt tir dudi 1én clia x4u © = aabc. Xau o = abba c¢é ciy
~ dan xudt tir dudi 1én trong G hay khong? Vi sac? '
22. Diing thu4t todn phan tich tit dudi 1én dé chimg td x4u © =a * a € L(G).

Xdua=a*a*a+a+a+ acdthudc L(G) hay khong, néu G duge cho

bGitapquy ticR={I > I+ T,I> T, T>T*F, T>F,F—>a}?



388 _ TOAN RO) RAC UNG DUNG TRONG TIN HOC

23. Cho viin pham phi ngi cinh G véi tap quy tic
= {I - ABC, A = a, B— ab, C —> ¢} va xdu ® = aabc.
Tim cay din xuat tir dudi lén cla o.
24. Cho van pham phi ngi¥ cdnh G véi tap quy tac
={I->ABC,A >a,B—>ba, Cobc}).
Xay dung céc ciy dan xuat tir dudi 1én cha xau ® = ababc va o = cabba.
25. Cho yan pham phi ngit canh G v6i R = {I - AB, I - BC, A — BA,
A—>aB—>CCB-—>b C- AB, C —» a} va cdc x4u w = baaba,
o = bbaaba.
Tim cay dan xuat tir dudi 1én cla © va .
26. Thudt todn phdn tich tdt dmh
Input:  Van pham phi ngit canh G = <Z, A, I, R> khong nhﬁp nhéng,
khoéng dé quy trdi vaxdu viow € .
QOutput: Dua ra bang phan tich tit dinh va cidy din xuit tat dinh néu
® € L{(G); nguge lai v ¢ L(G) thi bdo 18i.
Huong ddn: Thuat todn dugc mo ta nhu sau:
Bucge 1: Tai thoi di€m ban ddu stack dugc dit ky hiéu I$ (I € A 1a ky
hiéu ban ddu cia van pham G), con trén bang lam viéc dat xau 3 va
dau doc nhin vao ky hiéu ddu tién clia xau ®. Ky hiéu ma ddu doc nhin

vao ta goi la ky hiéu hién tai. $ 12 ky hi¢u ddy stack (ky hiéu doc hét xau
@ trén bang lam viéc).

Budc 2: Bé phén tich cla thuat todn so sdnh ky hiéu trén ciing cla stack
~ 1a X va ky hiéu hién tai trén bang vao.
1) NéuX e I thi:
— Néu X = $ thi phan tich két thic;
~ Né&u X = a € Z va ky hiéu hién tai ciing la a thi bo phan tich dua
X ra khoi stack va dich ddu doc sang phai mot ky hiéu;
’ — Néu X = a € X con ky hiéu hién tai khong phai 13 a thi béo 16i.
'2) NéuX e A thi bo phan tich chos:
~ Quy tdc c6 v€ trai 1a X (chang han X - UVW), trong trudmg hop
nay lay X ra khdi stack, dua xau WVU vao stack (U nam trén cling

cua stack), sau dé bo phan tich du’a ra quy tic X —» UVW
va quay lai 1.

— Trudng hop khong cd quy tic nao ¢6 v€ trdi 1a X thi bdo 16i.
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Bude 3: Céc thi tuc trén thuc hién cho t6i khi nao trong stack chi con ky
hiéu $ va trén biang lam viéc ddu doc nhin vao ky hiéu $. Bo phan tich
dua ra cay din xuat tat dinh cia o, tiic 12 » € L(G). Nguge lai béo 16i

vio e LG).

Vidu: ChoGvéitapquytaicR={I>B, A —>y,B—> xB,B—z}.
Xay dung cay din xuft tat dinh cla 0 = xxxz.
Bang phan tich va cay din xudét 14t dink:

$B - xxz$
$Bx xxz$ B—xB

/B\
X B
$B xz$ : | /\
$Bx xz% B—xB
X X /\
X B

Stack Input Output Cay dan xu#t tit dinh
$1 xxxz$ . {
$B xxxz$ -8 l
$Bx xxxz$ B>xB

3B $z
$z $z Bz

$ $

X

27.

28.

29,

Van pham G duge cho nhu trong vi du cua bai 26. Cic Xdu @ = XXXXXZ

va oo = XXXXx ¢6 thudc vio tap ngon ngit L(G) hay khong? Vi sao?

Cho van pham phi ngit canh G = <Z, A, I, R> v6i

S=1x,y,2),A={LA),R= (> xA, A >z, A - yA}

a) Chumg minh G 12 van pham khong nhap nhﬁng.

b) Diing thuat toan phan tich tat dinh dé kiém tra xem céc xau © = Xyyz

va o = yyyyz c¢6 phai do van pham trén sinh ra hay khong?

Cho van pham phi ngit canh G = <%, A, I, R> véi
2={x,y.z},A={LALR={l > A A x[A>y Aoz

a) Chiing minh G la van pham khong nhap nhang.

b) Xay dimg bing phan tich va cay din xuét tat dinh clia céc xau:

® = XXXXXY; O = XXXZ; B = yXX.
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30. Cho vin pham phi ngit canh G = <, A, I, R> vdi
Z={(x},A={I},R={I->x 1 Ix}.
a) Tim L(G). '
b) Ching minh G 12 vin pham nhap nhing.
¢) Xay dung van pham phi ngi canh G' = <X, A, I, R'> tuong duong véi
G nhimg G' khong nhap nhéng.
d) Xay dyng bang phan tich tit dinh va cay din xust t4t dinh ctia xau
©=x"(nz1)d6ivéi G
31. Cho van pham véi tap quy tic
R = {I - albl, I - blal, I - A}.
Vién pham nay cé nhap nhéng hay khong?
32, Cho van pham véi tap quy tic _
R={I>TE,E->+LE>ATS>FT,T>T T - A, F— PF,
F' > *F, Fo>AP—>aP>bPoal
a) Vian pham trén ¢6 nhap nhang hay khong?
b) Tim L(G).

¢) Xay dung bang phan tich va cay din xuat t4t dinh cha mot xau
® € L{G) nao d6 né€u G khong nhip nhang.
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Chuong 12
MAY TURING KHONG DON DINH DAN HOI
DOAN NHAN NGON NGU VAN PHAM

§1. MAY TURING DON DINH

Dinh nghia 1: May Turing don dinh 12 mét bé gdm cdc thanh phin
<X, A, @, aj, F>, trong dé:

X — bang chi¥ cdi hitu han (goi 13 bang tin hiéu vao);

A — bang chit cai hitu han (goi 12 bang trang thai);

® —ham dnh xatirtdp A x X vao tap A x X x {0, 1, 2};

a, — trang thai ban dau, a, € A.

F — tap cac trang thai két thic vaF ¢ A.

M6 td cach lam viéc cua mdy:

Gia str c6 mot bang dai vé han, duge chia ra timg 6 va c6 mét bo phan
goi 1a dau doc ~ ghi (xem hinh v&).

T

Trén méi 6 cé thé viét mot tin hiéu hoac khong viét tin hiéu ndo. Dé tién
loi, thudng nhitmg 6 khong viét tin hiéu nado ta viét vao tin hiéu x5 € X
ndo day. Mic dii biang dai v6 han, nhung tai méi th&i diém sd tin hiéu trén
bang 1a hitu han.

Piu doc ¢é kha niang doc tin hi¢u trén 6 d6i dién véi né hodc xéa
tin hiéu trén 6 d6 va viét vao 6 d6 tin hieu méi. Ddu doc cdn c6 kha
nang chuyén dich tiy ¥ sang 6 bén phai hodc 6 bén trdi né, hoic khong
chuyén dich. _

Dinh nghia 2: Trang théi toan phin ciia mdy Turing 1a mét tir, ta ky
hieu 1a K = RacS, trong d6 R, Se X%, ae A0 e X.



392 TOAN ROI RAC UNG DUNG TRONG TIN HOC

Biéu dién trang thdi trén bdng:

[Rlo]s ]

May Turing lam viéc theo timg budc, sau day 12 mét bude 1am viéc cua
né: O(a, o) =(a', o', o) ¢6 nghia la: _

1) Xéa ¢ ¢ 6 d6i dién va viét o' vao o dé.

2) Mdy Turing chuyén tir trang thai a sang trang théi trong a’. Néu a' € F
thi mdy dimg lai, con a' ¢ F thi may chuyén sang budc sau.

3) Ty theo gid tri o ma:

— Néu a = 0, thi ddu doc — ghi chuyén sang trdi mat 6.

— Néu a = 1, thi dau doc — ghi ditng yén.

~ Né&u o = 2, thi ddu doc — ghi chuyén sang phai mét 6.

Sau mot budc ta duge trang théi toan phan méi K': K |= K'.

Dinh nghm 3: Trang thai loan phin K duoc goi la ¢6 dang chuin néu
K=aR,Re X', acA.

Minh hoa trang thdi toan phdn dang chudn trén bdng:

T

[ 1R]

Dudi day dé cho gon ta néi may Turing thay cho mdy Turing don dinh.

Dinh nghia 4: Gia sit M 12 mot méy Turing; P, Q 12 nhimng tir thude X,
néu.day M(a,P) hitu han (téc 1a mdy gap trang thai két thic) va phan ur cusi
cung cua day nay c¢6 dang aQ thi ta néi mdy Turing M bién tir P thanh Q va
k¥ hiéu 1a: M(P) = Q.

Minh hoa:

Cho mdy Turing, tic la choham ®: Ax X - A x X x {0, 1, 2}.
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C6 hai cdch cho may Turing:
1) Cho dudi dang bang:

Tin hiéu vao
Trang théi .

8 ®fa, )

2) Cho dudi dang 1énh: ax - a'x'a
Mébi mot dong nhu trén duge goi 1a mét 1énh cia may.

§2. MAY TURING KHONG DON DINH DAN HOI

2.1. Mo té su hoat déng cua may Turing don dinh khong
dén hoi |

Méy- Turing don dinh 14 mdy ma trong céc lénh cla né khong chia

lénh dang:
o —>
B} B=y)
o>y

Miy Turing don dinh ding d€ biéu dién thuat todn va su lam viéc clia
thuat todn la qud trinh tién dinh, tdc 14 budce sau clia né duge xéac dinh hoan
toan nhd vio budc trudc, dic biét két qua cha toan bd thuat toan ducc xdc
dinh dua vao diéu kién ban dau.

Trong mué nay ta xay dimg mdy Turing khong don dinh v6i bang lam
viéc "dan héi" ma may Turing don dinh chi 1 trudng hgp riéng cha nd.

Su khdc nhau giita may Turing don dinh va mdy Turing khong don dinh
v6i bang lam viéc dan héi (goi tat 1a may Turing khong don dinh dan héi)
thé hién qua cdc diém sau day:

1) Trong mdy Turing don dink khong chiza cic 1énh @ — B, & — y voi
B # ¥, con trong may Turing khong don dinh thi ¢6 thé chita cdc 1énh dang
trén. Di nhién tai mot thai diém né chi duge phép chon mot trong céc lénh
dé lam viéc.

26-TOAN ROI RAC
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2) Méy Turing don dinh chi ¢6 mot bang vio, con may Turing khong
don dinh lai 1am viéc trén hat bang mot bang goi la bang vao con mot bang
goi la bang lam viéc.

Trén bang vao ghi tr xudt phdt ma trong qua trinh lam viéc nd khong
thay déi, hon nita mot ky hiéu chi doc mét 1an. Toan bo cong viec con lai
may lam viéc trén bang thit hai.

3) Tinh dan héi cha bang 1am viéc (bang thit 2) thé hién:

— "Tinh co lai cla bang lam viéc": Trong khi x6a ky hiéu & 6 1am viéc,
mdy hiy bé luén chinh ¢ nay, sao cho hai 6 canh né lai trd thanh hai 6
ké nhau. |

— "Tinh dan ra cha bang lam viéc": Giffa hai 6 bit ky thuoc bang
lam vigc, mdy c6 thé 1ap thém 6 mdi va c6 thé ghi ngay trén 6 nay ky hiéu
can dlng.

. fch loi clia "tinh dan hdi" 13 & ché né cho phép trong khi mo hinh hod
céc van pham bing mdy c6 thé thuc hién vong quanh ma khong can chuyén
dichtoan b6 noi dung ciia bing.

Dé hiéu xau sic hon 1y thuyét van pham nguoi ta phai théng qua 1y
thuy€t mady Turing, ddng thoi khi nghién cdu van pham thi may Turing 12
phuong tién k§ thuat rat tién loi.

Vi ly do dé6 ta cdn xdy dung mdy Turing khong don dinh véi bang lam
viéc dan héi.

BDinh nghia 5: May Turing khong don dinh véi bang lam viéc dan héi
goém c6é:

1) Hai bang hitu han dugc chia thanh . timg 6. Mot bang goi I1a

"bang vao" va mot bang g01 la "bang lam viéc"

2) Hai bang chir cdi V, W va dugc goi tuong g la bdng chir vao va
bang chif 1am viéc. Céc phan tlr cha ching cling duoc goi mot cach tuong
tng la cic "ky hiéu vao" va cdc "ky hiéu lam viec".

3) Cdc ky hieu #, # ¢ V U W, # goi I3 ky hiéu bién tréi, con # goi 1
k¥ hiéu bién phdi.

PaaVi=Vui{# £ vaW =Wu (4]

4) Dau doc vao va ddu doc lam viéc duge chuyén dich trén bang vao
va bang lam viéc tuong tmg.
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S) Tap hitu han céc trang thdi Q = {q. ..., q,}, trong d6 14y ra phén tlr
q, goi 12 trang thai ban dau, va tap Q, < Q goi la tap trang thai két thic.

6) Chuong trinh lam viéc clia mdy gém cdc lénh la céc tir trong
V'uWuUQuU {T, P, »}. Cu thé gdm nam 1¢nh c6 dang sau day:

(1) qua — qp; (i1} Aqe, —> qp;
(iii) go — Aqp: (iv) g —> qpTs
(V) Qo — qBP.

C)daya eV,Ae W,qqvaqp € Q.
Gidi thich néi dung ndm lénh trén:

M&i leph thuc hién mot s6 hoat dong-va n6 phu thugc vao cac yéu td
sau day:

— Trang thdi clia mdy khi bt dau thuc hién lénh;

— Céc ky hiéu duoc doc bai ddu doc;

— Vi tri cuia ddu doc lam viéc.

Cu thé, néu v€ trai cua lénh c6 k§ hiéu 12 qq, v€ phéi c6 ky hi¢u 1a qp thi
chuyén tir trang thdi qq sang trang thai qg, déng thoi véi su lJam viéc & mot
trong cdc truong hop sau day:

+ Trudng hop 1énh dang (i): qea —> Qg

Néu a khong phai 1a # thi chuyén ddu doc sang phai mot 0, néu nhu 6
dang doc ¢ ghi ky hi¢u la a. ‘

Néu a 12 # thi doc vao va diu doc 1am viée giilt nguyén tai chd.

+ Trong trudng hop (ii): Aqy = qp

Néu trén 6 1am viéc dang doc ¢6 ghi ky hiéu A thi hiy bd 6 nay va
chuyén ddu doc sang 6 nam sit bén trdi 6 vua bi hiy (tinh co lai cua bing
lam viéc).

+ Trong trudng hop (iii): ge = Aqp

Lap thém 6 méi & sdt ngay bén phai 6 lam viéc dang duoc doc va ghi
tren 6 nay ky hiéu A, ddu doc chuyén dén 6 nay (tinh dan ra clia bang
. lam viéc).

+ Trudng hop (iv): q¢ —> qpT

Chuyén ddu doc 1am viéc vé phia trdi mot 0, néu né khléng & bién trai #.
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+ Trudng hop (v): g — qgP

Chuyén ddu doc Iam viéc vé phfa phai mot 6, néu né khéng & bien phai #.

Ta goi t4p hop céc hoat dong duge chi ra & trén 12 mot bude lam vige
clia may.

Do tinh khéng don dinh ma tai mot thoi diém nao d6 mdy ¢6 thé sit
dung cho nhiéu lénh khéc nhau, nhung né chi duoc thyc hién mét Iénh,
do d6 n6 phai chon mot lenh trong s6 c4c lenh (18y mot lénh dé 1am viéc).

Binh nghia 6 (Trang théi toan phdn)

Trang théi toan phan cba m4y Turing khong don dinh v6i bang 1am viec
dan héi 12 bo sap thit tw (qe, x|, x", X, X"), & day qu € Q, X' € (VY
X" e (V) X' € (W), X" e (W)*, x'’x" 1a mot tir trén bang vao véi x' 1a -
phdn nam bén trdi ddu doc va x" nim bén phai ddu doc. X'X” 14 tir viét trén
bang 1am viéc. X' 1a phdn ndm bén trai ddu doc lam viéc, con X" ndm bén
phéi dau doc lam viéc.

Dinh nghia 7 (Trang thai toan phéan ban dau va két thic)

- Trang théi toan phén c6 dang (qp A #xXE A B VGix eV dugce goi 1a
trang thdi toan phan ban ddu, & day q, 1a ky hiéu trang thai ban ddu cita mdy
(goi tat 1a: x — trang théi toan phén ban dau).

— Trang thdi toan phén cé dang (Qp, #x, 2, # A) véigr € Qp, x € V" goi
1a trang théi toan phén két thic (x ~ trang thai toan phan két thiic).

Dinh nghia 8: Né&u trang thdi toan phén S nhan dugc tir trang théi toan
phdn S bang cich 4p dung mét kénh nio dé cla mady thi ta néi ring S' dat
- duoe trye tiép tr S trong mdy M (kg hi¢u S|} S, hay gon hon 1a S | ).

M

Dinh nghia 9:

1y Day cdc trang thdi toan phin C = (Sg» Sy, ...y 8y) (n 2 1) duoe goi I
mot tinh todn ctia méy M néu véi méi i (i=1, n) ta c6 S kS, S8 goi I
d6 dai cha tinh toan C.

2) Trong tinh todn C thi trang théi toan phén S, dat dugc tir trang thai
toan phan S, nén ta viét S, | S,

N6i cach khc, néu trong tinh todn C = (S, S;, ..., S,) ma S, } §,
(Vi=1,2, .., n)thi tanéi S, } S, ‘

3) Néu mot tinh todn bit ddu béi x — trang thdi toan phdn ban dau thi ta
noi tinh todn dé 1a x — tinh todn.
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4) N&u mét tinh todn bat ddu bdi x ~ trang thai toan phén ban dau va k&t
thic bang x — trang théi toan phan két thic thi tinh toan d6 goi 1a x — tinh
todn day du.

5) [x, y] — tinh toén la mat tinh toén bt ddu bang x — trang thdi toan
phén ban ddu va két thic boi trang théi toan phén ¢6 dang (g, #x, #, A, ¥)-

Chit y: Tt cach dinh nghia trén ta ¢6 x — tinh todn ddy du chinh la
[x, A} = tinh todn.

Pinh nghia 10: Néu tén tai x — lmh todn ddy du cua may M thl ta noi
rang mdy M dodn nhan tir X.

Tap cic tit m2 mdy M doédn nhan dugc goi 1a ngon ngit cua may M va
ky hiéu 1a L(M).

Chii y:

~ Trong qué trinh x — tinh todn cic bién dugc ghi bén tréi cua O lam
viec khong bao gid bi triét tiéu va né cling khong xudt hién 3 0 lam viéc
nio khic. Vily do d6, khi néi "trén bang lam viéc ghi ky hi¢u A" va "bang
IAm viéc triét tiéu" ¢6 nghia la trén bang lam viéc ghi tir #A va trén bang lam
viéc 14t ca cdc 6 déu bi triét tiéu (trix 6 c6 ghi ky hieu #).

— Mot tinh todn ddy da bt ddu va két thic khéng c6 bang lam viéce thi
toan b tir vao phai duge doc cho t6i tan cling cua tinh todn ddy du.

Pinh nghia 11: (Mi cha tinh toin)

Néu mot 1énh cua may dan héi M dugce dat tuong dng 1 -1 véi k¥ hiéu

C, ndo d6. Lap tr G, ... .. Cjpo O dly (CJI (i = 1,n) la ky hiéu dugc dat
tuong ung voi énh thl_IC hlén & bude thit i cua tinh todn C = (S, S, ...
Khi d6 ti Cj; ... Cj, ... Cj, duge goi la ma cia tinh todn C.

Chit y: Mbi tinh toan C ¢6 ding duy nhat mot ma va C khoi phuc lai
dugce nhd vao mi clia né va trang théi ban dau cia C.

2.2. Md hinh méy mét bang
" Pinh nghia 12: (M6 hinh mdy mot bang)

Gia sir M 1a may Turing khong don dinh dan héi v6i bang vao V, bang
lam viec W.

Ta s& goi mAy Turing dan héi M véi bang lam viec W' 2 VU W U {d)
(d ¢ VU W) 1a mé hinh mét bang tryc ti€p cia M néu [x, y] — tinh toén cua
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mdy M ton tai khi va chi khi trang thdi toan phdn (g, A, ##, #x, dy) véi
qr € Qg dat dugc tir trang théi toan phén (q;, A, #=, A, #xd) trong M.

" Dinh Iy 1: Doi voi bat ky may Turing khéng don dinh dan héi bao gidy
cting xay dung dugc mé hinh mot bang truc tiép cia né.

Chlmg minh: Ta m6 td cdch lam viéc clia moé hinh mét bang truc
tép M cta M nhu sau: Trong "khu vao" (bén trai d) va "khu lam viec"
(bén phai d) cta bang lam viéc, may M lam viéc hoan toan nhu miy M
trong bang lam viéc. Nhung méi khi M chuyén nr "budc vao”" sang "budc
1am viéc" hodc nguoc lai thi ddu doc cla M sé chuyén tir khu nay sang khu
khdc, d6ng thoi né ddnh ddu 6 vira dugc doc dé c6 thé tim duoc 6 nay khi
quay & lai. Vé6i cach 1am viec cha M nhu trén ta thdy ngay [x, y] — tinh
toan clla M suy ra (q,, A, ## A, #xd) ,— (A A, #2, #x, dy) trong M va
ngugc lai.

Vi du: Néu [x, y] - tinh todn clia M ¢6 dang;

C= (SO, Si. Sy, trong d6 S, = (ql, A, BXE, A, #),

= (G, #X', X%, A #Y), L, S = (Qp #x, =, A, #Y).

T It

X", l'mgvcrlSOcuaMlaco So cua M la:
So =(qy, A, #2, A, #xd).

V(’)‘ix—x

Theo cach lam viéc clia M, néu c6 S, f: S, trong M thi trong M c6
So |= SIvéi S = (45, A, #;t #x', x"dy’). Néu trong M ¢6 S, ’= S, thi trong
M c6 § |= Sz, trong d6 S, = (q3, #x'x,", X,"#, A, ¥'y") véi x'X,"x," = x. Khi
do Sz =(q3, A, #2£, #'X,", X,"dy'y"), .. |

Cudi cing néu trong M cé S, ]= S, ma S, = (g, #x, #, A, #y) thi trong
M ta ciing ¢6 Sn_i |: Sh v6i Sp = (qy, A, #, #x, dy).

Tém lai M la mé hinh mot bang truc ti€p cha M.
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" §3. SY TUONG DUONG GIUA MAY TURING
KHONG DON DINH DAN HOI-VA VAN PHAM CHOMSKY

Pinh nghia 13: Ta néi may Turing khong don dinh dan héi M va
van pham G la tuong duong nhau néu L(M) = L(G).

Dinh ly 2:

1) D6i v6i may Turing khong don dinh dan héi ¢6 thé xay dyng dugce
van pham tuong duong voi nd. :

2) D&i véi van pham bat k¥ ¢6 thé xay dung dugc may Turing khong
don dinh dan héi twong duong véi né.

Chimg minh:

1) Gia st M 12 may khong don dinh dan héi véi bang vao V va M, la
mé hinh mot bang truc ti€p cha M. ta xay dung M, c6 hai trang tha
q’, q" sao cho véi moi tf X € V" thi trang thdi toan phén (q", A, #2, A, #) dat
dugc i trang théi toan phan (q, A, #2, A, #X), tic 1 (', A, ##, A, #x) |
(q", A, #2, A, #) khi va chi khi X € L(M).

Xay dung van pham G = <V, W, I, R>, 6 day V = V (bang vao cia M),
W= (WA V)Yuw Qu {I}, véi W, Q wong tng 1a bang lam viéc, tap trang
thai trong cta My, conf ¢ VU WU Q.

R g6m cdc quy tac I — #q, #g' —> A vi cic quy tac duge xdc dinh ing
véi cdc lénh cha miy M,. Cu thé néu M, c6 1énh dang dq, —> gp (ii) thi cho
twong ting véi quy tac qg —> qud, kénh dang qo — 8qp (iil) cho ung voi quy
thc 8qp —> Qo 1énh qq — qpT (iv) cho éng véi quy tac ggy = yqu (v € W),
con lénh q, — qpP cho ing véi quy tc yqp —> guy (¥ € W). Nhur vay R clia
G gdm cédc 1énh cia M, nhung & dang nguoc lai.

RO rang véi x € VivaD=(l ®1, Oy, «oer Oy, X) 12 dén xuat ddy di cua
x trong G khi va chi khi trong M, tir trang thdi toan phan (q', A, ##, A, #X)
dat dugc tir trang thdi toan phdn (q", A, ##, A, #) (3¢ di nhu vy vi céc quy
tdc cha G 1a céc 1énh ngugc trong M,, do dé néu trong G ma dan dugc tir
I thi trong M, x s& lai triét tiéu trong qua trinh lam viéc trén).

Nhung trong M, thi (q, A, #£, A, #X) F (q", A, ##, A, #) khi va chi khi
x € L(M). Vay L(M) = L(G).
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2) Gia st G = <V, W, I, R> la mot van pham thy ¥ nao d6. Ta xay dung
may Turing M nhur sau:

Béng vao claM 12 V ca G.

Bang lam viecchiaMaV U W,

M lam viéc nhu sau: N6 ghi 1én bang lam viéc tir vao, sau dé trén bang
1am vi¢c né thyc hién din xuit thy ¥ cha van pham G véi thit ty nguoc lai.
Néu két qua din xuit nguoc lai d6 dimg lai & ky hiéu cu6i ciing 1a I thi may
M ty huy bang lam viec va chuyén vao trang thai két thic. Trudng hop
ngugc lai, cho mdy M khong bao gids gap trang thai két thiic. T qu4 trinh
1am viéc trén ta suy ra L(M) = L(G). Pinh 1y dugc ching minh. ‘

Cha y: T dinh 1y trén ta thay 16p céc ngon ngir do mdy Turing khong
don dinh dan héi sinh ra tring véi 16p ngon ngit do van pham sinh ra.



Phu luc
MOT SO DE THI TUYEN SINH SAU DAl HOC (PHQGHN)
Mon thi: TOAN RO RAC — NGANH CONG NGHE THONG TIN

T —

NAM 2000
(Thoi gian 180 phut)
Cau 1: 1. Hay lap bang gia tri clla cong thitc ménh dé sau:
: ((P>Q)-»R)—> S

2. Hay bién di tuong duong dé dua cong thic sau vé dang: khong ¢6 cac ddu
tuong du‘ong {=). khong ¢b céc dau keo theo (—}; khong k& cac dau lugng tir thi nd
la tuyén clla cac thanh phén, ma mdi thanh phan nay lai 14 h$i cla cac cong thirc
khéng chifa dau tuyén (v) va dau héi (A):

~(VX)P(x, y) = Q(y), & day dau ~ chi toan ti phli dinh.

Cau 2: Cho ngdn ngll chinh quy trén bang chit cai {0, 1}, gém tat ca cac t
chifa it nhat mét ky hiéu 1.

1. Hay biéu di&n ngdn ngif dé bdi bidu thic chinh quy.

2. Hay tim van pham tuyén tinh sinh ra ngén ngit dé.

3, Hay xac dinh 6tdmat hitu han doan nhan ngon ngir 6.

Cau 3: Cho ngdn ngt phi ngit canh L = {a"0*b"c™d™ | n, m > 0, k = 0}.

1. Hay tim van pham phi ngit canh sinh ra ngén nglr L.

2. Hay dua ra mdt dan suét chiing t6 tf a0 c*d? duge sinh ra bdi van pham
vifa tim duoc 8 trén.

Cau 4: 1. Dinh nghia ¢y khung nhd nhét trong d8 thi lién théng ¢4 trong s8.

2. M ta cac budc lam viéc cia thuat toan Prim tim cay khung nhé nhét cla do
thi lién thdng cb trong s0.

3. Cho @3 thi G = <X, U> lién $2000
théng ¢b trong s6 (hinh 1). M&i dinh i
la mét trung tdm may tinh (i=1, 2, 3,
4, 5). Mdi canh 1a mét duding truyén
thoéng dugc thué bao, cén trong sé
clia mdi canh 1 tién thué bao hang
thang (tinh béng ddla) cla dudng
truyén théng dudc biéu thi bang canh
d6. Hay thiét k& Yai mang truyén thong
ndi 5 trung tAm may tinh frén sao cho
tién thué bao hang thang la i thidu.

4. Hay tim cay khung nho nhét di qua canh ndi dinh 4 va 5 véi trong s6 canh fa
$1600 cla dd thi G = <X, U> trén.

Cau 5:1. Md ta cac budc lam viéc clia thuét toan tim cdy khung cuc dai trong
do thi lign thong co trong s8, d day cay khung cuc dai cla dd thi lién thong co trong
s8 Ia cay khung cb trong s6 16n nht trong tat ca céc cay khung c6 trong s6 clia d6 thi.

. 2. Tim ¢y khung cyc dai clia d6 thi cho trong phén 3 clia cau 4.
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NAM 2002
(Thoi gian 18C plhit)

Cau 1: 1. Cho ¢dng thic (Vx)P(x, 4) v (Vx)3yIP(x,y}, vdi x € {1, 2, 3}. Hay bién
déi tuong dudng cong thifc trén thanh cong thirc khéng ON cac lugng tir, ma chi ¢6 cac
phép toan héi (), tuyén (v) va phép phi dinh (). Riéng phép phl dinh chi lién quan
trc tiép tdi cac vi tir oy thé trén trudng {t, 2,3} x {4, 5).

2. Cho céng thirc

A =({FXP(x) v (I)QX) v (X = (Y - X)) = (¥X)(P(x) v Q(x))

vai P(x), Q(x) 1& vi t mét bién; con X, Y |14 cac ménh dé so cap. Thuc hién cac
phép bién d8i tuong dudng sau day déi vai A:

a) Khit phép toan kéo theo (—).

b) Bua phép toan pha dinh (~) vé truc tiép fién quan téi cac vi tir va cac ménh
dé so cép.

¢} Bua lugng tiy ¥, 3 18n ding trudc moi phép toan 16gic khac.

Cau 2: 1. Phat bi€u (khong ching minh) diéu kién can va di d& mot a6 thi vo
huéng cé chu trinh Euler. Cho vi du minh hoa.

2. Cho dé thi nhu hinh 1 va cho
congthifc Eulerr=e-v+2 ddayela
s0 canh, v 1a s§ dinh cGa d8 thi don,
phang va lién théng G, con r 13 s& mién
trong biéu dién phing clia G. Tim r cb
dé thi cho & hinh 1.

3. Phét biéu thuat toan tim dudng
di ngan nhat tr dinh x dén dinh y trong " Hinh 1
d5 thi lién théng khéng cé trong s&, &
day d6 dai cla dudng di tir dinh x dén dinh y la sS canh cé mat trong dudng dé. Ap
dung thuat toan visa phat biéu & trén, hay chi ra dudng di ngan nhat tir dinh a dén
dinh m trong d8 thi (hinh 1). Cé bao nhiéu dudng nhu vay.

Cau 3: Cho otdmat hiru han trang thai M véi
ham chuyén trang thai nhu hinh 2.

1. Tim ngén ngtr doan nhan L(M) clla M,

2. Xay dung van pham chinh quy G = <, A, |, R>
$ao cho ngdn ngit sinh L{G) = L(M) {van pham
chinh quy la van pham c6 tap quy tic R = {A — aB,
Dob|ABDeAabeivaina=g) dday
A la tap cac ky tu khong két thac, £ )a tap cac ky tu
két thic, | € A Ia ky ty ban dau cla van pham).

3. Cho xa4u » = xabeycde. Hay chi ra xau o
do van pham chinh quy G sinh ra va M doan nhan
xau dé.
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NAM 2003
(Thoi gian 180 phit)

C3au 1: 1, Cho céng thirc

A= ((FRP(X) —>(2)PX) AQX)) —>((FXHRH) —FX) ATIF)) v (X = X).

Thuc hién cac phép bién d8i tuong duong sau day doi véi A:

a) Khir phép toan kéo theo (—).

b} Bua phép toan phd dinh (=) vé trLfc ti8p lién quan tdi Wing bién ménh dé X
va timg bién vitit P, Q, R, F.

- ¢) Pua cac lugng tir v, 3 1én trudc cac phep toan loglc AV, —

d) Tim dang chuan tac hdi va dang chugn tic tuyén cla A tu dé viét dang
chudn tic hoi va chudn tic tuyén clia A..

2. Cho cac vi ttr P(x): "3 < x < 5" Q(x}: "x 2 2" va F(x}. "x = 8" trén trudng

={1,23..}.

a) Tim tap cac gia tri cla x trén truosng M de cong thitc P(X)AQ(X)AF(X) dung.

b) Tim gia tri bé nhat cGa x trén trudng M dé
cdng thiic (vx)P(x)—>(F(x) ~ Q(x)} dung.

3. a) Chi ra suy dién dudi day 1a dang:

X=X,

21—>X
X; X,
Xz—)X

b) Chuy&n mé hinh suy dién trén vé dang
cong thirc hang dung tuong duang.

Cau 2: 1. Chiing t6 rang, néu db thi cb ding
hai dinh bac 1& thi hai ding bac & nay phai fién théng.

Hinh 1

2. Cho mang truyén théng nhu hinh 4. Trong mang truyén thong nay, mbi dinh
la mét-trung tam may tinh, mbi canh néi hai dinh 13 mét dudng thué bao va trong s0
clia mdi canh Ja tién thué bao phai trd hang thang gilfa hai trung tdm may tinh
tuong (g véi hai dinh dé6. Ap dung thuat toan Prim dé thigt k€ lai mang truyén
théng cho & hinh 1, sao cho tién thué bao hang thang phai tra la it nhat.

3. Xem mang truyén thong & hinh 1 nhur & mét d6 thi. Tim s6 mau téi thiéu dé 15 mau
cac dinh clia dé thi trong hinh 1, sao cho hai dinh k& nhau dugc té bdi hai méu khac nhau.

Cau 3: Cho ngén ngl phi ngt canh L = {odd | » € {a,b,c} && 1a anh guong
clla Xxau ©}, dday & nhéan dugdc tif » bang cach viét theo thit i ngugc tal.

1. Xay dung van pham phi nglf cdnh G = <z, A, |, R> (day dd theo dirh nghia)
sac cho ngdn ngtf sinh L(G) =L

2. Xay dung 6tdmat ddy xudng (Pushdown Automata) M, sac cho ngdn ngit
doan nhan L{M) = L(G) = L theo ngan xép réng, vai L{M) la ngén ngu doén nhan
clia Gtbmat ddy xudng M.

3. Cho hai xau: o, = aababbccdccbbabaa va ©, = ababbcccdcccbbabaa.

Chi ra 0,eL{G) va w,eL(PA), con xau w,eL(G) va o, ¢ L(PA).

4, Xay dung cay cu phap clia xau v, d8i véi van pham phi ngit canh G cho d trén.
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NAM 2004

(Thaoi gian 180 phut)
Cau 1: 1. Cho mé hinh suy dién trong logic vi tr:

(VX)(P(x)—>Q(x))

{(Ix)P(x)

(VXUQ(x) >R(x)}

(¥X}S(x)~>R(x)) *)
~{(3Ix)8(x)

@ day P(x), Q(x), R(x), S(x) 1a cac vi tif mét bién sinh ra trén trudng M.

a) Viét cdng thic co sd clia md hinh suy dién (*) va tim dang chuin téc tuyén
clia cdng thic co sd dé.

b} M& hinh suy dién trén c6 ding trén trudng M khéng, nhimg quy tic suy dién
nao duoc &p dung trong mé hinh d6?
2. Hay dién dat dinh nghia gidi han iim f(x}=L dudi dang mét cong thitc vi i,

3. Chi ra raéng cong thirc {(vx)P(x) tuang duong vdi cong thac (Elx)ﬁ(x) trén
truong M = {a,, a,, ..., a,}.

Cau 2: 1. Binh nghia d& thj don, d6 thi phing, cac khal niém lién thong ddi voi
d6 thi vé hudng va dé thi cé huéng.

2. Cho G = <X, U> [a d8 thj don, phéng va lién théng, cé m canh, n dinh va
khéng ¢é chu trinh d9 dai 3. Chimng minh rangtalubncé ms<2n-4 né’u n=3,

3. Cho d8& thi G = <X, U> dudi dang

Hinh 1

Bang cach ap dung phén 2 cau 2 chimg minh rang dé thi G = <X, U> cho &
hinh 1 1& khéng phang.

Cau 3: 1. Cho van pham phi ngit cdnh G = <, A, |, R>, véi tdp quy téc sinh
R={l —»ala, | 5 blb, | — clc, | - d}. Hay viét ddy ai van pham G theo dinh nghia
va tim ngén nglt sinh L{G) clia G.

2. Xay dung van pham phi ngt canh chudn G = <%, A', I, R™> tuong dudng véi
v&n pham G = <%, A, |, R> véi tap quy tic sinh R cho & trén.

3. Xay dung otdmat ddy xudng (Pushdown Automata) M doan nhan ngdn nglt
L(G) trong phan 1, cau 3 theo ngan xé&p réng va théa man ngoén nglf doan nhén
LM} = L(G)
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Cau 1: 1. Ngén ngir L trén bang ky ty dudc md th nhu sau: L gom cac xau bat
d3u bdi 1& cac s6 0, duge tiép theo bdi nhidu hon mdt s6 1 dimg trudc mot s& chan
cac s6 0. '

a) Viét ngén ngif L dudi dang ngdn ngif chinh quy trén bang ky tu {0, 1}.

b} Viét bidu thifc chinh quy ctia ngdn ngir chinh quy L.

¢) Chi ra v&n pham chinh quy suy réng G = <Z, 4, |, R> sao cho: L(G) = L.

d) Chira &tdmat M = <£, Q, F, Qq, o> sao cho: L(M) = L(G) = L.

2. Cho dang bién dich ding d& dinh nghia biéu thiic s8 hoc nhu sau:

<bi€u thiic> := <biu thifc> + <bidu thic>/<bidu thiic> * <bidu thire>/(<biéu thirc>/albic

a) Chi ra van pham phi nglt canh G = <Z, A, |, R> clia bién dich trén.

b) Xay dung cdy cu phap clia xdu » = a* (b + ¢} + a trong van pham phi ngu
canh G clia dang bién dich trén.

Cau 2: 1. Cho mé hinh suy dién trong légic vi tif cap 1:

(YX¥P(x} —> Q(x))

(Vx)@(x)m(x))
(¥xXR(x) v F(x)}
(YX)F(x) v Hx))

(EX)I‘_'KX) . (t)
~(EPX)
a) Viét cong thifc co s clia md hinh suy dién (*). Cong thifc ca s nay ¢6 hang
dung khéng? Visao? '

b) M6 hinh suy di&n (*) cé dung khdng va nhing quy tac nao dudc ap dung?
2.a) Hay néu céc vi du trong cudc song cb van dung mé hinh suy dién sau:

AvB A-B

A B

+ —

B SA

b) Dung phuong phap lap bang va
phuong phap bién ddi tvong dudng dé chi ra
hai cong thic (XAY)—>Z va X > (Y = Z)
l& ddng nhat bang nhau.

Cau 3: 1.a) Binh nghia cay khung cia
don do thi lieén thong.

b} Dung thuat toan "Tim ki€m téi vu theo
chiéu réng” xac dinh cay khung clia dé thi
_ (hinh 1) bAng cach chon dinh 6 lam gdc cla
cay.

2. Néu d6 thi don G = <X, U>co X[ =n dinh va jU| = m canh thi d6 thi bl cla
G la G=< X,U> cb bao nhiéu canh? (d day: U={(a, b)| (a, b) & U})

3. Chimg minh r&ng: Diéu kién can va di g€ d6 thi G = <X, U> lién thong la a6
thi G = <X, U> ¢6 dung mét thanh phén lién théng.

Hinh 1
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Cau 1: 1. Cho céng thic lagic vi tir
A = (Yx)P(x) = P,(x)) A {(VX)(Py(x) — Py (x)) A (VP (x) v Py ()} - (VX)Py (x) v Py (x))
trén trudng M. Hay kiém tra tinh hdng ding clia cong thitc A trén truding M bang hai
phuong phap sau day: _

a) Bién ddi tuong duong.

b) M& hinh suy dién. :

2. Chira mét vi du cu thé trong cudc séng hodc trong linh vue toan hoc cb sl

dung mé hinh suy didn dac biét hoa phd dung (—V?Pl?()ﬁ (a I phén t& bat ky trong
a
truang M),
3. Chinmg minh:

a) {(Vx)P(x) A (Vx)Q(x) = (VX)(P(x) A Q(x)) trén trucng M = {a, b}.
b) (3x)(3y)P(x,y) = (3y)3Ix)P(x,y) trén trudng M’ = {a, b} x {c, d}.

Cau 2: 1.a) Cho d6 thi phan doi day du K, . Vai didu kién nao clia m va n thi
d6 thi K,, , 6 chu trinh Hamiton? Hay chi ra chu trinh Hamittan dé (néu co).
'b) Chimg minh réng, néu d8 thj don G = <X, U> thod man véi mdi x ¢ X

(IXI = n > 2) ta ludn c6 m(x) zg thi d6 thi G = <X, U> | lién théng,

2. D6 thi bu ciia d6 thi don G = <X, U> ta dinh nghta & dé thi G=< X,U > véi
U={(a,b)]a, b e Xva(a b)e U}

a) Cho dd thi don G = <X, U> cd XI=ndnhva|U =m canh., Hoi d5 thi
G=<X,U> ¢6 baoc nhiéu canh?

b) Cho d8 thi Ky ;. V& d8 thi bli clia d6 thi K, ,. .

Cau 3: 1. Cho biéu thic chinh quy: x((OUNCUD* xUy0 Uy,

a) Tim ngdn ngir chinh quy L clia bidu thic chinh quy cho & trén.

b) Xay dung étdmat M = <=, Q, F, Q,, o> (ddy dl theo dinh nghia) sao cho
ngdn ngilf doan nhan clia M 1a L(M) = L trong phén a (khéng chimg minh).

G) X&y dung van pham chinh quy G = <%, A, 1, R> sao cho ngdn nglt sinh boi
van pham G 1a L{G) = L(M) (khéng chimg minh).

2. S6 nguyén cb dau 1a mét s6 nguyén khéng ddu dugc dat trude mot diu +
hodc mét ddu —. Dang bién dich BNF (Backus — Naur Form) dung dé dinh nghia s&
nguyén ¢ dau dude cho nhy sau:

<s0 nguyén c6 diu> = <ddu> <sd nguyén>
<diy> = + - '

<$6 nguyén> := <chir s8> | <chil s&> <s§ nguyén>
<chlrss>:=0]1{2|3]|4{5/6]7)8|9

a) Chi ra v&n pham phi ngir canh G = <z, A, I, R> (ddy d0 theo dinh nghia} ¢c6
dang biéu dién BNF cho d trén.

b) Xay dung cay cl phap clia xdu o = +9987 trong v&n pham chi ra trong cau a.



"PHULUC ‘ 407

(1)
2]
3]
(4]
(5]
(6]
Y
(8]
[9)
(101
(1]
[12]

(13]
[14]

TAI LIEU THAM KHAO CHINH

Todn roi rac img dung trong Tin hoc (dich tir : Mc. Graw — Hill.
Discrete Mathematics its Applications, 1994). NXB Khoa hoc va K¥
thuat, Ha Néi, 2000.

Todn réi rac cho cdc nha khoa hoc mdy tinh (tai liéu dich tir : Discrete
Mathematics for Computer Scientits). Khoa CNTT - Trudng Dai hoc
Khoa hoc Ty nhién (DPHQG Ha Nai), 1998.

Nguyén Hitu Anh. Todn roi rac. NXB Gido duc, Ha Noi, 1999.
Nguyén Van Ba. Ngon ngit hinh thitc. NXB Khoa hoc va Ky thuat,
Ha Néi, 2002.

Phan Dinh Di¢u. Ly thuyét 6tdmat va thudt todan. NXB Pai hoc va
Trung hoc chuyén nghiép, Ha Nai, 1977,

Nguyén Hiru Ngu. Ly thuyét dé thi. NXB Dai hoc Qudc gia, Ha Noi,
2001.

Nguyén Té Thanh, Nguyén Hiru Nghia. Todn roi rgc. NXB Gido duc,
Ha Noi, 1997.

Dang Huy Ruéan. Ly thuyét d6 thi va img dung. NXB Khoa hoc va
K§¥ thuat, Ha Néi, 2000.

Dang Huy Ruan. Ly thuyét ngon ngit hinh thitc va 6tomat. NXB Dai
hoc Qudc gia, Ha Néi, 2002,

Dang Huy Ruan. Bdy phuong phdp gidi cdc bai todn l6gic. NXB Khoa
hoc va K¥ thuat, Ha Né1, 2002. .

P& Piic Gido, Pang Huy Ruan. Vdn pham va ngén ngit hinh thic.
NXB Khoa hoc va Ky thuat, Ha Néi, 1991.

D6 Pic Gido. Co sd todn trong lap trinh. NXB Khoa hoc va K¥ thuat,
Ha Noi, 1998.

D6 Biic Gido. Todn roi rac. NXB Dai hoc Qudc gia, Ha Noi, 2004.
Pé Ditc Gido. Huong dén gidi bai 1dgp Todn roi rac. NXB Gido duc, 2006.



Chiu trdch nhiém xudt ban :

Cha tich HDQT kiém Téng Giam d6c NGO TRAN Al
Phé Téng Gidm ddc kiem Téng bien tap NGUYEN QUY THAO
T chitc bdn thio va chiu trdch nhig¢m néi dung :
Chu tich HDQT kiém Giam déc CT CP Sach PH — DN

- TRAN NHAT TAN
Bién tip noi dung va sia ban in :
PO HUU PHU
Thiét ké'my thujt va trinh biy bia :
PINH XUAN DUNG
Thiét ké'sach vd ché'bdn :
PO PHU

TOAN ROI RAC UNG DUNG TRONG TIN-HQC
Ma sd : 7B705Y8 — DAI
In 1.000 cudn (QD : 33), khé 16 x 24cm. In tai Cong ty CP In Thai Nguyén.
Bia chi : Phuding Quang Trung, TP. Thai Nguyén.
S6 BKKH xuét ban : 113 - 2008/CXB/59 — 175/GD.
In xong va ndp Iuu chiéu thang 7 nam 2008.



CONG TY CO PHAN SACH DAI HOC - DAY NGHE
31| HEVoBCO
25 HAN THUYEN — HA NOI

Website : www.hevobco.com.vn VUONG MIEN KIM CUONG
CHAT LUJONG QUOCTE

|

O Tim DOC SACH THAM KHAO PAI HOC BO MON TOAN N

CUA NHA XUAT BAN GIAO DUC

1. Gidi tich ham Nguyén Xuan Liém

2. Bai tap giai tich ham Nguyén Xuan Liém

3. Giai tich (hai tap) Nguyén Xuén Liém

4. Toan hoc cao cap (3 tap) Nguyén Binh Tri (Ch( bién)

5. Bai tap toan hoc cao cap (3 tap) Nguyén Binh Tri (Chii bién)

6. M3 ddu li thuyét xac suat va img dung Ddng Hung Théng

7. Bai tap xac suat Dang Hung Thang

8. Li thuyét xac suat Nguyén Duy Tién — Vi Viét Yén

\9. Xac suat thong ké Nguyén Van H6 / :

Ban doc c6 thé mua tai cac Cong ty Sach - Thiét by truong hoc & cac dia phuong
hodc céc Cira hang séch ctia Nha xut ban Gido duc :
Tai Ha N&i : 25 Han Thuyen; 1878 Giang V6; 232 Tay Son; 23 Trang Tién.
Tai D2 Nang : S6 15 Nguyén Chi Thanh; S6 62 Nguyén Chi Thanh.
Tai Thanh ph& H8 Chf Minh : Clra hang 451B - 453, Hai Ba Trung, Quan 3;
240 Tran Binh Trong — Quén 5.
Tai Thanh ph8 Can Tho : S6 5/5, duong 30/4.
Website : www.nxbgd.com.vn

I

9801813 Gia : 47.500 d




	TOÁN RỜI RẠC ỨNG DỤNG TRONG TIN HỌC
	MỤC LỤC
	PHẦN I. KIẾN THỨC BỔ TRỢ
	PHẦN II. LÔGIC VÀ ỨNG DỤNG
	PHẦN III. ĐỒ THỊ VÀ ỨNG DỤNG
	PHẦN IV. NGÔN NGỮ HÌNH THỨC
	PHỤ LỤC
	TÀI LIỆU THAM KHẢO

